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PREFACE 


Tuis book is designed for students who, having acquired a good 
working knowledge of the calculus, desire to become acquainted 
with the theory of functions of a complex variable, and with the 
principal applications of that theory. In order to avoid making 
the subject too difficult for beginners, I have abstained from the 
use of strictly arithmetical methods, and have, while endeavour- 
ing to make the proofs sufficiently rigorous, based them mainly 
on geometrical conceptions. 

The first two chapters are intended to familiarise the student 
with the geometrical representation of complex numbers and 
of the simpler rational and irrational functions of a complex 
variable. 

In Chapter III. the properties of holomorphic functions 
are established; these properties are then used to define the 
Exponential, Circular, Logarithmic, and other transcendental func- 
tions for the domain of the complex variable, their properties as 
functions of a real variable being assumed to be known. It is 
thus possible in Chapter IV. to make use of these functions in 
examples on integration ; such examples are both interesting and 
important, and it seems desirable to introduce them to the student 
in a manner that does not involve the difficulties of complex 
series, As a preliminary to Green’s Theorem I have given a 
short account of curvilinear integrals. Two proofs of Cauchy’s 
Theorem are given, only the first of which depends on Green’s 
Theorem. A large number of examples on contour integration 
are worked out, and here, as throughout the book, the text is 


plentifully illustrated by diagrams. 


vi PREFACE 


In view of the very full exposition of the subject given by 
Dr. Bromwich, it has been thought unnecessary to give a de- 
tailed account of infinite series. A summary of those theorems 
which are used in the book will be found at the beginning of 
Chapter V.; the theory of uniform convergence is dealt with in 
Chapter VI. 

The remaining chapters are devoted to the applications of the 
subject. Chapter VII. includes, among other matters, the theory 
of Analytical Continuation ; various examples of the applications 
of that theory are given there and in Chapters VIII. and XV. 
The asymptotic expansions of the Gamma Function in Chapter 
VIII. and of the Bessel Functions in Chapter XV. are worked 
out for complex values of the variable. 

Chapters IX. to XI. deal with Elliptic Integrals and Functions. 
In Chapter IX. the student is:shown how to reduce and evaluate 
elliptic integrals. In Chapter XI. I have established the exist- 
ence of the Jacobian Functions by considering the values of the 
Weierstrassian Function when one period is real and the other is 
purely imaginary. 

The last four chapters of the book contain a discussion of the 
theory of linear differential equations. As the most important 
of these equations are of the second order, it has been thought 
unnecessary to consider equations of higher order than the second. 
The Hypergeometric Function and Spherical and Cylindrical 
Harmonics are discussed as they arise through the solution of 
their differential equations; other properties of these functions 
are given in examples, with, in most cases, hints as to the methods 
of solution, No attempt has been made to deal with the applica- 
tions of these functions to physics, but it is hoped that the 
applied mathematician will find in these pages ready access to 
the instruments which he requires. 

Numerous examples have been given throughout the book, 
and there is also a set of Miscellaneous Examples, arranged to 
correspond with the order of the text. 

The writing of the book was undertaken at the suggestion 
of Professor George A. Gibson, LL.D., to whom I have been 
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indebted for important criticisms at all stages of the work. I 
have also to thank my colleagues, Mr. Robert J. T. Bell, D.Sc., 
and Mr. Arthur S. Morrison, M.A., B.Sc., for their assistance in 
correcting the proofs. 

Acknowledgment has been made, in foot-notes to the text, of 
various sources from which I have derived assistance. Of the 
books which I have found helpful I would particularly name 
Lindel6of's Calewl des Résidus, Cauchy’s Mémoire sur les inteé- 
grales définies, Jordan’s Cours d’ Analyse, and Forsyth’s Theory 
of Differential Equations. I have also made use of lectures by 
Mr. R. A. Herman, M.A., and Professor E. W. Hobson, Sc.D. 

In conclusion, I would express my thanks to Messrs. MacLehose 
for the excellence of their printing work. 


THOMAS M. MACROBERT. 


Guascow, September 1916. 
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CHAPTER I. 
COMPLEX NUMBERS. 


-,1. Definition of Complex Numbers. A number of the form 
p+iq, where p and q are real and 7 is a root of the equation 
+1=0, is called a Complex Number. If q=0 the number 
is said to be purely real, and if p=0 it is said to be purely 
imaginary. The complex numbers p+7q and p—iq’are called 
Conjugate Numbers. The number p+7q is zero if and only if 
p=0 and g=0. 

EE p=p+iq, it is frequently found convenient to write R(p) for p and I(p) 
for g, where R(p) stands for the real part of p and I(p) for the imaginary 
part of p. 

Complex Numbers are subject to the same algebraical laws 
of addition, subtraction, multiplication, and division, as real 
numbers. These operations, when applied to real and complex 
numbers, produce real and complex numbers only; and it will 
be shewn (S§6, 20) that this is also true of the remaining 

* algebraical operation of root extraction. 


Fic. 1. 


2. Geometrical Representation of Complex Numbers. The 


Complex Number z=2+7y can be represented geometrically by 
M.F. A 


2 FUNCTIONS OF A COMPLEX VARIABLE [cH. I 


means of a Rectangular Coordinate System X’OX, Y’OY (Fig. 1). 
The point P(a, y) corresponds uniquely to the number 2, and is 
called the point z. In particular, points on the #-axis correspond 
to purely real numbers, and points on the y-axis to purely _ 
imaginary numbers’. The figure is called the Argand Diagram, 
and the coordinate plane is spoken of as the 2-plane. 


Example, If z, and z are conjugate numbers, shew that the straight line 
joining the points z, and z is bisected at right angles by the «z-axis. 


3. Modulus and Amplitude. In polar coordinates P is the 
point (7, 6), where r denotes the positive value of OP, and 
@ the angle XOP. The angle XOP is defined as the angle 
traced out by a radius-vector which revolves either positively 
or negatively from its initial position along OX till it coincides 
with OP. OP or 7 is called the Modulus of z, and is written 
modz or |2|; 6 is called the Amplitude* of z, and is written 
amp z. The amplitude can evidently have an infinite number of 
values differing from each other by multiples of 27: that value 
which satisfies the inequalities 

—7<@057 
"is called the Principal Value of amp z. 

The rectangular and polar coordinates are connected by the 
relations w=rcos0, y=rsind, 
r=J/e+y?, tanO=y/a. 

From these it follows that 

z=a+7y=r(cos 0+7sin 6), 
an equation which expresses z in terms of its modulus and 
amplitude. 

Example 1. Prove |cos @+7sin 9|=1. 

Example 2. If z=x+7y, shew that |v|=}z|, |y|S|z|. 

Vectors. A line AB (Fig. 1), equal to, parallel to, and in the 
same direction as OP, , may also be used to represent the number ¢ ; 
mod (AB) and amp(AB) are then identical with |z| and amp z. 
AB is called a Vector. It follows that 


BA=—AB. 


* The word Argument is used by some writers in place of Amplitude. | 
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4. Geometrical Representation of Addition. Let P, and P, 
(Fig. 2) be the points z,=a,+<y, and z,=a,+4y,. Then 
2 +2, = (XZ, +2) + Uy, + Yo). 


Through P, draw P,P; equal to, parallel to, and in the same 
direction. as OP,. P, has coordinates (%,+2,, y,+Y2), and is 
therefore the point 2,+2,. In vectorial: notation 

OP,=OP,+ P,P, =OP,+0P,=OP,+P,P3. 

Subtraction. Since z,— 2,=2,+(—2,), a subtraction can always 

be treated as an addition. Thus, if P, (Fig. 2) is the point z,, 
2, —2%,= OP, —-OP,=OP,+ P,P, = OP, =%. 

THEOREM I. The modulus of the sum of any number of 
complex quantities is less than or equal to the sum of their 
moduli: that is, if n is any positive integer, 

|Z, +2Z.+.--+2n|S|2,|+|2%.|+---+] Zn]. 

This follows from the geometrical theorem that a side of a 
triangle is less than or equal to the sum of the other two sides: 
thus (Fig. 2) rae ee ae 

mod (OP,) = mod (OP,)+ mod (P,P). 

Therefore |Z,+ ger een ate 

Hence | 2+ 2_+%3| S| 4+ %| +125 

S| %|+]22|+1 2s]; 


and so on. 
TurorEeM II. The modulus of the difference of two complex 
quantities is greater than or equal to the difference of their 


moduli. 
The verification of this theorem is left as an exercise to the 


reader. 
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5. Multiplication and Division. Let z,=r,(cos6,+%sin 6,), 
2,='7,(cos 0,+7 sin 05), +++» 2n=1n(Cos On-+-78in Bn). 
Then, by De Moivre’s theorem, 
Bho v+s Zn =TyPo «++ Tn {C08 (0, +O, +... +n) 
+éisin(6,+0,+...+60n)}- 
Hence, the modulus and amplitude of a product are equal 
respectively to the product of the moduli and the sum of the 


amplitudes of the factors. 
In particular, if v is a positive integer, and if z=r(cos 6 +7 sin 8), 


then z= "(cos nO+7sin 6). 
Example. If p+iq is a root of the equation . 
Age" +2" +... +a,=0, af 


Vv 
where the coefficients @, @1, «.., @ are real, prove that p — 7g is also a root. 


Again, t=" {cos (0,—6,)+7 sin (0, —6,)} : 
2 2 


so that the modulus and amplitude of a quotient are respectively 
the quotient of the moduli and the difference of the amplitudes 
of the numerator and denominator. 

It follows that the equation 


2” =r"(cos nO+7 sin nO) 
holds when v is a negative integer. In particular, 
mod (1/z)=1/|z| and amp(1/z)=—ampz. 

Example 1. Give a geometrical construction for 1/2. 
Example 2. Shew that amp ( a*)- BAC. 
Let OP and OQ be parallel to and in the same direction as AB and AC. 
Then amp (=)- =amp AC—amp AB 

= amp OQ -—amp OP 

=POQ=BAC. 


If the angle so obtained is a positive (Fig. 3(a)} or a negative iFig. 3(6)} 
reflex angle, the principal value of the amplitude of the quotient is obtained 
in the first case by subtracting and in the second case by adding 27; the 
resulting amplitude is in the first case negative and in the second case 
positive. As a rule, when the amplitude is mentioned, it is to be ngaersioog 
that the principal value is referred to. 
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Example 3. Shew that, if amp (223) =amp (2 = a), the points z, and % 
ay aie’ 2s 2 =a ca 


are on the same side of the line joining z, and z,, and 215 295 23, 24, are concyclic: 
Let P,, P,, P;, and P, be the points %, 2, 23, and z, respectively. Then 


= A i oa A 
amp (2%) =P,P,P,; amp i) =P,P,P,. 
1% 


A 
Therefore esi eel ey P,P,P, : 
Moreover, the points P,;and P, must be on the same side of the line 1ele & 
for if not, the angles P,P;P, and P,P,P, would have opposite signs. 
Hence the points P,, P,, P;, and P, are concyclic. 


Ni 


(a) (b) 


Fie, 3, 
6. Root Extraction. If 1 is a positive integer there are n 
1 
distinct values of 2”. 
For, since, if « is any integer, 


(cos oe; sin — =cos 0+7sin 0, 
n n 
1 
it follows that r” (cos eae +7sin oes is an n™ root of 


z=r(cos@+isin@). Now, if for « the numbers 0, 1, 2, 3,..., 
1 


m—1, are substituted in succession, n distinct values of 2” are 
obtained. The substitution of other integers for « merely gives 

rise to repetitions of these values; and there can be no other 
j 1 


values, since 2” is a root of the equation #=z, which has not 


more than 7 roots. 
Similarly, if p and q are integers, and q is positive, 
a we 
= 14( cose + 4 gin pee) z 


where «=0, 1, 2,..., q—l. 
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Example. Shew that the n™ roots of any number can be represented by 
n equidistant points on a circle with centre at the origin. 


EXAMPLES I. 
1. Shew that the straight line joining the points z, and z, is divided vA 


the ratio m:n at the point (mz,+nz)/(m+7). 

2. Prove that the centroid of the triangle whose vertices are %, 22, en” 
4318 (4 +%,+4)/3. 

3. Prove that the modulus of the quotient of two conjugate numbers 
is unity. 

4, Prove that ampz—amp(—2z)=+7 according as ampz is positive or 
negative. 

5. If |z,|=|2,|, and ampz,+ampz,=0, shew that z, and z are conjugate 
numbers. 
y 6. If2cos0=a+1/a, shew that 2 cosn6=a"+1/a”. 

7. Prove algebraically that | z,+2.| | z2,|+|2.|. 

8. Shew that, if |z,+2+...+2n|/=|4|+|2./+--.+|2,|, the 2s must all 
have the same amplitude. 


9. Shew that, if amp (Cae =20} =7, then z, and z are on opposite 
fy S87 NCA eed 
sides of the straight line joining z, and z, and 2, 2, 23, 24, are concyclic. 
10. Let A, B, C, and D be the points 2, 2, 23, and z. Shew that, if 
22+ 2924 =0 and z,+2,=0, then A, B, C, and D are concyclic and the triangles 
AOC and DOA aresimilar. 


ll, If AC:CB::—AD:DB, and if A, B, C, D are the points z,, 2, 23, 2, 
shew that A, B, C,and D are concyclic, and prove (2; +29) (23+ 24) = 2 (42-2924): 
also prove triangles AOC and DOA similar, where O is the mid-point of AB. 


12. Prove that the two triangles whose vertices are the points a, a2, G3, 
and 6,, b,, b3, respectively, are directly similar if and only if 


Y 


Kea Mahi ll 

| 5 65, il =, 

| 3, b3, 1 
v7 13. Prove that the curves Fa =constant and amp (+) =constant 


are orthogonal circles. 


14, Prove that the imaginary x™ roots of a real quantity can be arranged 
in conjugate pairs. 


/ 15. Picture on a diagram the roots of the equation 2+1=0, 


16. Shew that the equation 322—=(z+1)° has four complex roots, two of 
// which lie in the second quadrant and two in the third. Shew that all the 
roots lie on a circle. 


(See also Miscellaneous Examples, 1-9.) 
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7. Uniform Functions. When a variable complex quantity 
w is connected with another variable complex quantity z in such 
a way that to each value of z there corresponds one value of w, 
w is said to be a Uniform or Single-valued function of z. For 
example, a polynomial in 2, or the ratio of two polynomials, is 
a uniform function of z. The formal definition of a Holomorphic 
function of a complex variable will be given in Chapter III. 

The values of z, for which w is a function of z, may be limited 
to some assigned region of the plane. Thus the equation 

y=1+a+e7+..., 
where « is real, defines y as a function of x for those values of « 
and those alone which satisfy the inequality -l1<a«<. 

Multiple-valued Functions. If several values of w correspond 
to each value of z, w is said to be a Multiple-valued or Multiform 
function of z. For example, /z is a two-valued, and Vz an 
n-valued function of z. 


Path of Variation. In the theory of functions of a real 
variable, the independent variable x can only vary by values which 
correspond to points on the «z-axis: in the theory of functions of 
a complex variable, on the other hand, the independent variable 
z can vary by values corresponding to the points of any path 
connecting the initial and final points. 


8. Transformations. If w is a function f(z) of z, the relation 
between w and z may be interpreted geometrically, and the 
relation may then be called a transformation: the point ¢ is said 
to be transformed into the corresponding point or points w by 
means of the transformation w=/f(z). If w=az+0, the trans- 
formation is called a linear transformation. If w=¢(2)/W(2), 
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where (2) and y(z) are polynomials, the transformation is said 
to be rational. Transformations of the type w=(az+6)/(cz+d) 
are known as bilinear transformations. 

We proceed to investigate the geometrical meaning of linear _ 
and bilinear transformations. 


lL w=z+b. Let P, Q, and B (Fig. 4) be the points 2, w, and 
b. Then, since PQ=OB, it follows that the effect of the trans- 


formation is to impose on every point z a translation equivalent ~ 
in magnitude and direction to OB. 


ne 


Fic. 4. 


Il. w=az. This transformation gives |w|=|a|.|z|, and 
amp w=amp @+amp Z. 

Consequently, if P and Q are the points z and w, the point 

Q can be derived from the point P by turning the radius-vector 

OP through an angle ampa and then multiplying it by |a|. It 


follows that any figure in the plane is changed by the trans- 
formation into a similar figure. 


Ill. w=az+b. This, the general linear transformation, can 
be effected by applying transformations II. and I. in succession. 
Like transformation II. it transforms any figure in the plane 
into a similar figure. The ratio of the distances of corresponding 
points is given by the equation 


Sta 


and the angle between corresponding lines by the equation 
amp(w, — Ww.) —amp(z, —2,)=amp a. 


IV. w=1/z. Here |w|=1/|z|, and ampw=—ampz. Now 
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let P (Fig. 5) be the point z and P’ the inverse of P with regard 
to the circle {z|=1. Then the modulus of P’ is 1/{z| and its 
amplitude ampz. Again, let Q be the image of P’ in the ©-AXis ; 
then the modulus of Q is 1/|z|, and its amplitude is —amp Z.. 
Hence Q is the point w. It follows that the transformation is 
equivalent to an inversion in the circle of unit radius with the 
origin as centre, followed by a reflection in the x-axis, 


WY 


Fie. 5. 


Point at Infinity. As z tends to infinity, w approaches the 
origin. In the theory of the complex variable, infinity is regarded 
as a point; namely, that point which is related to the origin by 
means of the transformation w= 1/z. 


V. w=a/z. This can be regarded as a combination of trans- 
formations IV. and II. 


VI. The general bilinear transformation w=(az+b)/(cz+d), 
where a/b=c/d. (If a/b=c/d, then w is a constant.) 

This transformation can be written 

be—ad)/c2 a 
w=' ae oe: 

It can therefore be effected by combining the three 
transformations 2,=2+d/c, 2,.=k/z,, where k=(bc—ad)/c?, and 
w=2,+a/c. It should be noted that z can also be derived from 
w by the bilinear transformation z=(—dw-+b)/(cw—@). 

Since the inverse of a circle is a circle or a straight line, 
it follows that bilinear transformations transform circles into 
circles or straight lines. 
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Example 1. Apply the transformation w=(2z2+3)/(z—4) to the circle 
v+y?—4y=0. 

Since w=2+11/(z—4), the transformation can be effected by applying 
successively the transformations 


(i) 4.=2-4, (ii) m=1/4, (iii) zz=11z~, and (iv) w=2,+2. 

From transformation (i) we get 

H=%j+4, YHY. 
Hence (a +4)? +yy'— 49, =0. 
Transformation (ii) gives 

a= H—[(LP+Yo?), Yr= — Yo/(we? + ys’). 
Therefore 16 (92 + Yo”) + 82g + 44+ 1=0. 
Again, from transformation (iii), 
%= 43/11, Yg=ys/11 ; 
so that 16 (292+ y5") + 8843+ 4445+ 121 =9. 

Finally, if w=uw+z7, transformation (iv) gives 

@z=U—-2, Y=. 
The given circle is therefore transformed into the circle 

16u? + 16v? + 24u + 44v+9=0. 

Example 2. Shew that the transformation of Hxample 1 changes the 


circle v?+y?—4v=0 into the line 4u~+3=0, and explain why the curve 
obtained is not a circle. 


9. Geometrical Representation of Functions. It is often 
' convenient to represent the dependent variable w on a different 
plane from the independent variable z. This plane is called the 
w-plane, and w=w-+v1v is represented on it by the point (w, v) 
referred to rectangular axes U’OU, VOV. If w is a uniform 
function f(z) of z, and if z moves from a to b by different paths in 
the z-plane, w will move from f(a) to f(b) by different paths 
in the w-plane. In the case of multiple-valued functions, how- 
ever, it will be shewn that the final point attained in the w-plane 
depends on which value of w is selected as initial value, and 
also on the path followed by z in the z-plane. 


Example 1. Let w=2*, so that u=x?—-y?, v=2Qxy. 

Then, if #=0, w= —y* and v=0. Hence as ¢ moves up the y-axis from 
—« to 0, w increases from —o to 0, and therefore w moves along the w-axis 
from —o to0, Again, as z moves up the y-axis from 0 to +, wu decreases 
from 0 to —#, and therefore w moves back along the u-axis from 0 to — oo. 

Similarly, it can be shewn that as z moves along the x-axis from —o to 
+, w passes along the u-axis from +o to 0, and then back from 0 to +0, 
Likewise, the positive and negative parts of the v-axis correspond respec- 
tively to the lines y= and y= —2. 
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Again, if we put z=7(cos 0+7sin 6) and w=p(cos¢+/sin $), we have 

p=" and o=20. 

Hence, if z lies on the circle ABCD (Fig. 6) of radius a, w will lie on the 
circle PQRS of radius a7. Let 6=0, =0 initially, so that A and P are the 
initial positions of z and w. Then as 2 passes round the quadrant AB in the 
anti-clockwise direction, 9 and ¢ increase to 7/2 and 7 respectively, so that 


WV 
Fic. 6. 


@ passes round the semi-circle PQR. Similarly, it can be shewn that, as z 
passes round the quadrants BC, CD and DA, w passes round the semi-circles 
RSP, PQR and RSP respectively. Thus, when z describes the circle ABCD 
once, w describes PQRS twice. 


Example 2. If w=z*, and if z describes the line w=c, shew that w 
describes the parabola u=c?—v?/4c2. Trace on a figure, for the particular ~ 
case c=1, the course of w as z moves up the line v=1 from —o to +o. 

In applications it is often important to trace the change in 
the amplitude of w when z describes a closed curve. We shall 
consider some particular cases. 


Fie. 7. 


(1) w=z. Hereampw=ampz. Let z describe a closed curve 
LMN (Fig. 7) about the origin. Then, if z passes round LMN 
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once in the positive direction, ampz, and consequently amp w, 
will increase by 27. Similarly, if 2 passes round the curve once 
in the negative direction, amp 2 and amp w will each decrease by 
2a: while nm successive revolutions in the positive or negative 
een will alter the amplitudes by +2n7 or —2n7. 

Again, if the origin is exterior to the closed curve APBQ 
(Fig. 8) described by 2, the amplitudes of z and w will increase 


Fic. 8. 


from .XOA at A to 2 XOB at B, and then decrease from 2 XOB 
to .XOA; so that the total change is zero. 

(2) w=a(z—2,), where a and z, are constants. Here 

amp w=amp a+amp (z—2,); 

so that, since amp is constant, the change in amp w is equal to 
the change in amp(z—¢,). Hence, if z describes a closed curve 
surrounding z, in the positive or negative direction, amp w will 
alter by’ +27 or —27; while, if 2, is exterior to the curve, 
amp w will return to its original value. In the first case w will 
describe a closed curve in the w-plane about the origin; while 
in the second case it will describe a closed curve not enclosing 
the origin. 

(3) w=a(z—2,)(2—2,)(2—2), where a, 2, 2%, and 2, are 
constants. 

Here amp w=ampa+amp(z—z,)+amp(z—z,)+amp (z—2). 

If z passes round the curve C, (Fig. 9), which does not contain 
any of the points z,, 2, 2, then ampw will return to its 
initial value; so that w will describe a closed curve not enclosing 
the origin. If 2 passes round C,, C,, or C,, amp w will be altered 
by 27, 47, or 67, and w will pass round the origin once, twice, 
or thrice as the case may be. 


(4) w=a(z—2,)(2@—2%,)...(2—Z,). If in this case 2 describes a 
closed curve within which none of the points %,, 2, ..., Zn lies, 
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it follows, as in cases (2) and (3), that ampw will regain its 
initial value, and w will describe a closed curve which does not 
surround the origin; while, if z describes a closed curve within 
which r of these points lie, amp w will be altered by 2rz, and w 
will pass round the origin r times, 

(5) w=a(z—2,)/(z— 2). 

Here ampw=ampa+amp(z—z,)—amp(z—2,). 

It follows that, if z describes the curve C, (Fig. 10) or C, in the 
positive direction, amp w is increased or decreased by 27; while, 


Fic. 9. Fic. 10. 


if z describes either of the curves C, or C,, ampz regains its 
initial value. 

In all these cases it is obvious that the change in amp w due 
to the description of any closed curve is independent of the 
shape of the curve, so long as the same set of points 2,, 2, Zs, ... 
lies inside or outside it. It is often found convenient to take the 
curve in the form of a circle. 

(6) w=Vz. lf z=r(cos 0+7sin 6), then w has two values, 

w, =7{cos (8/2) +7 sin (6/2)} 
and Ww, = 7"? {cos(6/2+ 7) +4 sin(6/2+7)} = —w,. 

Each of these two quantities w, and w, varies with 2, and is 
therefore a function of z: they are called the Branches of the 
two-valued function w. 

Let z start from the point P(r, x) (Fig. 11), and let the initial 
values of w, and w, be 

Ww, =7? {cos (a/2)+7 sin (a/2)} and w= —w,. 
Then w, and w, will be represented by the points P,(r'?, o/2) 
and P,(r'/?, «/2+7) in the w-plane. Now, if z moves round the 
circle PQR of centre O and _ radius 7, @ will increase by 27, and 
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amp w by +. Consequently w, will move round the semi-circle 
P,Q, R,P, and w, round the semi-circle P,Q,R,P, in the w-plane: 
the final values of w, and w, will be w, and w,. A revolution 
of z about the origin therefore interchanges the branches of w. 
Two such revolutions bring back w, and w, to their original 
values; or, graphically expressed, if z moves round the circle 
PQR twice, w, and w, each move round the circle P,Q,P,Q, once. 


Fia. 11. 


If the circuit described by z does not enclose the origin, @ will 
regain its initial value a, and w, and w, their initial values w, 
and w,. » 

The point O is called a Branch Povnt of w, because a circuit 
about it interchanges the branches of the function. 


(7) w=Ja(z—2,). Here ampw=}ampa+ samp (z—z2,). 

This is again a two-valued function. A single circuit about z, 
interchanges the branches, while a double circuit brings them 
back to their initial values. On the other hand, the description 
of a circuit which does not enclose z, effects no alteration in the 
branches. Hence z, is a Branch Point of w. 


(8) w=Vate—2,) @—%). 

Here ampw=}ampa+}amp(z—z,)+4 amp(z—z,). 

Hence the description of C, (Fig. 12) or C, interchanges the 
branches, while the description of C, or C, leaves them unaltered. 
Thus 2, and z, are Branch Points of w. 


(9) w=V@—a). Ifz—a=r(cos 6+ésin 6), w has n branches 
ab 
Wy, Wey +, Wn; where a= 7" (cos E287 4 gin PF 287), A 


positive circuit round the branch-point a increases 6 by 27, and 
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therefore changes w, into w,, w, into ws, ..., Wninto w,. Circuits 
which do not enclose « leave the branches unaltered. 


Fic. 12, 


Example 3. Let w=V(1—z)(1+2), and let the value of w when z is at O 
be +1. Then if z describes the curve OPA (Fig. 13), where A is the point 2, 

- shew that the value of w at A will be —iV5. 
The three zeros of w are 1, 7,and—7z. Let B, C, and D be the corre- 
sponding points, and through C and D draw CL and DM parallel to OX. 


Fia. 13. 


Let the moduli and amplitudes of BP, CP, and DP be 7,, 72, 73, and $1, $2, 
$3, respectively, where 2 XBP=¢,, ~-LCP=¢,, and ~.MDP=¢,. Then 


1 
w=( —_ 1)'r,2 rettrs? (cos dy =o ie qd; + ss 2), 


It has still to be determined which of the two possible values +7 or —7 
is to beassigned toamp(—1). Now, when zisat O, $;=7, f.= — 7/2, b3=7/2; 
so that ¢,+¢,+¢,=7. Hence, if amp(—1)=7, ampw=7 at O; while, if 
amp(—1)=—7, ampw=0 at O; but w=+1 when z is at O, so that the 
latter value must be chosen. Therefore 


RE fas . a 
wo=rybrytr,? (cos it Pet Ps dein Sb Dat Se aN 


Now, as z passes from O to A, ¢; decreases from 7 to 0, , increases from 
—7/2 to —tan-14, and ¢, decreases from 7/2 to tan}. Therefore at A 
amp w= —7/2; also 7,=1, t=N5, 73=V5. Hence 

w=N/5{cos (— 7/2) +2 sin (—7/2)}= —1N5. 
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10. Roots of Equations. In works on the theory of equa- 
tions it is shewn how, by means of Sturm’s Theorem, it is possible 
to find the number of real roots lying between any two real 
values of the variable. We shall now shew how to find the 
number of real or complex roots of an equation which are 
contained in various regions of the z-plane. 

Consider the equation 

F(Z) S92" +4,2"-1 +... +=. 

We assume that every equation has a root: a proof of this 
important theorem will be given later (§33), It follows that 
J (2) can be put in the form 

Ay (%— 2) (Z — Bq) ««- (S— Ln). 

If z be taken positively round a closed circuit in the z-plane 
which encloses 7 of the points 2,, 2,..., Z,, the amplitude of f(z) 
will be increased by 277. Consequently the number of roots of 
}(2)=0 which lie inside a given circuit can be ascertained by 
determining the change in the amplitude of f(z) when z passes 
round the circuit. 

The following theorem will be found useful in locating the roots. 

THEOREM. If z be taken round any part of a large circle with 
. the origin as centre and radius R, and if @ be the change in 


Ne 
Pp 


O x 
Fie. 14. 


amp 2, the change in the amplitude of f(z) will differ from 76 by 
a quantity which tends to zero as R tends to infinity. 


For SAD=2 (My +Gy/Z + Ay/2+...+Gn/2”). 
Hence amp/(z)=n amp z+amp (a)+a,/z+a,/22+...+a,/2”). 
Now | @,/2+a,/2?+...+a,/2"|= p, 

where p=|a,|/R+|a,|/R?+...+] a, |/R% 


Let R be chosen so large that p<|a)|. Then the point 
dy +d,/Z+...+,/2" must lie inside a circle of centre a) or A 
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(Fig. 14) and radius p. If OP be a tangent to this circle, 
amp(%+a,/2+...+d,/2") differs from ampa, by an aigle », 
which is not greater than .AOP, and which can be made as 
small as we please by increasing R, and thus decreasing p. 


That is, amp /(z)=” amp z+amp a,)+7. 
Hence pum amp /(z)=7 amp z+ amp dp. 
—>20 


Therefore, when R tends to infinity, the change in amp/f(z) 
tends to n times the change in amp z. 


Example. Investigate the positions of the roots of the equation 

aA+241=0. 

Let w=2+2+1, and let z describe a contour consisting of the three 
portions : 

(1) the z-axis from 0 to +0; 
(2) the first quadrant of a circle of centre O and radius infinity ; 
(3) the y-axis from + to 0. 

(1) At points on the z-axis, w=u+iv=a'+234+1, so that w=a'+a3+1 
and v=0. Hence, as z passes along the z-axis from 0 to +0, w passes along 
the w-axis from 1 to +, and therefore ampw remains constant and equal 
to zero. 

(2) On the great circle ampz increases by 7/2, and therefore, by the 
theorem above, amp w increases by 27. 

(3) At points on the y-axis, w=y'+1 and v=—y*. Hence w lies on the 
infinite curve LMN (Fig. 15), given by these equations, and as y decreases 


Fig. 15. Fia. 16. 


from +0 to 0, w passes along this curve from infinity below the w-axis to 
the point M(w=1) in the direction indicated by the arrows. Hence the 
initial and final values of amp w are equal, both being zero. 

The total change in amp w as z passes round the complete circuit is there- 
fore 27, and it follows that one and only one root of the equation lies in the 
first quadrant. 

Similarly it can be shewn that only one root lies in each of the other 
quadrants. 

' Again, let z describe the contour OABCO (Fig. 16), where A and C are 
the points 1 and 7, and ABC is a quadrant of the circle |z/=1. 
M.F. B 
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Then, firstly, the description of OA gives rise to no change in amp wv. 
Next, for points on a circle of centre O and radius R, 
z=R(cos O+isin 6)=R(1-#4+2:t)/(1+@), where ¢=tan (6/2), 
=R(1+7t)/(1 —72). 
Accordingly, at points on ABC, z=(1+7#)/(1 —7t), so that 
w=(3— 1222+ ¢4 + Qt + Qit3)/(1 — zt). 
Hence amp w=amp {(3 — 1222+ ¢4)+7¢(2¢4 2¢3)} —amp (1 —2t), 
Now, as 6 varies from 0 to 7/2, ¢ varies from 0 to +1; so that amp (1 —7¢) 
decreases by 7/4. Hence amp (1 —7)* decreases by 7. 
Again, let €=3—127?+¢4 and »=2¢+2¢. 


Then the curve given by these equations is of the form shewn in Fig. 17, 


Fic. 17. 


the arrows indicating the variation of the point (&, 7) as ¢ increases from 
—o to +o. 
Now, when ¢=0, £=3 and 7=0, so that amp(€+7)=0; also, when ¢=1, 
=-—8 and 7=4, so that amp(€+%))=6, where 6 is the angle in the 
second quadrant for which tan @=-—1/2. Hence the change in ampw due 
to the description by z of the quadrant ABC is 
7+ 0=27 —tan-!(1/2). 
Finally, at points on OC, w=9!+1 {and v= —y3, so that w lies on the 
curve LMN (Fig. 15). When y=1, w is at the point K(w=2-—2), and 
amp w= —tan—(1/2) ; 
while, when y=0, w is at the point M(w=1) and ampw=0: so that the 
change of amplitude due to path CO is tan—(1/2). 
Hence the total change of amplitude due to the circuit is 27, and there- 
fore the root which lies in the first quadrant lies within the unit circle. 
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_ Similarly it can be shewn that the root in the fourth quadrant lies within 
the unit circle, while the other two roots lie outside it. 
Again, it can be shewn that all the four roots lie inside the circle (l=25 
For, if z=2(1+72)/(1—7t), 
w={(25 — 102¢2 4-92!) +.¢(76¢ — 4423) }/(1 — 22), 
Now the curve £=25 —1022?+9¢4, n=76t— 4423, 


is of the form shewn in Fig. 18, the arrows indicating the variation of the 
point (&, 7) as ¢ increases from —© to +0. But as amp z varies from —7 


Fic. 18, 


to +7, ¢ varies from —o to +o, and therefore amp (£+77) increases by 47. 
Also amp {1/(1 —7t)*} increases by 47. Hence ampw increases by 87, and 
therefore all the four roots lie inside the circle. 


EXAMPLES II. 


1. If wand z are connected by the bilinear transformation 


aa w=(az+b)/(cz-+d), 
and if the points #, and w, correspond respectively to the points z, and z, 
shew that ww, c%+d 2—% 


W—-U, Ca +d z-% 


2. If w=(az+b)/(cz+d), and if the locus of z is an are of a circle 
standing on the chord joining the points z, and 2, shew that the locus of w 
is an arc of a circle standing on the chord joining w, and w,. 


20 FUNCTIONS OF A COMPLEX VARIABLE [cx. 


3. If w=(az+b)/(cz+d), and if the points w,, w,, v3, and w, correspond 
respectively to 2,, 2, 23, and 2, shew that 
(wy — wy)(ws— 4) _ (% — 22) (23 — 24) 3 
(a, — 0s) (_— Ws) (% — 23) Za — 2a) 
4, Shew that the constants in the transformation w=(az+6)/(cz+d) can 
be so chosen that three arbitrary points w,, w,, and w, correspond respectively 
to three arbitrary points 2, z,, and 25. 


5, Find the bilinear transformation which makes the points a, 6, and ¢ 
in the z-plane correspond respectively to the points 0, 1, © in the w-plane. 


z—-a b-e 
Ans. w=s 


—e b-a@ 
6. Find the bilinear transformation which makes the points 1, 7, —1 in 
the zplane correspond respectively to the points 0, 1, © in the w-plane. 


Shew that the area of the circle |z|=1 is represented in the w-plane by the 


half-plane above the real axis. Ans. w=—i(z—1)/(¢+1). 
7. Prove that the relation w=(1+7z)/(i+z) transforms the part of the 
real axis between z=1 and z=—1 into a semi-circle connecting w=1 and 


w=-—1, Also find all the figures which, by successive applications of the 
relation, can be obtained from the originally selected part of the «z-axis. 


8, Let w=./(2—2z2+27), and let z describe a circle of centre z=1+7 and 
radius \/2 in the positive direction. If z starts from O with the value V2 of 
w, what are the values of w 

(i) when z returns to O ; 
(ii) when z crosses the y-axis ? 
Ans. (i) —V2; (ii) ¥20{cos (37/8 +A/2)+7sin (37/8 +A/2)}, where A is 
the angle in the second quadrant for which tan \= —3. 

9. Let w=/(5—2z+2?), and let 2 describe a circle of centre z=1+42i and 
radius 2 in the positive direction. If z starts from the point +1 with the 
value +2 of w, find the values of w at. the first and second crossings of the 
y-axis. 

Ans. (i) V24/(20+8N3){cos(r/3+a/2)+isin(r/3 +0/2)}, where x is the 
angle in the second quadrant for which tana =—4—N~3; 

(ii) V2 4/(20 —8\V/3){cos (27/3 + B/2)+7sin (27/3 + B/2)}, where B is 

the angle in the second quadrant for which tan B= —4+/3. 

10. If w*=z+1, shew that, when the point z describes the circle |z|=c, 


each of the points w describes the Cassinian 7r2=c, where r, and 7, are the 
distances of w from the points +1 and —1. 


11. Shew that the equation z++z+1=0 has one root in each quadrant, 
and that the root belonging to the first quadrant lies outside the circle | z|=1 
and inside the circle |z| =2. 


12. Shew that the root of 2'+z+1=0 belonging to the first quadrant lies 
inside the square whose sides are =0, =1, y=0, and y=1. 


13. Shew that the equation 24+4(1+7)z+1=0 has one root in each 
quadrant. 
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14. Shew that two of the roots of the equation -—z+16=0 have their 
real parts positive, and three their real parts negative. Also shew that all 
five roots lie outside the circle |z|=1 and inside the circle i=2. 


15. Shew that the only root of 2+10z—1=0 inside the ‘circle |z|=1 is 
real and positive. 


16. Prove that 2+10z—1=0 has no root the modulus of which exceeds 2. 


17. If w={(2+7)2+(34+42)}/z, shew that : 
(i) as (x, y) describes the circle 22+y?=1 positively, the point (wu, v) 
describes the circle (w—2)?+(v—1)?=25 negatively ; 
(ii) as (a, y) describes the circle 2?+7?—4x—6y—12=0 positively, the 
point (wu, v) describes the circle (u—1/2)?+(v—13/12)?=(25/12)2 
negatively. 


18. Apply the transformation w=1/z, (i) to the set of straight lines 
through the point (a, 0), and (ii) to the set of circles with this point as 
centre: and shew that the set (i) is transformed into a set of coaxal circles 
through the points w=0, w=1/a, while the set (ii) is transformed into a set 
of coaxal circles, of which these two points are the limiting points. 
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CHAPTER III. 
HOLOMORPHIC FUNCTIONS. 


11. Limits. A single-valued function f(z) is said to tend to 
the limit L as 2 tends to the value z, if, corresponding to any 
. assigned positive quantity e, however small, a positive quantity 
n can be found such that |f(z)—L|<e for all values of z (except 
z,) which satisfy the inequality |z—z,|<(y. For brevity we write 

Lim f(z)=L. 
ty 

This condition can be represented geometrically as follows: if y (Fig. 19) 
be a circle in the w-plane of centre L and assigned radius e¢, a positive 


Z - plane w - plane 
x C 


X 
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quantity 7 can be found such that, so long as z remains inside the circle C 
in the z-plane of centre z, and radius y, the corresponding point f(z) in the 
w-plane will remain inside y. 

The limit Lis clearly independent of the path by which z 
approaches 2,. 

The limit L has not necessarily the same value as f(z,): for, 
consistently with the definitions of § 7, any arbitrary value can be 
assigned to the function at the point z,. 


Limit at Infinity. If, corresponding to any positive quantity 
¢, however small, a positive number N can be found such that 
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If@-Li< e for |z|>N, f(z) is said to tend to the limit L as z 
tends to infinity: that is, Lim f(z)=L. 
I— > 


Example. Lim 1/z=0. 
—_on 


Infinite Limits. If, corresponding to any positive number N, 
however large, a positive number y can be found such that 
|7(z)|>N for |z—z, |<», f(2) is said to tend to the limit infinity 

‘as 2 tends to z,. 


Example. Lim1/z=0. 
z—>0 


The branches of multiple-valued functions generally tend to 
different limits as z tends to 2,. 

If the limit L is a function L(z,) of 2,, and if an can be 
found such that, for all points z, in a given region, | f(z) — L(z,)|<e 
provided |z—z,|< 7, f(z) is said to tend wniformly to the limit 
L(z,) in the region. 


12. Continuity. The function f(z) is said to be continuous 
at z, if f(z,) has a definite value, and if Lim f(z)=/(z,). 
Zz 


If f(z,) is infinite, f(z) has not a definite value, and is therefore 
discontinuous at the point z,. 

The condition for continuity can be expressed as follows: if, 
corresponding to any e,* an 7* can be found such that 


If@)-fa)i<e for |2-4|<a 
J (2) is continuous at 2,. 

A function is continuous in a region, if it is continuous at all 
points of the region. 

If f(z) has a definite limit at z, different from f(z,), f(z) is said 
to have a Removable Discontinwity at z,, and the function can 
be made continuous by replacing the value at 2, by the limit at 
that point. 

To investigate the continuity of a function at infinity, put 


z=1/€ and test for (=0. 
THEOREM 1. The sum of a finite number of continuous 
functions is a continuous function. 


*In this book e will usually be understood to represent an arbitrarily small 
positive quantity, and 7 a positive quantity. 
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_ Turorem 2, The product of a finite number of continuous 
functions is a continuous function. 


TuroreM 3. The ratio of two continuous functions is 
continuous except for values of z which make the divisor 
Zero. 

The verification of these three theorems is left to the reader. 
The proofs are almost identical with those for functions of a real 
variable. 

THEOREM 4, If f(z) is continuous and has the value / at 2,, 


and if ¢(z) is continuous at 1, @{f(z)} is continuous at z,. 
For, | f(z)—1|<e, if |z—z,|<<7; and ¢ can be chosen so that 


| o(f)—o()) |<e’, if |€—l|<e. Now let (=f(z); then 
| p{f(z)} — o{F(a)} | <e, 


provided |z—z,|<<y. Hence ¢{/(z)} is continuous at z=2,. 


THEOREM 5. The real and imaginary parts of continuous 
functions are continuous functions. 

For, if w=u+vw is continuous at z=2,, and if its value at 
that point is w,=w,+2v,, an 7 can be found such that, for 

: |z ata | =< 1) : 
|w—w,|=|(u—m)+4(U—0,)|<e. 

Thus V{(u-uPr(u-u)P}<e; 

so that |u—-u\<e |v-—v,|\<e. 


Hence w and v are continuous functions at z=2,. 


13. Uniform Continuity. A function f(z) is said to be 
Uniformly Continuous in a given region, if, corresponding to 
any e, an 7 can be found such that, for every point z, in the 
region, |f(z)—f(z,)|<Ce, when |z—2,|<7; «te if f(z) tends 
uniformly to f(z,) in the region. 

THeorEM. If f(z) is continuous in a given region, it is uni- 
formly continuous in that region. 

The proof of this theorem depends on the following Lemma: 


Lemma. If |f(2)—f(,)|<e for |2—2,|<z, then 
¥@)—f@%)|<26 for |2—z,|<4n, 


where z, is any point interior to the circle |z—z, |=4». 
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Let C, (Fig. 20) and C, be the circles | z—z,|=» and |z— 2,|=$n. 
Then, if z and z, lie within C,, 


f@-F@)|=@)-fla) + fe)-Ae)| 
S|f@)—-fedl+lf@)—Ha)| 
<< e: 
But if 2, be restricted to lie within C,, every point z such that 
|2—2,|< 4» will lie within C,, Hence the Lemma holds. 


Fic, 20. 


Now suppose that f(z) is not uniformly continuous in a region 
within which it is continuous, Divide the region into smaller 
regions by means of sets of equidistant lines parallel to the two 
axes. In one, at least, of these smaller regions f(z) is not uni- 
formly continuous. Divide this smaller region into still smaller 
regions in the same way as before. In at least one of these 
regions f(z) is not uniformly continuous. By continuing this 
process a series of rectangular regions is obtained, each of which 
is contained in the preceding one, and is a region of non-uniform 
continuity. Now let z, be a point interior to all the regions of 
this series; then, since f(z) is continuous at z,, an y can be found 
such that |f(z)—/(z,)|<¢/2, provided |z—2,|<1y. Hence, by 
the Lemma above, |f(z)—f(2,)|<e for |z—2,|< 4, where 2, is 
interior to the circle |z—z,|=4; so that this circle is a region 
of uniform continuity of the function. But if the subdivision of 
the given region be continued till a region of the series obtained 
above is reached which lies entirely within this circle, this. 
rectangle is a region of non-uniform continuity for f(z). Also, 
since the rectangle lies within the circle, it is a region of uniform 
continuity for f(z). Thus two mutually contradictory results 
are obtained. Hence f(z) must be uniformly continuous in the 
given region. 
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Functions of Two Real Variables, A function u(a, y) of & 
and y is said to be uniformly continuous in a given region if, 
. corresponding to any e, an 7 can be found such that, for every 
point (x, y) in the region, 

lu(atAa, y+Ay)—u(a, y)| <6 
provided |Az|<n, |Ay|<y. A function u(@, y) which is con- 
tinuous in a given region is also uniformly continuous in the 
region. The proof of this theorem is left as an exercise to the 
reader. 

Again, let the continuous function wu(#, y) have continuous 
partial derivatives of the first order in the region. Then, if 

Awu=u(a+Aa, y+tAy)—u(a, ¥), 
Au={u(a+ Aa, y+Ay)—u(a, y+Ay)} 
+ {u(@, y+ Ay)— Ua, ¥)} 


fe) e) 
= Ara u(a +6,Az, yey Lay, (x, y+0,Ay), 
where 0< @)<. 1, Va G@<oL 


' Now pe and = are continuous in the given region, and 
therefore, from the property of uniform convergence, 


 u(w-t OAc, y+Ay)= BD +a, 


8 _ Ou(a, y) 
5 y+@,Ay) = ee. ee 
where |a|<e, |8|<e, provided |Av|<y, | Ay| <7. 
Hence Au= Ti An+ Ay +0. Mn+ B Ay, 


where « and 8 tend uniformly to zero with Aw and Ay at all 
points in the given region. 


14. Differentiation. The Derivative of any function f(z), 
obtained by applying a finite number of the algebraical operations 
considered in §§ 4, 5, and 6 to z in succession, is 

Lin f@-+A2)—f() 
Az—>0 Az 

These limits are obtained by the same rules as when the 
independent variable is real. It is important to notice that the 
value of the derivative is independent of the amplitude of Az, 
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dz ~n 
Example 1. Prove oe 1, (i) for x a positive integer, and (ii) for na 
negative integer. 


dz 
Example 2. Prove =n for n a positive fraction. 
Let n=p/q, where p and q are positive integers ; then, if 
z=r(cos O+7sin 6), 
i. 2 


= (cos oe + isin ate 


zi=rd ), where &£=0, 1, 2, ...,g+1. 


Now let (=22, where ¢ represents the branch of 27 corresponding to one 
particular value of &. 
Then, if the increment Az of z correspond to the increment A¢ of ¢ 


(z+ Az)P/2 = aria (¢+ AO)? = (@ 


Be G+ AQ I— EE 
Hence ES ae Soe P se is a 
q 


where the same value of 2“ is taken on “id sides of the equation. 


dz” : : 
Example 3. Prove = =nz"— for n a negative fraction. 


15. Holomorphic Functions. Any function of x and y can 
be regarded, according to the definition of § 7, as a function of z 
for if z be given, the corresponding values of « and y are known, 
and therefore the corresponding values of the function can be 
found. For example, one value of x«—7y or of «?—y? corresponds 
to every value of z. But these functions cannot be expressed in 
terms of z, and it is much more satisfactory to regard them as 
functions of the two independent variables # and y. 

Let w=u-+iv, where w and v are real functions of # and y. 
Then, if 2’ =a%—iy, c=(z+7)/2 and y=(z—2’)/27; so that wu and 
» can be regarded as functions of the independent variables z 
and 2. Hence, if w and v are continuous functions of « and y 
with continuous partial derivatives, the condition that w should 
be independent of 2’ is 

Owox , Ow oy , .dVoH | .OV OY __ 
Oa Oz’ " Oy Oz’ pt an Be + Oy dz’ my 
oul owl ole BOUL 
7 Bad oy tt oad oye 
and this is equivalent to the two equations 
Ot OU PERG ov 


On By’ oy on" (A) 
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Thus, if w and v are continuous, and possess continuous partial 
derivatives which satisfy equations (A), w is a function of x and 
y in which # and y occur only in the combination +21y =z; it 
may therefore be expected that the function w, like the functions 
considered in § 14, will have a derivative which does not depend 
at all on the way in which Aw and Ay tend to zero, «ec. which 


does not depend upon oe. It will be shewn in the following 


theorem that this is the case. 


THeorEM. If w=w+iv, where w and v are uniform con- 
tinuous functions which possess continuous partial derivatives, 
the necessary and sufficient condition that w should possess a 
definite continuous derivative is that these partial derivatives 
should satisfy equations (a). 

Let the increments Aw, Au, Av, and Az, of w, w, v, and 2, 
correspond to the increments Av and Ay of x and y. . Then 


Aw _Au+iAv 
Az Awv+irAy 
7) Ov , > 
Wes -An+: py dy tode+BAy)+i(2 sp Ants Ay-+avAe-+ Bay) 
Azw+2 Ay 
Ou, .ov ow, .ov\ Ay 
(tis at Gee Sp) Ret (abi) +(B+iB) 2 
14658 


where o, 8, o’, 9’, tend uniformly to zero with Av and Ay. Thus 


aw _(aetisn) +(Se+ 45) at 


dw _ Lim A’ — SO@_, oy _oy/ da 
Z np so AZ l 44 
da 
Hence the necessary and sufficient condition that - 2 should be 


independent of ls is 


oe as (HH ee 
de Ga toy" “ay? 


which is equivalent to equations (A). 
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dw _ow_1 ow. 
dz Om 4 oy 


COROLLARY 2.. Since the partial derivatives of w and v are 


COROLLARY 1. 


continuous, ad also continuous. 


Definition. If a function is uniform and continuous, and 
_ possesses a definite continuous derivative at any point, it is said 
to be Holomorphic * at the point.. 

A function is said to be Holomorphic in a given region, if it is 

holomorphic at all points of the region. 

Equations (A), expressed in terms of polar coordinates, become 
Qu_1v 1du__dv. as 
or rae’ roe * or* 

and the derivative is then obtained as follows: 


dw Ow Owor dw 00 


dz co ore 00 cm 


= cos —(— 1 241 Ou\ sin @ 
Or or oe) r 


=(cos @—7sin ew. 


Example 1. Shew that the function e*(cosy+7sin y) is holomorphic, and 
find its derivative. Ans. e*(cosy+7sin y). 


Example 2. Shew that logr+76 is holomorphic unless *=0, and find its 
derivative. Ans. (cos @—Zésin 6)/r. 
Note. From the definition of a derivative the rules for 
differentiating products and quotients follow as in the case of 
the real variable. 
THEOREM. If f(z) is holomorphic in a given region, then, for 
all points z, in the region, 


F(A) =flA) + (2-2) f(A) + (2-4 )A, 


where X tends uniformly to zero as 2 tends to %. 
The proof of this theorem is left as an exercise to the reader. 


*The words Regular and Analytic are used by some writers instead of Holo- 
morphic. ‘The sense in which we shall use the word Analytic will be explained 
in Chapter XII. § 82. 
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Corotuary. If f(z) and ¢(z) are holomorphic, and if f(z,)=90, 

and ¢(z,)=0, while $(2,) +0, 
fz) _f (4), 
ong) $%) 

Function of a Function. If w=f(€) and §=¢(z) are holo- 
morphic functions of ¢ and z respectively, w is a holomorphic 
function of z; for eae = 

Simply-Connected Regions. If any two points in a region can 
be connected by a curve which lies entirely within the region, 
the region is said to be Connected. A connected region which is 
such that any closed curve lying entirely within it can be con- 
tracted to a point without passing out of the region is said to be 
Simply-Connected. Connected regions which are not simply- 
connected are said to be Multiply-Connected. The region 
enclosed by the curve C, (Fig. 21) is simply-connected, while 
the region between the curves C, and C, is multiply-connected. 


= Cs 


Fic. 21. 


The branches of multiple-valued functions can be treated as 
uniform functions in simply-connected regions which do not 
enclose any branch-points. No path in such a region ean enclose 
a branch-point; so that, after describing a closed path, the 
function regains its initial value. For example, each branch of 
w=y/z is holomorphic in the simply-connected region obtained by 
making the negative real axis a barrier which z cannot pass. 
Such a barrier is called a Oross-cut. The derivative 1/(2\/z), of 
course, takes the value corresponding to the value of /z under 
consideration. 


Inverse Functions. If w=/(z) is a holomorphie function such 
that w=ww, corresponds to z=z,, z can be regarded as a function 
of w with 2, corresponding to w,: if this function is uniform 
and continuous in a region of the w-plane which encloses W;, 
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. dz ae 
then, since es a it is a holomorphic function of w at all 
points of the region except those for which w=, This 
function is called the Inverse Function of F (2). se 


Example 1. \f w=2, there corresponds to any value z, of z one value 
w, of w: conversely, one of the branches of z=Vw gives the value z, of z 


corresponding to w=w,. Now the only value of w for which =o is w=0. 


d. 
Hence, if w,+0, w, can be enclosed in a region in which the branch is 
holomorphic, and therefore z=\/w is the inverse function of w=2. 


Example 2. For what values of z do the functions w defined by the 
following equations cease to be holomorphic ? 
(1) z=e"(cosv+7sin v) ; 
(2) z=log p+id, where w=p(cos $+7sin ¢). 
Ans. (1) 2z=0; (2) None. 
Laplace's Equation. It will be proved later (§35) that if 
w=w-+iv is a holomorphic function, w, w, and v have continuous 
derivatives of the second and higher orders. The reader can 
easily verify that w and v both satisfy Laplace’s Equation 


The solutions of this equation are called Harmonic Functions, 
and are of great importance in Mathematical Physics. 

It follows that, if a function w or v is given, a corresponding 
holomorphic function w will not exist unless the given function 
is harmonic. If, however, this condition is fulfilled, the function 
w can be found by means of equations (A): for example, if w is 
a uniform continuous function which satisfies Laplace’s Equation, 


is a complete differential, and v can therefore be found. 


Example. Shew that w=«3-3xy?+32*—3y?+1 is a harmonic function, 
and find the corresponding holomorphic function. 
Ans. 2+32?+1+7C, where C is a real constant. 
Conjugate Functions. If w+%v is holomorphic, w and v are 
called Conjugate Functions. These functions possess two im- 
portant properties: firstly, they satisfy Laplace’s Equation; and 
secondly, the curves w=c,, V=C,, where c, and c, are arbitrary 
constants, intersect at right angles, since the product of their 
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gradients ~( sy and -(=| =) is —1. The systems of 


curves obtained by varying the constants c, and ¢, are called 
Orthogonal Systems. 
Example. Picture on a diagram the orthogonal systems given by 
w=logr+76. 
16. The Exponential Function. The function w+ 2, where 
u+iw=e(cos ¥y+78in y) 
is holomorphic for all finite values of z, since u, v satisfy 
equations (A),§15. When y is zero, the function becomes the 
ordinary exponential function e*: it is therefore regarded as 
the extension of e* to the domain of the complex variable, and 
is denoted by exp(z). Obviously 
|expz|=e*, amp(expz)=y. 
Again, since 
e*(cos y +7 Sin y) X e* (cos y’ +7 sin y’) 
=e**{cos(y+y')+7sin (y+y’)}, 
exp (Z) X exp (2) =exp(z+2’). 
Hence exp (z) X exp(—2)=exp(0)=1; 
so that exp (—2)=1/exp (2). 
Thus, exp(z) satisfies the index laws. It is often found 


convenient to write e* for exp(z): in particular, e” stands for 
cos y +7 sin y. 


An oO ae 
Derivative. ae (exp Zz) = = {e*(cos y+7sin y)} =exp 2, 
or —=- =¢, 


Periodicity. Since cosy and sin y have the period 27, exp (2) 

has the period 2¢7: i.e. 
e+ kim — e#(cos 2ka +7 sin 2h) =e%, 
where k is any integer. 

Zeros and Infinities. Since |e?|=e*, e can only have zero 
and infinite values when e* is zero or infinite. But e is only 
zero when «=—o, and only infinite when e=+o. The 
Exponential Function is therefore finite and non-zero if a is 
finite. 


Example. Shew that every period of exp (z) must be an integral multiple 
of 27. 


oi her titi n ee 
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17. The Circular Functions. Since e*=cos#+ising. and 
e-*“=cosv—isin a, 
e + e- iz ' et—e-m 
ro en ke, <? 

These functions can therefore be extended to the domain of 
the complex variable by means of the equations 


cos 4 = 


e® e7% e* —e-% 
cos Z= ee 


pea ee or 


which define them as holomorphic functions. 
The following well-known formulae can be derived from these 


definitions : 7ike * 
sin*z+cos?*z=1; 


sin(z,+2,)=sin Z, cos Z,+ €0s 2, Sin Z, ; 


COS(Z, +2) = COS 2, COS Z, — SIN 2, SIN Z, } 


d sin z d cos z A 
— ; ——.—= —s1nZ; 
dz 9 Oe ca 
sin(—z)=—sinz; cos(—z)=cosz. 


Note. If f(—z)=—/f(z) for all values of z for which f(z) is 
defined, f(z) is said to be an odd function of z: if f(—z)=/(2), 
/(2) is an even function of z. Thus, sin z and cosz are odd and 
even functions respectively. 


Zeros. If sinz=0, 
elt =e t = g~ tet 2kni, 

where k is any integer; therefore 12 = —iz+ 2k7i. 

Hence the values of z which make sin z zero are 0, +7, +27, 
Et enTipe a «+ 

Similarly, since —e-*=e-*+@+)D7, the values of z which make 
cos z zero are given by z=(k+4)z, where k=0, +1, +2,.... 

The other circular functions are defined by means of sin 2 and 
cosz: eg. tanz=sinz/cosz. The inverse functions are written 
sin-!z, tan-1z, etc. 


The Hyperbolic Functions. These functions are defined by the 
equations : 


e+e? e—e* sinh z 


cosh z= 9 ; smhz= 5 ; tanhz=——7,> ete 


dsinhz _ d cosh z 


o 


Example. Prove: a ae cosh 2 ; Fn sinhz; cosh?z—sinh?z=1. 


M.F. Cc 
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18. The Logarithmic Function. If y=e%, where « and ¥ 
are real, the inverse function is e=log y: for complex values of 
the variables, the inverse of the Exponential Function is defined 
as follows : 

Let z=r(cos0+isin 0)=exp (w)=e"(cos v+¢sin v). 

Then e*=7, so that w=logr and v=0+2k7, where k is any 
integer. . Hence the inverse function is 

w=log r+, 
where @ may have an infinite number of values differing by 
multiples of 27. This function is denoted by Log z. 

If z passes round the origin once in the positive direction, @ 
increases by 27 and Logz by 2iz. The origin is therefore a 
branch-point of Log z. Each of the infinite number of branches 
of Log z is uniform and continuous in the simply-connected region 
formed by taking a cross-cut along the negative real axis; and 
therefore, since it satisfies equations (a’) of $15, it is holo- 
morphic in that region. That branch for which —-7<90=+7 
is denoted by log z; for positive real values of z this branch is 
the ordinary Naperian logarithm. 

Zeros and Infinities. Since log r is infinite when r is zero or 
infinite, Log z has infinities at the origin and infinity. Logz is 
only zero when both log and @ are zero; 7.c. when z=1. 


Derivative. 


Example. Shew that Log(zz’)=log z+ log z + 2hr?. 


; ‘ 1 ei p— tw 
The Function tan“'z, If z=tanw= > eee . jg, COCR 
ites os Mes 
1 at ae — erie : 
1—wz : 
1 1+4%2z 
so that w= 3; Log §, where (= <= Now Log ¢ is uniform if a 


cross-cut is taken in the ¢plane* along the negative real axis. 
But the transformation ¢=(1+%z)/(1—%z) -is bilinear, so that 
one point in the ¢-plane corresponds to each point in the 2-plane, - 


*The notation ¢-=£+% is adopted; &, 7, § then correspond to 2, y, z. 
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and conversely. Accordingly, if a cross-cut be taken in the 
z-plane corresponding to the cross-cut in the ¢-plane, the function 
Log ¢ will be uniform in the z-plane. Now, since 
2=i(1-O/+0, 
to the part of the éaxis between 0 and —1 corresponds the 
y-axis from 7 to +70, while to the &axis from —1 to —2 
corresponds the y-axis from —%0o to —7. Hence, if a cross-cut 
is taken along these parts of the y-axis, the function 
as 1 1+7i2z 
tante= 5; Log (7*) 
is uniform throughout the z-plane. That branch which has the 
value zero when z=0 is the Principal Value, ‘and is equal to 


1 1+7z\_.. 3 ; 
9; 08 (2); its real part lies between —7z/2 and 7/2, while 


its imaginary part varies from —2% to-+o0. Forany other branch 
1+ a) 
1-1 Ave 


3 il 
tan71z= oH log ( 
where m is an integer. 
It follows that tan(z+m7r)=tan z, and that 


19. The Transformation w=Logz. Since w=log7, to circles 
|z|=constant in the z-plane correspond lines %=constant in the 


y Z - plane w - piane 


Fic. 22. 
w-plane: the circles Cy, C,, Cp, «++; C_,, C_,,... (Fig. 22) of radii 
| CS Meares correspond to the equi-distant lines 
Telnet, eeaegligs Licgseacs 


: 9 
whose equations are w=0,1,2,..., -1l, —2,.. 
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To the origin and infinity in the 2-plane correspond w= — 
and w= +00 in the w-plane. 

Again, since v=6, to the rays @=constant in the z-plane 
correspond the lines v=@ in the w-plane; so that, if a cross-cut 
be taken in the z-plane along the negative x-axis, the entire 
z-plane is represented by that part of the w-plane which lies 
between the lines v= —z7 and v=+7. If now the cross-cut be 
removed, and @ increase from z to 87, the entire z-plane corre- 
sponds to the strip of the w-plane which lies between the lines 
v=7 and v=37. Similarly the entire w-plane can be divided 
into strips of breadth 27, on each of which the entire z-plane is 
represented. Points in these strips which correspond to the same 
point in the z-plane lie on the same parallel to the v-axis, at 
distances 27 from each other. To each point in the w-plane, 
however, corresponds only one point in the ¢-plane, since 
exp(w) is a uniform function of w. Each strip of the w-plane 
represents one of the branches of w, the boundary in each case 
being assigned to the strip below it. 

Example. Shew that, for all values of m, 

Lim 2" (Log z)”=0, 

provided R(n)>0. 4 ° 

20. The Generalised Power. Up to this point 2” has only 
been defined for rational values of n ($$ 5, 6). We are now in a 
position to detine it for all values of 1, rational or irrational, real 
or complex, ; 

If w= Log z, then z=exp(w); hence 

2=exp (Log z)=exp (log z+ 2k77), 
where k is any integer. Accordingly, for all values of », we 
define 2” by means of the equation 
2"=exp (n log z+2nkz77). 

CorotLary 1. If n is an integer, 2” has only one value, 
exp (2 log 2), (cf. § 5). 

CoroLiary 2, If 7 is a fraction p/q (q positive), 2” has q 
values given by f 


2 ore 
exp(Ploga)et ». where k=0, I, 2,..., g—1. 


The reader can easily verify that this agrees with the results 


of § 6. 


8§ 20, 21] CONFORMAL REPRESENTATION 37 


Corotiary 3. If x is irrational or imaginary, 2” has an 
infinity of values. 


dz” 
Example 1. Prove Sg for all values of », where the same value 
of 2” is taken on both sides of the equation. 
Example 2. Shew that, for all finite values of a, 
Lim (1+2) =e, 
z>o ~ 
where 2 tends to infinity in any direction whatever. 


We have (§15,Cor., p.30) Lim caer eee i 


g>0 


so that, if (=1/z, Lim zlog(1+a/z)=«a. 
“>a 
Thus, since the exponential function is continuous (§ 12, Th. 4), 


Lim (a +2) == apr e® 15 Vera) — eo 
« 


Zz > @ —_—n 


See also Examples III. 13, 14, 15. 

21. Conformal Representation. Let w be a holomorphic 
function of z; then, if the points w, w,, w, (Fig. 28), in the 
w-plane correspond to the points z, z,, Z,, in the z-plane, 


w,—w_ dw W,—W 


Lim a mae Lat ) 

az 4% Zo wy —>z %—F% 

.  Wo— - By 

or Lim — = Lim = —. 

W,—Ww 24-2 


Hence, if the two triangles of vertices w, w,, Wz, and 2, 2,, 22, 


w - plane z -plane 


w 
=, 


*_Fie, 23. 


Ww, 


are infinitesimally small, they are directly similar. Also, since, 
to the first order of infinitesimals, 


(w,—w) = (2, —2) 


the first triangle can be obtained from the second by turning it 
through an angle amp(dw/dz) and magnifying it in the ratio 


38 FUNCTIONS OF A COMPLEX VARIABLE [cH. 11 


|dw/dz|. It follows that two intersecting curves in the z-plane 
are represented in the w-plane by curves which intersect at the 
same angle. 

Each plane is said to be represented Conformally on the other. 
Examples of Conformal Representation have been given in 


§§9 and 19. The representation breaks down if - is either 
zero or infinite. 


Example, Deduce, from the principle of Conformal Representation, the 
theorem that the curves u=constant, v=constant, intersect at right angles, 
where w and v are Conjugate Functions. 


22. Singular Points. A point at which a function ceases to 
be holomorphic is called a Singular or Critical Point, or a 
Singularity of the function. For example, z=0 is a singularity 
of 1/z. 

If a circle can be drawn with the singular point as centre, so 
as to enclose no other smgularity of the function, the singularity 
is said to be Isolated. The function 1/sin(1/z) has a non-isolated 
singularity at z=0: for, since sin(1/z) is zero for z=1/(kz), 
where k is any integer, it is impossible to surround the origin 
with a circle which does not contain an infinite number of these 
points. 

A point which can be made the centre of a circle enclosing no 
singularity is called an Ordinary Point. If the radius of the 
circle is equal to the distance of the point from the nearest 
singularity, the interior of the circle is called the Domain of the 
point. 


Poles. If Lim(z—z,)"/(z)=C, where C is a non-zero constant 
2% 


and 7 a positive integer, 2, is said to be a Pole of f(z) of order 
n, and f(z)=9(2)/(2—2,)", where $(z) is holomorphic at z,. If 
n=1, 2, is a Simple Pole of f(z) For example, 1/2” has a 
pole of order n at z=0. 


Example. The function 1/sin(z—z,) has a simple pole at z, : for (§ 15) 


Lim{ ie “snes ay = ere: nie Te 


The function /(z) will have a singularity at infinity if ¢=0 is 
a singularity of f(1/¢). For example, az*?+bz+c has a pole of 
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_ the second order at infinity. If infinity is an isolated singularity 
of f(z), €=0 will be an isolated singularity of f(1/6), and a circle 
|¢|=e can be drawn to enclose no singularity of F(1/© except 
¢=0. Hence a circle |z|=1/e can be drawn which will have 
within it every singularity of f(z) except infinity. 

Meromorphic Functions. A function which is holomorphic 
throughout a region except at isolated poles is said to be Mero- 
morphie in that region. 

Essential Singularities. If no value of 2 can be found such that 
am (2—2,)"f(z)=C, then z, is said to be an Essential Singularity 


of f(z). Poles are Non-Essential Singularities. 
Example. The function e' has an essential singularity at z=0. 


Branch-Points. The branch-points of multiple-valued func- 
tions are Singular Points: for example, z=0 is a singularity 
of Log z. 

Zeros. If f(z)=(z—z,)"¢(z), where n is a positive integer and 
¢(z) is holomorphic and non-zero at z,, then z, is said to be a Zero 
of f(z) of order n; a zero of order 1 is also called a Simple Zero. 
If z, is a zero of f(z) of order n, it is a pole of 1/f(z) of order vn. 


THEOREM 1. A pole is an isolated singularity. 

If z, is a pole of f(z) of order n, the function (z—2,)"f(z) is 
holomorphic at z,; consequently, if C is its value at that point, 
an y can be found such that |(z—z,)"f(z2)—C|<e, provided 
|z—2,|<<y. Hence f(z) must be finite at all points except z, in 
the circle | z—z, |=y, so that the singularity is isolated. 

CoroLLaRy 1. The zeros of f(z) must also be isolated, or the 
function 1/f(z) would have non-isolated poles. 

CoroLuary 2. If infinity is a pole of f(z), a circle can be 
drawn which encloses all the singularities of f(z) except infinity. 

THEOREM 2. No region can contain an infinite number of 
isolated singularities. 

Let a given region contain only isolated singularities, and let 
it be divided up as in $13. If there is an infinite number of 
singularities in the region, one at least of the divisions must 
contain an infinite number of singularities, and by continuing the 
process of subdivision a point can be found such that, in every 
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neighbourhood of it, there is an infinite number of singular 
points, i.e. it is a non-isolated singularity, which is contrary to 
hypothesis. 

CorottaRy. If a function is meromorphic throughout the 
plane, and has an ordinary point or a pole at infinity, it follows 
(Th. 1, Cor. 2) that it has only a finite number of singularities. 


EXAMPLES III. 


1, Shew that 1/{(z-«a)(z—6)(z—c)} is holomorphic except at a, 6, and ec. 


2. Shew that the following functions are holomorphic, and find their 
derivatives : 


(i) e-¥ (cos #+7sin 2). Ans. ie” (cosc+isin 2). 
(ii) cosh # cos y+7sinh # sin y. Ans. sinhxcosy+icosh «sin y. 
(ili) sin x cosh y+7cos x sinh y. Ans. cosxcoshy—7sin x sinh y. 
(iv) cos x cosh y—7sin x sinh y. Ans. —sinx cosh y—icosz sinh y. 


3. If » is real, shew that r"(cosn6+7isinn@) is holomorphic except 
possibly when 7=0, and that its derivative is nr” (cos n —10+7sinn—16). 


4. For what values of z do the functions w defined by the following 
equations cease to be holomorphic ? 


(i) z=e-* (cos w+7sin w). Ans. 20 
(ii) z=sinh w cos v+7cosh u sin v. Ans. z=+7. 
(iii) z=sin «cosh v+7cos u sinh v. Ans. ¢=> 25 


5. If ¢ and w are functions of x and y satisfying Laplace’s Equation, 
shew that s+7¢ is holomorphic, where ae peck and PR TA 


OY 1 OF Ox " Oy 
6. Shew that w=e*(«cosy—ysiny) is a harmonic function, and find the 
corresponding holomorphic function. Ans. ze®+2C. 


7. If w=2, shew that the curves w=c,, v=cy, are rectangular hyper- 
bolas, and represent them on a diagram for different values of ce, and ¢y. 

8. If z=sin wcosh v+7coswsinh », picture on a diagram the orthogonal 
systems w=c,, v=c. Shew that the first system consists of confocal 
hyperbolas, and the second of confocal ellipses. 

9. Shew that, (i) sin 2=7sinh z, (ii) cos ¢7z=cosh z. 

10. Prove (i) sin(z,+%_)=sin z, cosh z, +7 cos 2, sinh ees 
(ii) cos (2, + tz)=cos 2 cosh z, #7 sin z, sinh z.. 
ll, Prove (i) |sin(w+ zy) |=/(sin?v+sinh? y) Scosh y 
= |sinh y|, 
(ii) | cos (w + ty) |=,/ (cos? 2+ sinh? y) S cosh y 
=|sinh y|. 
12, Prove Log(—1)=(2h+1)z?, where & is any integer. 
13. If » is real and z=re®, shew that z”= rreniO+2kn) where 7 ig real 
and positive. 
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14. Shew that 227 =2"+"" for all values of » and n', where suitable 
branches of the functions are taken. 


15. Shew that (2")"’ =<” for all values of x and n’, where suitable branches 
of the functions are taken. 
16. If w={(z—c)/(z+c)}*, where ¢ is real and positive, find the areas of 


the zplane of which the upper half of the w-plane is the conformal 
representation. 


Ans. (i) The lower half of the circle |z|=c; (ii) that part of the plane 

above the z-axis which is exterior to the circle |z| =c: 

17. If w= —iecot(z/2), shew that the infinite rectangle bounded by x=0, 
L2=T, y=0, y=, on the z-plane is conformally represented on a quarter of 
the w-plane. 

18. Shew that infinity is a simple zero of (a27+62+c)/(2+m2+nz+p). 

19. Shew that the ratio of two polynomials is a meromorphic function. 

20. Shew that secz, cosecz, tanz, and cotz are meromorphic in the 
finite part of the plane. 

..21. If w=sinz, shew that w=hkr $7 Log {7z+,/(1—2)} according as the 

integer & is even or odd, a cross-cut being taken along the real axis from 
1 to © and from —« to —1 to ensure that Log {7z+,/(1—2)} should be 
uniform. 


dm 1 
Deduce that = sin! z= yaaa 
where the branch of ce) a 2B is chosen which corresponds with the branch 


of sin—1z under consideration. 


se ee eee es a : 
22. Prove (i) he a =s22,5. (il) Lim 335597 —2; 
(ii) Li a eS where » is an integer 
ei A. 
z—>0 


23. Shew that all the values of z‘ are given by e~@#+4)™, where & is any 
integer. 

24. If w=17z, shew that the curves w=c,, v=c,, are orthogonal circles 
which pass through the origin, and have their centres on the y-axis and 
z-axis respectively. 
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CHAPTER IV. 
INTEGRATION, 


23. Limit of a Sequence. Let z,, 2, 2, ... be an infinite 
sequence of real or complex numbers; the sequence is said to 
converge to a limit J if, corresponding to any assigned ¢, a 
number m can be found such that |z,—-l|<«, when nZ=™. 

Tf 2,=%,+7y, and l=a+ib, then |a,—a|<e and |yn—b|<e; | 
hence it follows that the sequences @,, %,, 3, ... and Y,, Yo, Yg, +e 
converge to the limits a and b. Conversely, if these two 
sequences tend to the limits a and b, the z-sequence tends to the 
limit a+b. 

THEOREM. The necessary and sufficient condition that the 
sequence should have a limit is that, corresponding to any e¢, 
‘an n can be found such that |2,4,—2,|<(e, where p is any” 
positive integer. 

This condition is necessary, for, if / be the limit, 

| 2n+-p—2n| S| 2n4p—8 1+] 2-H: 
It is also sufficient, for it involves the conditions 
| Ln+p—Ly | < €, | Ynton— Un | —<— €, 
which determine the convergence of the x and y sequences. 

Uniform Convergence of a Sequence. It may be that all the 2’s 
are functions of a variable ¢: this is indicated by writing 2n(€) 
for 2. Then if, at all points ¢ in a given region, the sequence 
is convergent and has the limit /(¢), and if an m can be found 
such that, for all points within the region, |z,(&)—l(0)|<e 
when n=, the sequence is said to converge uniformly within 
that region. 


24. Curvilinear Integrals. Before defining definite inte- 
grals of functions of a complex variable, we shall define curvi- 
linear integrals, and prove Green’s Theorem. 
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Consider a curve C (Fig. 24) joining two points A and B in 
the (x, y) plane. This curve can be divided into segments AL, 
LM, MN,..., such that, for each of these segments, only one 
value of y corresponds to each value of x; and thus in each 
segment y is a uniform continuous function of 2. Denote these 
functions by ¢,(x), ¢,(x), $5(@), -... 

Now let f(a, y) be a uniform continuous function of « and y 
mn a region of the plane containing the path C. Then the 
. ; 


functions f{x, ¢,(x)}, f{x, $.(x)}, f{x, o5(x)}, ..., are uniform 
continuous functions of « on the ares AL, LM, MN, ..., respec- 
tively, and the integrals 
U me n 
[ fe, dor ae, |"P(e, goto} de, |" Pe, pela} de, 
_ where a; J,m,..., 6, are the abscissae of A, L, M,..., B, are 
ordinary definite integrals. They are the Curvilinear Integrals 


| f@ y) de, | f@ y) dx, | ,£@ UY) OD ee, 


and their sum is the Curvilinear Integral 


} Fes y) da. 


Similarly, by dividing C into segments in each of which « is 
a uniform function of y, we can define the curvilinear integral 


| v(a, y)dy. By combining these a third type of curvilinear 
Cc 


integral | : { f(a, y)da+W(a, y) dy} 


is obtained. 
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Corottary 1. If # and y are uniform functions of a para- 
meter ¢, the integral becomes 


a dix ae 
- Ese : pa dt, 
[fen Grven 
where ¢, and ¢, correspond to the initial and final points of C. 


Corotuary 2. If « and y are uniform functions of € and », 
and if the curve I’ in the (€ 7) plane corresponds to the curve C 
in the (a, y) plane, 


{f(x y) de+ (a, y) dy} 
\ 
=| {feu Ge ae+ San) +wre, yy Gh e+ dn) j 


Coro.tiary 3. If C be divided into n segments by points 
(1, Y1); (®25 Yo)s +++» (Unt1> Ynt1) taken in order on the curve, where 
(1, Y,) and (0,41, Yn+1) are the points A and B, and if (&, m,), 
(£55 1g)s +++» (Ens Mp)» Bre points taken at random on these seg- 
ments, the sum 


y {Ess tte)(0r41— Or) +W(Er te)(Yrr1—Yn)} 


_tends to the limit \, {f(a, y) de+W(«, y)dy} when the law of. 


division is made to vary in such a way that 7 tends to infinity 
and the greatest of the segments tends to zero. 


CoROLLARY 4. 
[ (7 ndo+V@ ndy=—f (Fe, y)de+We, dy}. 
Coro.iary 5. If K is any point on C, 


| {fe ydety(a, ydy}=[ (Fy) deta, aay) 
+) (fe, y)de+Wy(a, y) dy}. 


Coro.tuary 6. If C is a closed curve, the value of the integral 
is independent of the position of the initial point, but its sign 
depends on the direction in which the curve is described. 


Differentiation wnder the Integral Sign. Tf f(a, y, a) and 


a f(x, y, &) are continuous functions of w and y on the curve C, 
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and of the real parameter « between assigned limits for «, and if 
o(a)=|_ T(«, y, %) da, then $(c) has a derivative given by 
Pea igs 
o(a)=| = fe, y, ade. 
For A¢g(a)=¢(a+An)— (a) 
=|. {f(x, y, a+An)—f(x, y, x)} da. 


Now, for points on C, f(a, y, x) is a function of two variables 
x and a; hence ($18) 


F(a, y, H+ AK) =f(a, y, a)+{2 fe, Y, a+r} Ac, 


where ) tends uniformly to zero with Aa. 


AG)_| 2 fe, y, a) da =|{. da 


and the latter expression tends to zero with Aa. 
Thus ¢(«) has a derivative, given by 


i : fo) 
# (0) = Lim $0 _ |S fu, y, «de. 


Therefore 


u 


25. Green’s Theorem. This theorem gives an important 
relation between a double integral and a curvilinear integral. 

Let the functions P(a, y) and Q(a, y) be uniform and con- 
tinuous, and possess continuous partial derivatives, in a simply- 


PY 


Sf 


(ae 
' 

i] 

' 
a 
Fia. 25. 


connected region containing a closed curve C. Consider the 
double integral 2P 2aQ ded 
\ (- Sit ae) ta 
taken over the simply-connected area enclosed by C. 
Assume in the first place that C (Fig. 25) is a curve such that 
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no line parallel to either of the axes cuts it in more than two 
points. 

Let y, and y, (y,=¥;) be the values of y on C corresponding 
to any value of «, and let A and B be the points on C of 
minimum and maximum abscissae #,and Xp. 


oP Xo 
Then -|j 5, 2 y= —| {PC ¥2)— PO, wh de. 


The latter expression is the sum of the two curvilinear integrals 
-| P(x, y) da, | P(a, y)dax; 
AQB APB 


and therefore, since —| P(a@, y) dia = | P(a, y) da, 
AQB BQA 


oP 
-{j aa dx dy =| Pe, y) dx, 


the integral being taken round C in the positive direction. 


ae, eQ | 
Similar] es = 
imilarly {J Ay We dy =) Qe ¥) dy. 
Hence Green’s Theorem, 


oP , 0Q 
[](-2 +22) acay=[ ceae+aay) 
holds for the region considered. 
Next, if C does not satisfy the condition that no line parallel 
to either of the axes cuts it in more than two points, the region 
can be divided into regions each of which possesses this property. 


For example, if in Fig. 26 the points A and B, at which the 
WY 


Pp 
Cc 
B 
A 
Q 
—_ 
O X 
Fic. 26. 


tangents are ‘parallel to the y-axis, are joined by a straight’ 


line, the two regions so obtained are of the type required. 


— 
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Hence 


[\(-_ 242) ae ay=| (Pde +Q dy)+] (P da+Q dy) 
2) gears AQBA ABPA 


=|,@ dx+Q dy), 


since the sum of the integrals along AB and BA is zero. 
Thus the theorem can be shewn to hold for all simply-connected 
regions bounded by closed curves. 


Coronary. The area of the region enclosed by C is given by 
any of the three integrals 


a 4 ly— ; 
Jaan, |e. i] @dy y dx) 


Multiply-Connected Regions. Consider the region between 
the curves C and C’ (Fig. 27). This region can be made simply- 


Fia, 27. 


connected by drawing a line LM from C to CO’. Hence 
BP) andy={ (Pdr+Qdy)+| (Pde+Qa 
[\(-S+ 3 )eoa= Peas y)+ ot x+Q dy) 
-| Pde+Qdy)+| (Pde+Qdy) 


=| (P d+ Qady)—| (Pde+Q dy), 
3 c f 
where the latter integral is taken positively round C’. 
Similarly, for the region between the curve C (Fig. 28) and 
the m curves ¢,, C,, Cg, -++» Cn» it can be shewn that 


[)(—2+B)aray=| @ade+Qay— SI dx + dy). 
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Example. Tf Pdx+Qdy isa complete differential, shew that 
[ @ae+Qay)=0, 


where C is a closed curve. 


Fia. 28. 


26. Definite Integrals. Let /(z)=wu(x, y)+iw(a,y) be a 
uniform continuous function of z in a given region, and let ACB 
(Fig. 29) be a curve in this region connecting the points 2, and z. 


8 Fia, 29. 


Let 2,, 2, ..., Z,, be » points taken in order on this line, where 
z, is z, and let ¢, &,..., ¢, be arbitrary points on the segments 
(Zo, 21), (@1.2p))'-++5 (@n-1» %,) Chen if, in the sum 


S,= y3 HE )(Sp—2p-1), 


» 
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the real and imaginary parts be separated, we obtain 


= Suge tte) (Wy — Bp 1)— UE ps te) (Yr—Yr-1)} 


+E, Mr (apy 1) + (Er; tr) (Yr— Yona) 


where ¢,= £,+%n,. 

Now if the law of division of the curve ACB varies so that 
m tends to infinity and the greatest of the segments tends to 
zero, this latter expression tends to the limit (§ 24), 


| (uda—v dy)+if (vda+u dy), 
ACB ACB 


or | (w+iv)(dx+7 dy). 
ACB 


This limiting value of S,, is called the integral of the function 
f(z) taken along the curve AOB, and is written 


| for 


CoroLutary 1. From the theory of limits it follows that, 
corresponding to any e, an ” can be found such that 


8,-| f2de| ee 


CoROLLaryY 2. | {oe= -| F(z) dz. 


ACB 


CoROLLARY 3. ie {@) dz+ \, [@)de =| J (2) dz. 


ACB 


CoROLLARY 4. ie ‘ fp +f,(2)+... +f, (2) }dz 
= | A dz+ | out weet | B® dz. 


CoROLLARY 5. | if(e)de=k{ J (2)dz, where k is a constant. 
ACB ACB 


CoROLLARY 6. | fou-| Morea, where ¢(€)- is a 
AC ay, 


holomorphic function of ¢ and the path ACB in the z-plane 
corresponds to the path wy in the ¢-plane. 
D 


M.F. 
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For | feu=|e dan—v dy) +i {(v de + dy) 
=| {u(Ggae+ Fan) — )} 

+i der 5 ay +u( Lag+ Suan )} 

={{u u(Sede— - dan) — o( dg+ zan)} 

if {o Gee Shir) + (Sade Sen) 


since z is a holomorphic foes GET, 


o( det hn 


+u 


oy 


=|(u+ w) (‘s sat tce) (d€+i dn) 
=| How Oas 


Coro.uary 7. The modulus of the integral is finite. 
For, let M be the greatest value of | f(z), on ACB; then, since 


|S, IS SLAG ls tei SM Syie,— 2-1) 


ee f(2)dz|= 
ACB 
where / is the length of ACB. 
Coronary 8. If F(z) is a holomorphic function whose 
derivative is f(z), | f(@)dz=F(z)—F(@,). 
For, let F(z)=U(a, y)+7V(a, y); then 


PU VA RN any 
Ox Oy’ eC Oy 


Therefore 


[fleas = [ow da—v dy)+i|(v da-+w . 
-\(Gae+ Say) +if(Can +. Sy) 


Now the integrands are complete differentials; therefore the 
integrals are the limits of the sum of the increments of U(a, y) 


a ol tes oe 
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and V(a, y) obtained in going along ACB from (Xp, Yo) to (a, y). 
Hence 
[F@dz= (Ve, Y— Vee, wh +iV, = Vee Wo) 
=F (z)—F(z,). 
Since F(z) is single-valued, it follows that the value of the 
integral is independent of the path. 


Zz 
Example. Shew that is 2"dz=(z"*1—2)"+1)/(n+1) for all integral values 
0 


of n except —1. If is negative, the path must not pass through the origin. 
See also Examples IV. 1-4. 


Consider now the integral Io where the path C goes to 
infinity. 

By means of the transformation z—c=1/€, where c does not 
lie on C, C is transformed into a finite path C’ with ¢=0 as 
final point, and the integral becomes 


-|, (et +e 


In order that the integrand f(c+1/)/¢€? should be continuous, 
Lim f(e+1/6)/€@ or Lim z*f(z) must be finite. Hence the given 
¢—>0 Z—>n 


integral has a definite value if Lim 27/(z) is finite. 
2—>w 
) 0 : 
Lxample. | = - | d¢=1, provided that the path in the z-plane does 
1 1 
not go through the origin. 


27. Cauchy’s Integral Theorem. If a function f(z) is holo- 
morphic in a simply-connected region A, and if C is a closed 


contour lying entirely within A, It F(edz=0. 
Let f(z)=wtiv; then, by Green’s Theorem, 
| fede=| (wde—vdy)+il (w des + dy) 
) c 


={|(—24-2) ae ay +f f(- - +2) dav dy, 


the double integrals being taken over the area enclosed by C. 
Hence (equations (A), § 15) 


\, fl2)dz=0. 
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Example. From the integral if ey where C denotes the circle |z|=1,. 
P ; Cc z+2 


deduce _ 
1+2cos 9 19=0 


Jo B+ 40080 00 
The following important theorems are corollaries of Cauchy’s 
Theorem : 
THEOREM 1. Let f(z) be holomorphic within a simply- 
connected region, and let the paths ABC (Fig. 30) and ADC 


2 


Cc 


ZA 
Fic. 30. 


joining the points z, and z lie entirely within the region. Then 


\aneh@Ue+], (OQ de=0; 


DA 


so that ; \ df dz= lv’ dz; 


The integral is therefore independent of the path, so long as 
the path lies entirely within the region. 


THEOREM 2. Under the conditions of Theorem 1,F (z)= \ F(e)dz 
is a holomorphic function of z. = 


Let the increment AF (z) of F(z) correspond to the increment 
Az of z; then 


aF@)=|" f@de—-| Aode=] KOae 
z+ Az coe : 
= [re aes] Ose a 
=f(e) det] 7 @-F} aE 


Now take | Az| so small that | f(¢)—f(z)| <e for all points € on 
the line joining z and z+ Az; then 
| AF (z)—f(z)Az|<e| Az). 


Theref os 
ererore | Ae T(2)|\ Ze 
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Hence F(z) has a definite derivative F(z); it is therefore 
holomorphic throughout the region. 

From this theorem the method of Partial Integration can be 
derived exactly as for the real variable. 

As in the theory of integrals of real functions, we say that a 


aE (2) J(2), is an Indefinite 


function F(z), which is such that 7 
Z 


Integral of f(z); and we write 
F(z)= | F(2)dz. 


Example. Prove | log zdz=z log z—z. 


THEOREM 3. Let f(z) be holomorphic in* the ring-space bounded 
by the curves C and C’ (Fig. 27); then 
| j@a=|_ fea, 
\ 
the integration in both cases being in the positive (or negative) 
direction. 
For, by Cauchy’s Theorem, 


| f@ dz+| fe) dz— | f(z) dz+ \f® dz=0. 


(or 


But es f@d=- Vac) dz. 


Therefore F f(2z)dz= ib F(2) dz. 


Similarly, if f(z) is holomorphic in* the region between C 
(Fig. 28) and the curves ¢,, C,,..-, Cn, it can be shewn that 
i f(2)de= S| fle) de. 


THEOREM 4. If a is a point enclosed by a curve C, 
| dz : 
= 270. 


oz—a 


Round a describe a small circle c of radius 7; then (Theorem 8) 


| dz _ | dz 
oz—-a J,2-a 

* Here, as in Cauchy’s Theorem, it is to be understood that the boundaries lie 
inside a region in which f(z) is holomorphic. 
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On c let z—a=re®; then dz=reid@. Therefore 


| da =|" dp aone 


or—a 0 


28. Cauchy’s Theorem: Alternative Proof.* The following 
proof of Cauchy’s Theorem does not depend on Green’s Theorem. 

The proof will be taken in three parts: firstly, for C a 
triangle; secondly, for C an arbitrary polygon; and, lastly, for 
C any closed curve. 

(1) Let C be a triangle A (ABC in Fig. 31), and let the mid- 
points D, E, and F of the sides be joined, so that the triangle is 
divided into four congruent triangles A’, A”, A”, A’. 


Now integrate round these four triangles in succession in the 
same (positive) direction, as indicated by the arrows. The two 
integrals along each of the lines DE, EF, and FD cancel each 
other, so that the net result is the integral round A in the positive 
direction. Hence 


|, f@ae=] fods+| feraet| serder] sede: 


uw ue 


so that | \i (2) dz 


=2|{ Aeael. 


There must therefore be at least one of these smaller triangles 
—we denote it by A,—such that 


| uo dz\=4 | | fe dz 


*Cf. Knopp, Funktionentheorie, Vol. I. 


. 


Le Lad, et elle 
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Dealing with A, in the same way, we obtain a triangle A, 
such that 


pf fledae 


=4)| fede 


and therefore | | F(z) dz | = 4 
A 


| f@ dz|. 


Proceeding thus, we obtain a sequence of similar triangles 
A, A,, A,,..., each contained by the preceding one, and such that 


if f@) dz|, 


As n tends to infinity, the triangle A, shrinks to a point, € say, 
which lies within every one of the triangles A, A,, Ag, .. 
Now, corresponding to any e, an y can be found such that 


|A|<eif|z—{| <x, where 
LO=KO+E ~OF(©+@-OD. 


Let 1 be chosen so great that A, lies entirely within the . 
circle |z—€|=7; then 


| f@ae=| fOa=+] 7 OC-Oae+| AC-Hae 


Ani=tAn, and |f fleyde]e4 n=l, 2,3,... 
A 


=f) @et/O) 2-0 de+| Xe-$ dz. 


The first two of these integrals vanish (§ 26, Corollary 8), 


so that 
| © dex rA(z— €) dz. 


Therefore || fa =i |A| |z—€| | dz| 


= ess 8n, where s, is the perimeter of A,, 
: i where s is the perimeter of A. 


3 (a) = 5" 


Therefore ( f(z) dz=0. 


Hence 
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(2) If C (Fig. 32) is a quadrilateral, it can be divided into two 
triangles A and A’ by a diagonal which lies within it; then 


| f(2)dz= | T(2) det| fle) dz=0. 
C A 
Similarly, if C is any polygon, it can be divided into triangles 


VON 


Fic. 82. 


y 
et a ee iis tia tind catasiaddaalill 


by diagonals lying within it, and, since the integrals along these _ 
diagonals cancel each other, | F(z) dz=0. ; 
c } 


(3) Let C be any closed curve; then, as in § 26, 
| f(z)d¢=Lim §,, where S,= > f(z) (2, —Zy-1)- 
C r=1 


Now let /(z)=/(z,)+ for points z on the straight line joining 
2-1 and z,, and let the law of division of C vary so that, for 
r=1, 2, 3, ..., 2, |m|<e/(2L), where L is the length of C, 


and also ' 
i] 7(@)=S, = 2 
C 
Then, if P is the polygon of vertices 2, 2, 2, ---) 2m» 
| f@ dz= >| {f(Zr)+ nr} d2=Sy+ eS | AZ. 
rTolvzyr—-) THl J tpi} 


But | (2) dz=0; therefore i 
P 


Rida OL es i, 
1Sn]< Dy 5,2 @ |S 5- 


Therefore 


| fode 


= | 7@ dz—S,, 


+ |Sil<e. 


Hence K F(z) dz=0. 
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29. Cauchy’s Residue Theorem. If the point a is the only 
singularity of f(z) contained in a closed contour C, and if 


ail fod 


has a value, that value is called the Residue of F(2) at a. 
From Theorem 3, § 27, it follows that, if C encloses several 
singularities, the sum of the residues at these points is 


ail Aedes - 


The following cases are important : 


Qt 


Case 1. If n is any integer except 1, the residue of (z—a)-” 
at @ is zero. 


Case 2. The residue of (z—a)-! at a is unity. 
Case 3. If 
SO)=A,(Z— a) + Ag/(2—4)P +... + An/(2—a)"+ O), 
where ¢(z) is holomorphic at a, the residue of f(z) at a is A,. 


Example. Shew that the residue of (22+3)/(z-1)? at 1 is 2. 


CasE 4, If f(z) is holomorphic at a, the residue of f(z)/(z—a@) 
at a is f(a): for 


pe Bg. | Oo, 


Geo Z—a 


=fla)+5 ai faders x dz 


= =f (a)+5 =i Ad Zz, 
Now take C so small that for all points on it |A|<e; then 


‘ol WG ee rs 
a pes fa) <$ a 
where / is the length of C. 
ACA) 
Hence al2 ae - z= f(a). 


This is equivalent to the following theorem : 
THEOREM 1. If Lim {(z—a)/f(z)} is a definite number A, the 
2—>a 


residue of f(z) at a is A. 
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It follows that, if @(z) and y(z) are polynomials in 2, and if 
z—a is a non-repeated factor of y(z), the residue of $(2)/W(2) 
at ais p(a)/W(a). 

Example. Shew that the residues of (p?+9z+7)/{(z—a)(z—5)} at w and 6 
are (pa?+ga+r)/(a—b) and (pb?+qb+7)/(b—a). 

See also Examples IV. 5-7. 

Multiply-Connected Regions. If f(z) satisfies the conditions 
of Theorem 3, §27, except for isolated singularities at points 
in the space between C and the curves ¢,, ¢, ..., ¢,, the sum 
of the residues at these points is 


1 2 J 
zal, f(2)dz- a, Til O dz. 


Residue at Infinity. If f(z) has an isolated singularity at 


intinity, and if C is a large circle which encloses all the singu- — 


larities of f(z) except infinity, the residue of f(z) at infinity is 
defined to be = Tt 
[fede 


2Qart 
taken round C in the negative direction (negative with respect 
to the origin), provided that this integral has a definite value. 
If the transformation z=1/€ be applied to the integral, it 
becomes 1 [dé 
| | Get 
taken positively round a small circle about the origin. Hence 
it follows that, if Lim {—f(1/§)/¢} or Lim {—2f(z)} has a definite 
¢—>0 zw 
value, that value is the residue of f(z) at infinity. 
Example. Shew that the residues of z/{(z—a)(z—6)} and (A-2+4+1)/2 


at infinity are —1 and 1. 


Note. Both of these examples shew that, if a function is holomorphic at 
infinity, it does not necessarily follow that its residue there is zero. 


THeorREM 2. If a uniform function has only a finite number of 
singularities, the sum of the residues at these singularities, that 
at infinity being included, is zero. 

Let _C be a closed contour enclosing all the singularities of 
J(z) except infinity: then the sum of the residues at these 
singularities is 1 


ol, f(@)dz. 


J hia stil 
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But the residue at infinity is 
xi, i 


Hence the sum of the residues is zero. 


Ori 


Example. Evaluate the residues of 24/{(z—1)(z—2)(z—3)} at 1, 2, 3, and 
infinity, and shew that their sum is zero. Ans. 1/2, —8, 27/2, — 
See also Examples IV. 8-10. 


30. Evaluation of Definite Integrals. Many definite in- 
tegrals can be evaluated by means of integrals round closed 
contours. 

“cosadx_ me~* 

“+a Ya 
Integrate /(z)=e*/(2+a”) round the contour (Fig. 33) consisting of : 

(1) the z-axis from —R to R, where R is large ; 
(2) that half of the circle |z|=R which lies above the #-axis. 


Example 1. Prove i , where a>0. 


O Rigeok 
Fic. 33. 


The only pole of f(z) within the contour is 7a, at which the residue is 
{ o 
Lim 4 (¢—7a) Py ara} aaa" 


z>ia 


zs . 9. ACME srs 
Hence [Lf d+ |" F(Re®) Re dO=2ri 5 =e : 


: on = 7 e-Ksing 
But | | poRey Rei iy NE aa 
“0 o R*-@ 
ny eh i . 
Cd Reb ee ap, sinea,.e~ 9-0) S41 
27+ 0" aah 
2 wR 
R2- a? 
Hence the integral along the semi-circle tends to zero as R tends to 
infinity. 
, +0 pix mre7 4 
Therefore 188 ner | ee ae 
* COS & me—* 
Gi ; 
so that [ Fie Acs mr 
aoe 
o Re 


60 FUNCTIONS OF A COMPLEX VARIABLE [cH. Iv 


THEOREM 1. Let AB (Fig. 34) be that are of the circle |z|=R 
for which 6, <0=0,, where 0=ampz; and let zf(z), as R tends 


Fic. 34. 


_to infinity, tend uniformly to the limit K, where K is a constant ; 


then : , 
Lim a F(z) dz=71(0,—0,) K. 


R>oa 


For, let zf(z)=K-+A, and choose R so great that |A|<e; then 


Oe 
| RX de 1(0,-0,)K |= | (K-+a)ide—4(0,—6,)K 
AB 4 6; 
cP) 
z | ddd 
aT 
< «(0,—0,). 


Heer Lim | fe)de=i(6= 6) K. 
Ro» J AB 


For example, in Hxample 1, | 2f(z)|= R/(R?—a?), so that K=0. 
Example 2. If m>0, prove 
[ = cosmada Be (mot 
0 l+at+at J3° ee (F+2). 
[Integrate e*"*/(1+2?+2*) round the contour of Fig. 33.] 
From Theorem 1 it follows that, if f(<)=¢(z)/wW(z), where 


v(z) is a polynomial of degree n, and (z) is a polynomial of 
degree less than n, 


Lim | f(2)dz=i(0,—,) 4, 
R>« JAB 
where a and 6 are the coefficients of 2"-! and 2” in ¢(z) and 
y(z) respectively. 
In particular, if the degree of ¢(z) is Sn—2, a is zero, and 


therefore the integral of f(z) round the contour of Fig. 88 gives 
++ 00 
| f(w) de Intd, 
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where > denotes the sum of the residues of f(z) at points above 
the x-axis. 


Example 3. Prove | - dx _wNv2 where a> 0. 
0 


zitat 4a’ 
The residue of 1/(2*+a*) at a pole « is 


[/{Ee@+e9} | =1/408, 


But the poles above the z-axis are ae'7/* and ae!®7/4, 


Therefore i) ee So = ar ein J =i anit) = aN2 


—o gi+aqt 2a ~ 
Hence _ da eS 
o at+a* 4a3 


The inequality sin@= 26/7, where 0=0=77/2, is frequently 
found useful. 


E. ; : ‘ wesina ete s 
wample 4. Prove Pag 3° , where a>0 


Integrate f(z)=ze*/(22+a?) round the contour of Fig. 33. The only pole 
within the contour is za, the residue at which is e~*/2._ Hence 


id ida a f(Re®) Rei d0= ie 


: oe e 7 R2e-Rsine ~ 
But | free )Re sd6| < f cgi 1 
OR? f? weno 
<p, ohn ds 
2 ry _2Re 
rs e 7 dé 
<5 le on): 
Hence Lim | ‘ F(Re*) Re d6=0. 
R+>a /0 
Therefore he *° K(x) dee wie-* ; 
= ¢ sin xv 4, 
so that 2 rer =je", 


Example 5. Integrate e~* over the following contour (Fig. 35): 


Fia. 35. 
(1) the z-axis from O to R; 
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(2) the circle |z|=R, from 6=0 to 0=a, where o = =e 
(3) the line O=o., from |z|=R to O. 
When R tends to infinity (1) gives [ “et dr or = 
On (2) e-#=e- B?cos 26g -iR?sin 26 ; so that, if 20=7/2— ¢, 


| [e-taz 


2R2 


<3h° 7° 


cde 
OLS (mrs ae 
<aR (¢ ): 


Accordingly, when R tends to infinity, this integral tends to zero. 


[cH. IV 


=o [Pe Bang dp, where B=7/2—2a 


Again, on (3)z=re'*, and therefore, when R tends to infinity, the,integral 


becomes 


But the integral is holomorphic within the contour ; hence 


= a: 
[ e- "cos 2af eos (72 sin 2a) —7 sin (7 sin 2a)}dr=¥2 ea 
A 


io) 
= i e777 0082a§ cog (72 sin 2x) —7 sin (7? sin 2x) }e* dr, 
0 


T wate 
="; (cosa —isin a). 


Therefore, if the real and imaginary parts are equated, 


2] 
2 Bas ua 
[ e- 20s 2a cos(a" sin 2a) dz= -% COS a, 
J0 - 


and | e~ #008 2a sin (42 gin 2a)dv= sh sin a, 
If «=7/4, these integrals become the Fresnel Integrals 


ro) roo | Qa 
is vie 
[ cos 22 dir= | sin «2 da=—_. 
0 Jo 4 


~-fo0 ‘ 
Example 6. Prove | ere = 


Abe ice teas —__"_, where 0<a<l. 


Integrate f(z)=e/(1+e*) round the contour (Fig. 36) consisting of the 


Fig. 36. 


x-axis and the lines v= +R, y=2r. The only pole within the contour i is; 2, 


at which the residue is — e%™, 


‘ 
7 
4 
4 
4 
7 
. 
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If z=R+7y, then | f(z)|Se*®/(eR-1), so that Lim nf(2)= 0; hence the 


integral along c=R vanishes when R tends to iafatys 
If z= -R+7y, then | f(z)! Se-“R/(1—e-8), so that Lim nf (@)= 0; thus the 


integral along «= —R vanishes when R tends to anit 


oo nto 
Therefore 1 ; ede 1 | vtine v= — etm, 
Dart ln NM -Rer A Dati. SL er 
Hence ; cet as eda _ _ eumi 
Drpento le 
ato 
Therefore | nk : 
—o l+e” sinar 


The transformation e”=y changes this integral into 


ys dy_ ot 
f 1+y  sinaz’ epee es 


Two methods can be employed to evaluate integrals of the 
type é J (cos 0, sin 6) d@, when f(a, ¥) is rational in w and y. 
The first is to use the transformation «=tan}6. The integral 


then becomes an integral of the type [ Re) ax, where R() is 
rational in 2. cx 

The alternative method is to apply the transformation z=e", 
and integrate round the circle | z| =1. 


where the sign of ./(a?— 0?) 


; (a= ad Qar 
Example 7. Prove | atbcos 0 ab)’ 


is chosen to satisfy the inequality |a—,/(a?—6*)|<|6|; it is assumed that 
a/6 is not a real number such that —1=a/b=1. 


If z=et# a dé “ih P ee 
a arbor e IIT EaEE =3 Lawes 
where C is the circle |z|—1, and « and B are the roots of b2?+2az+b=0. 


Since af8=1, it follows that either |«| or || is less than 1, or that 
|a|=|8|=1. The latter alternative is excluded, however, since in that case 


a/b would be real and such that -lSa/b=1. Let w=(—a+Va?—0%)/b, 
where the sign selected for a? — 6? is that which makes |a|<1. Then 


ie dé 2 or 
0 


a+bcos6 cd ‘ib a — <7 Ja? — b2 
THeoreM II. If Lim(z—a)f(z)=«x, where « is a constant, 
2a 
then Lim | f(2)dz, the integral being taken round the arc 
r—>0 


Samp 250, of the circle |z—a@|=7, is 7(0,—9,)«. 
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For, corresponding to any e, an 7 can be found such that 
if |z—a|<y, |A|<e, where (z—a@)f(z)=x+ A. Hence, since 


\r@) dz= (2 dz= i etd) dé, 


ii f(@) dz—i(0,—0,)«| < €(,—4,). 
PPiiecotore ie | {QO Oe 
: r—>0 
sin x da =* w 


Example 8. Prove [= 
0 


Integrate /(z)=e"/z round the contour (Fig. 37) consisting of 
(1) the z-axis from 7 to R, where 7 is small and R large ; 
(2) the upper half of the circle |z|= 
(3) the z-axis from —R to —7; 
(4) the upper half of the circle |z|=7. 


Fic. 37 


Let I be the integral due‘to (2); then 
[= jena sin @ id. 


~0 


Hence |T|< [ertomedg =a [*e-neme de 
0 0 


Therefore Lim I=0, 
R—>o 


Again, Lim zf(z)=1, so that (Theorem II.) the integral along (4) tends to 
2—>0 


—tr as 7 tends to zero. 


Hence Lim ‘pe “dex e+ ie ae} =. 
r—>0 
Therefore ie sine 77 
Ce 2 


When, in the description of a contour, part of a small cirele is 
described to avoid a singularity of the integrand, the contour 


i 
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is said to be ‘indented’ at the singularity: for example, the 
contour of Fig. 37 is the contour of Fig. 33 indented at O. 


Example 9. If 0<p<1, prove oe nen, 
Jo l+a sin pr 
Integrate f(z)=z?—/(1+z) round the contour (Fig. 38) consisting of : 
(1) the w-axis from r to R; (2) the large circle |z|=R; 
(3) the z-axis from R tor; (4) the small circle |z|=r. 


G a 


Fic. 38. 


Within this contour f(z) is uniform. Consider that branch for which 
amp z=0 on (1). 
Since p >0, Lim zf(z)=0: hence the value of the integral along (4) tends 
z>0 


to zero as r tends to zero. 
Again, when |z|=R, |z/(2)|=R”/(R-1): therefore, since p<1, the 
integral along (2) tends to zero as R tends to infinity. 
At the point —1 ampz=z: hence the residue at this point is e(?-)7. 
Also on (3)ampz=2z. Therefore 


ie enn [oe de Weide -Dat, 
o l+z2 


Sap T 
Hence ie 1 ay asthe 


The substitution «=e” transforms this integral into 


+2 Py dy T 
<_ = - 0 1 le 
ee aaa ee) 


Principal Value of an Integral. If f(z) is holomorphic in a 
region containing that part of the x-axis for which a=x2=), 
except for a simple pole at a point ¢ on the «w-axis, where 
a<c<b, then : 

{fFe@ae+] foe} 
tends to a definite limit as e tends to zero. 

M.F. E 
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[CH. IV 


c-e dy b 8 6da -| ie ae Ss . 
re fal, oneal allel, 


a &—C 


=log (b—c)—log (e—a). 


} c-€ da b du. hie b—c 
Hence Lim {{ sost |_| 8 Ca) 


Now, let f(z)=(2)/(2—¢); then (§ 15, Theorem, p. 29) 


dle , 
f= P+ gtr 
where A is continuous in the region. Therefore 


tines} 


= $(¢) log (°= °) +(b— ayp(o)+ | rde. 


This limit is called the Principal Value of |. F(x)dz, and is 


written 


b 
P| F(x)da. 
a 
Hxample 10. IfQ<a<1, prove 
a/ = a a 7 cot ar. 


Integrate 2*/(z—1) round the contour of Fig. 38 indented at 1 (Fig. 39). 


Fic. 39. 


Example ll. If —7<a<z, prove 


sinh ax a 
HK sah 5 eo 


Integrate e“/sinh(zz) round the rectangle (Fig. 40) of sides y=0, le 


x= +R, indented at O and 7. 
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Example 12. Integrate e™/(r +72)", where O0<a<1, r>0, b>0, round 


Fic. 40. 


the contour of Fig. 41, where it is assumed that amp (7+72z) is zero at points 


on the y-axis between. O and w; and thus prove 
ee ar b%—l¢ Or 


_a C+“ Ta) 


+90 eib 


Prove also mae Caer aaa and shew that 


cos ba da 


os (r- in)-* ++i)" 
2 


7 ig (r—tx)~* — (7 +02) pee 
Jo 7 


sin bx d= a 


If r=1, x=tan 0, deduce 
is (cos 9) cos a6 cos (b tan #)d6 
0 


a—2 oF 7 Lee a—ly aor) 
= | "(cos6) itis e sie tan C80 = orc eit 


31. Theorem. Let C be a closed curve such that f(z) is holo- 
morphic within and on C and (2) is meromorphic within and has 
no singularities or zeros on C; then 

al rh) a 2 de= Lr, f(a) — Xs, f(b,), 
where (,, M,, @s,--. are the zeros of ¢(z) within C of orders 
11, To» Yg,+-- Tespectively, and b,, b,, b;,... are the poles of (2) 
within C of orders 8,, 8,, 83,--- respectively. 
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For ¢(z)=(z—«,)""W(2), where y/(z) is holomorphic at a,; hence 
b ZH T2— 4) YZ) +(e — a)ry"(2) 5 
Lee ¢O_ ™ , WO), 
ride o(2) 24," We) 
The residue of the integrand at a, is therefore 
: "(2 
Lim (2-) ) Fd =n Fu). 
Similarly, since (z—6,)"¢(z)=x(2), where x(2) is holomorphic 
at b,, the residue at b, is —s,f(0,). | 


1 : ; 
Hence = iE fe iB a dz= Sr, f(a,)— Ds, f(b). 
CoRoLiary 1. us f ea dz= Xr, — Zs,. 


CoROLLARY 2. 5 1 | 2 eee dz=r,a, —Ds,b,. 
Qride (2) 
Example 1. If $(z) is a polynomial of degree n, shew that >7,=7. 
Example 2. If $(z) is a polynomial with factors z—a, z— B,..., shew that 
a-*+ B-*+,.,=—R, where & is any positive non-zero integer, and R is the 


: residue of 4 ate at z=0. 


32. Liouville’s Theorem. A function which is holomorphic 
at all points of the plane, including infinity, must be a constant. 
Let f(z) be such a function; then, if @ and b are any two 
distinct points, the only singularities of the function 
F(2) 
Oh Lay —a)(z—b) 
are a and 6, and possibly ee But since Lam zF(z)=0, the 


residue of F(z) at infinity is zero (§ 29, p. 58). Noe the sum 
of all the residues is zero (§ 29, Theorem 2): hence 

F@) , Fe) 
pega Jt Sey 


so that f(a)=/(b); and therefore, since a and b are arbitrary 
points, f(z) is a constant. 


Corottary. Every function which is not a constant must 
have at least one singularity. 
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33. The Fundamental Theorem of Algebra. If f(z) is a 
polynomial in z, the equation /(z)=0 has a root. 

For, if not, the function 1/f(z) would be finite and holomorphic 
for all values of z, and would therefore be a constant (Liouville’s 


Theorem). Hence f(z) would be a constant, which contradicts 
our hypothesis. 


34. Differentiation under the Integral Sign. Let the func- 
tion f(z, ¢) of the two independent complex variables z and € be 
holomorphie with regard to both z and ¢ so long as z lies ina 
region A of the z-plane and ¢ in a region A’ of the ¢plane. Then 


the function (=| F(z, €)dz, where C lies entirely in A, is holo- 
Cc ’ 
: , , Ot 
morphic at all points of A’, and ¢( ele ag He, §) dz. 


Let f(z, O=utiv and ¢(H=P+iQ, 


so that P=| (wde—vdy), Q=| (wdetudy); 


then (§ 24), 
Ee er ay ah aa eg 
Se= |, (Gets) On Ley - On y) 
oQf (ov Ou 0Q_ ov Ou g 
rs Aged 5e4u): on ( pe y) 
Hence (equations (A), § 15), 
oP _0Q) oP_ _ QQ. 
OE On = On 3€ 
Thus ¢(€) is a holomorphic function of ¢: its derivative is 
given by 
ApS) _O6( _( (2%, 2% qari =| Fl O a. 
al Cg aad 


Example. Integration under the Integral Sign. Shew that, if C and 
C’ lie in A and A’ respectively, 


[ [re Oaea= |, [46 Oabae 


Let ¢, and ¢ be the lower and upper extremities of C’; then [ i Mic dé dz 
is holomorphic in ¢ and 


Sf [16 oata=/ re Diem) 
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Hence ih gOdt= |, [ fe Qatae—| | [ fe Qd¢dz Las 
Zz [ [ fe Odde. 


35. Derivatives of a Holomorphic Function. A function 
f(z) which is holomorphic in a simply-connected region enclosed 
by a curve O, possesses derivatives of all orders at every point 
interior to C. 

For, if z is any point interior to C, 


fe)=yx; | AOS. 


Now let A be a region which contains the point z, and whose 
boundary is interior to C. - Then the function f(¢)/(¢—2) 1s holo- 
morphic with regard to both € and z so long as ¢ remains on C 
and zin A. Hence (§ 34), 


ats teen) 
fO=3j | Cet 
Similarly, by means of repeated differentiations, it can be 


shewn that 
(2) ( Ld dg 
P= | nae 


CoroLuary 1. If C is a circle of centre z and radius R, and M 
is the maximum value of | f(z)| on C, | f(z)| =! M/R*. 


ie ood ae 


CoroLLary 2. If f(z) is continuous at all points of a finite 
(not necessarily closed) path C, the function 


| LQ ag 
e $2 
is holomorphic in z at all points which do not lie on C, and its 


n“” derivative is nf, mAC®) Sg) ag 
( (€—2)"41 z)jrt 


CoroLiary 3. If u(x, y)+iv(a, y) is a holomorphic function 


of z=a+ry, then u(x, y) and v(#, y) have partial derivatives 
of all orders. 
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EXAMPLES IV. 


2dz 
1, Prove t “~=log=, a cross-cut being taken along the negative real 
axis, “a2 *0 


2. Under the same restriction as in the previous example, prove 
+1 1 
Lae te ihe 


i Op USS 

z6 m+1 ° 

where x may have any value except —1, and the same branch of :” is taken 
on both sides of the equation. 


3. Prove [esde=(*-1)Ja. 
0 


rz 
4, Prove | cos az dz=sin (az)/a. 
0 
5. Shew that the residue of e*/(1+¢*) at wi is —e. 
6. If « is any integer, shew that the residue of cot z at xz is 1. 


7. Shew that the residues of e#/(z?+ <a?) and ze /(2+.?) at ad are e~¢/2at 
and e~*/2 respectively. 
8. Shew that the sum of the residues of any rational function is zero. 


Ot i(Z)= Av 4 Aa ae ae An ,» Shew that the residue of f(z)/(z—2) 
4 z—-a (¢—-a/p (z—a)” 
at ais —f(z). 


LO tt 7(2)— > Alle ay +¢(2), where (2) is holomorphic near a, shew 
that the residue of f(2)/(2-2) at a is — z A,|(a—ay. 


11. Shew that, if m and x are erties integers, and m<n, 
Calas us 
(fie 
pet t 2nsin (A415 
2n 


12. Integrate ze’™/(z*+ a‘), where m and a are positive, round the contour 
of Fig. 33, and shew that 


(*¢ sin mx ery sin. 
q +d ay 2a? J/2 
(cos ma a (24 7). 
. € =s-3 2 sin == 
13. Prov ioe weer dz= 3¢ Va 
14. Integrate e#/(z— ben where a>0, over the contour of Fig. 33, and 
shew that +"acosrt+esin”, 9 4 
I é Bia da=27re—*. 


15. By integrating e*/(z+az), where a>0, prove 
+? _q@cosv+x sin x 
: eta ora 


—o 


16. Prove [ sete =5e fic us! where m> 0. 
0 wt+a 
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17, If 0<a< 2, shew that 
ara + ) 


(i) SOE _20 cos (2 6 
o l+e+n? 4/3 sin 7a 

- = 

ide _ og HO 


> 


oy ey eee eee sin 7a 
[Integrate —— round the contour of Fig. 37, and equate real and 


imaginary parts. | 


= 7 sin 26 T : 
=> log(1+r), if -l<r<l 
18. Prove [one 040 ri og(1+7), i <i 


wae) if rl ori: 


Qzer log (1 — 


d th t f Fig. 33, and 
Al+r¥+(1—re 142 BRS e contour o g. 33, 


[Integrate - 


put #=tan 6.) 
19. If a>0, and -7/2<6<7/2, prove 


[ * gan e~*8 cos (x sin 6)dx=cos (a6) (a), 
0 


and [ ™ ft“erz0088 gin (x sin 6)dx=sin (a) F(a). 
0 


[Integrate 2—le~ round the contour consisting of the positive #-axis, the 
line ampz=6, and part of an infinite circle. 
P P 


20. If a=0, prove 


: (l+#*)cosaz , eee ae 
(i) iF a i a —d¢= 73° 2 C08 5 5 
(ii) pees wsinax ee 

lta a sin 5° 


[Integrate e/(1+2+2%) round the contour of Fig. 33.] 
21. Integrate e~* round the rectangle of sides y=0, y=b, e=+R, and 


show that +00 Be 
/ a or des | ¢ - Bl 7 = a/ zr, 


—o 


Deduce: (i) ‘i e—™ cos 2br do =o 
0 
. nas ag 
(ii) ik e- +? dy=a/z, where c is any constant. 


22. Integrate ¢*/(z+a), where @>0, round the square whose sides are 
x=0, c=R, y=0, y=R, and shew that : 


(i) (ee COS # de= [* ue~% 
0 @+a lifes 


ci) [ sin” ar ={" ena Paes 
0 14+22 
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23. Integrate e~* round the rectangle whose sides are r= 0, «=R, y=0, 
y=b, where b>0, and shew that: 


(i) ” @-* 008 Qbear dna ™ e—: 
J0 9 
is 6 
(i) [eosin 2b deme ever. 
0 


24. Integrate e“/cosh xz round the rectangle of sides r= +R, y= =0, y=1 


and shew that 
pees Sas eae = 
0 coshax 2 ey ae 


* 0 4—Ots,= ri, if b>0, 
25. Prove [ ee tS Lary aes 


26. Prove [“cos"4 d6=0, if misodd, and 
/0 
te hy is); a2 


if 2 is even. 


2.4. 6. 
27. Prove that, if y is the unit of wes measure : 
sin.v 

(i) Ee oe 53 (@— cosy +sin y) ; 

s —cos 7 

(ii) xz Oi eae Pe eed ae cos y — sin y). 
28. If a is positive, prove 

(i) Bf eae =—Fainar; (ii) ia eas a ae = 5 Cos ar. 


29. If rand 6 are positive, and 0<a<2, prove 


i t la OT = ) da = LE EG ye 
(i) i av sin G 5 ba Rare je ae 
lai Pee an 
il a" sin | — — bax F =e rt~2¢08 = —br 
0 ‘ ae xr Pe 


[Integrate (i) 2-1e”/(2+7°) ai ae contour of Fig. A and 
(ii) 21 e”*/(z2 — r?) round this contour indented at 7 and —7.] 


30. If -1<a<1l, prove 


# 1—rcos26 a ia L+rcos20 ot agg 
o 1—2rcos20+72 g (tan 6)"d0= r Te cose Le ) 


£ wee Boy iam kere a, 


~4 cos sore 1+7 


7 ay cee ee "ae 
= rary (1- (Gi) } tra ores, 


Deduce that, if -l<a<l, 


[ean 0) dé = [cot Dede eae 


col UE i 0 a ee round the contour of Fig. 37, and put 
[Integrate A +rP+ (lor? 142 8. 3, 


w2=tan 0. | 
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31. Prove 


(e 1—7rcos 260 
9 1—2rcos26+72 


=" log (+2”), if —l<r<l, 


ep tan bade 
=—Thog (2 4): ur z—lLorro 


(l-r)+2(14+7) logz 


[Integrate +A +r% 142 


round the contour of Fig. 37.] 


° sin x dx = 
32. If a>0, prove [ 2(a?-+ a2) =ga(l—e ). 


33. If a>0, prove 
eae — cos ax) —2 log x# sin ar 
0 a{ (log x)*+ 77/4} 


dx=27r(1—e™). 

i= eit 
2(log z— t7r/2) 
34. If a>0, prove 


iB ?£1 — cos (a tan 6)}+log (cos @)sin(atan 6) dé ="4. 
ne (log cos 6)? + 6? sin 26 


[Integrate round the contour of Fig. 37.] 


[Integrate —— round the contour of Fig. 37.] 


slag gees 
35. If b>0, r>0 and 0<a<2, shew that 


fee da e T —br 
A—1 pcos bx ~ pote —__ — at —2 pe 
| SEAS sin(@ sinbr) Say fae 
[Integrate 2*-1¢*”/(2+1r°) round the contour of Fig 37.] 
wo ee = TO 
36. If O0<a<2, prove [ ee) Aa =r/(2 sin), 


 (~ (logade 7. 
Deduce (i) Ries ee 


(ii) [ e ee oe =log (tan ™, “/tan), 
where 0<b<2. 


37. Let P(z) and Q(z) be polynomials of degree m and n respectively, 
where m=n— 2, and let Q(z) have no positive or zero real roots. By means 
of the integral of P(z) Log z/Q(z) taken round the contour of Fig. 38, prove 

Reto ae 

| ate -B 
where R denotes the sum of the residues of P(z) Log z/Q(z) (0<ampz< 27) 
at the zeros of Q(z). 


38. By integrating (Log z)?/(1+2*) round the contour of Fig. 38, prove 


logx 
iG TH ee= =0. 
39. By integrating log (z+7)/(z2+1) round the contour of Fig. 33, prove 
log (1+ 
‘hi i) dek=7 log 2. 
; Llog (@+1/x 
Deduce is EET dy = Glog 2. 
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40. Prove / et OE aie 
9 sinhz 4 
41. If ais real, show that 
sin ae 7 ar ... [ 2ceosaxr 1w2e™ 
: wan 2E; Gi) [28 ge BET 
af nee a) wah 25 (ii) Jy sinha ” (1+e-°7)? 


42. Ifm>—-1,2>- lL and m—v is an even positive integer, prove 


oe sg 

: ty (+2")sing Th. oer 

43, Prove [ ” (log x? dee tes 
l+e+z2 81/3 


[Integrate (Log z)3/(1+z+2) round the contour of Fig. 38.] 
44, If -l<p<1 and ~-7<A<r, shew that 

a ada 7 sinpA 

0 14+2xcosA+a*% sinpr sind 


45. Prove i : # sin & =e 3 
0 ad geet) if o-<, 


=" log(1+1), pa gt hy 
Integrate z/(u—e-*) round the rectangle of sides = +7, y=0, /=R. 
sod g Y 1Y ] 

46. If r>0, s>0, O<a<1, 0<6<1, a+6>1, shew that 

iby Eee daz fi dx T'(a+6b-1) 

i : — = Iar(7 + g)-2-0 UFO =f), 
(i) | emery iy (7 —tx)"(s+iz) EF 2) Ta) TC) 
Gi) [ee TS ep eee 
wat (7 —tx)"(8— 7) wo (7+14)*(s +22) 


Deduce 1K (cos 8)**?~*cos (b — a) 6 d0= aa 5 estan 


47, By integrating e”/z round a suitable contour, shew that 
* sin 2? 7 
i eta 
Deduce ee sin 7 dn=F = 
48, By integrating e/,/z along a suitable path, shew that 


‘oO 
cos # * sin” T 
Oye de Ne 


Jo /@ 0 Wt 
49, If 0<a<7/2, shew that 
he tanta dxz By ee 
—Q2rsina+l 2cose 


[Integrate log (1 —7z)/(2 —2zsin «.+1) round the contour of Fig. 33. ] 
50. Integrate e’“/(e?*—1), where a is real, round the rectangle of sides 


“2=0, c=R, y=0, y=1, indented at 0 and ¢, and shew that 


i sin d= 1 eoth (4) — Be 
Jo e787 — 2a 
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CHAPTER V. 


CONVERGENCE OF SERIES: TAYLOR’S AND LAURENT’S 
SERIES. 


36.* Convergence of Series. Let S, denote the sum of the 


a 
first n terms of the infinite series 5) w,, where the w’s are real 


or complex quantities; then, if Guctenda to a finite limit S as 
tends to infinity, the series is said to converge or to be convergent 
and to have the sum 8. The necessary and sufficient condition 
for this is (§ 23) that a number m can be found such that, when 
1 =m and p is any positive integer, 
| Snip De | <e or | Wntit Wntet --. + Wn+p | <= e: 
If wyp=Un+tin, the series Su, and Xv, RE to the 


n—U)| and 
Sev are both less than |S,—S\|. Conaeets if the 


real pues U and V, where U+7iV=S; el 


series Du, and Yv, converge to the values U and V, the series 
L(Un+W,) will converge to the value U+7V, since 


Stn + iv,)—(U +4) = Dy U|+ S%—V]. 
1 1 | 1 


Absolute Convergence. If the series of moduli 3) wa is 


m= 


convergent, the series Xw, is also convergent, since 
| Writ Wn+e+ sb Wrtp| = Wn |+ \Wn+e \+ vee +| Wnty hs 
a series of this kind is said to be Absolutely Convergent. The 
series Dw, and Zv, are then also absolutely convergent, since 
*In this and the following paragraphs some definitions and theorems on 
infinite series which will be found useful in the course of this work are 


summarised; for fuller proofs and for further information on the subject 
reference may be made to Bromwich’s Theory of Infinite Series. 
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[Wn || Wn| and |v,|=|w,|. Conversely, if Eu, and Sv, are 
absolutely convergent, Sw, will be absolutely convergent, since 
| n | =| en [+] rn. 
Note. The value of an absolutely convergent series is inde- 
pendent of the arrangement of the terms.* 
Multiplication of Series. Since 
(Un + 4n)(W'm ah 10 5) = = Un TH —UnU Onn + Wn m + Wn, Wm) 
the product of the two absolutely convergent series Dw, and 
2w’',, 1s equivalent to 
LUy DW in — LVpn LU mn Fi DUn 2U'm+ hove LAU eae 
Hence the product is the absolutely convergent series 
Wt (WW, + WW) +(W, Wg + WyW'g + WW) + + 
Most of the series with which we shall have to deal will be 
absolutely convergent series. The tests for convergence of series 
of positive terms apply also to absolutely convergent series: the 
most important of these is: 


The Ratio Test. If — [pir/Wn <1, the series S)wp is 
1 


absolutely convergent: if Lim |w,4,/Wn|>1, the series is 
divergent. ales 
If Lim | w,+,/wn|=1, further tests must be applied: one such 
n>D 


test T is the following : 


Wr_ 


If Ie f+ 


Wres| 
where u is a constant and |,| is less than a fixed number A 
for all values of n, the series 2|w, is convergent if «> 1 and 
divergent if w=1. 


Example 1. Shew that the Hypergeometric Series 


=, a 2 
elect 1)(a-+8) (8 +1)(B+2) poe 
1.2.3.y(y+)(y+2) 
is absolutely convergent if |z|<1 and is divergent if |2|>1; while, if 
|z|=1, it converges absolutely if R(y—a—)>0. 


*Cf. Bromwich, § 76. +Cf. Bromwich, §§ 12, 79. 
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Example 2. If R(y—a—)>0, prove 
0-00 -B)s 1), 
F(a, B, Y 1)= y(y—«—B) (a, B; y+l, ) 
Let T,, denote the nth term of F(a, B, y, 1); then, if x=1, 2, 3, ..., 
B\ a(a+1)...(a+n-1)B(B+1)...(B+n2-1) 
Tua Trsa=(1-2) 2... n(y+1)(y +2)... (y+) 
(a—1)a...(a+n—-1)B(B+1)...(B+n) 
7 2...(n+1)y(y+]1)...(y +n) 
=(1 a) eae 
where T,,’ and T,,” are the n terms of F(a, 8, y+1, 1) and F(«-1, B, y, 1 
respectively. Also 
t -T,=(1-2)1y—-ay +1. 


Hence, since Lim T,,=0, 


n—>20 


yF(a-1, B, y 1)=(y—-B) F(a, B, y+, 1). 
Acain, 1f —= 123, wc 


»(y— 4) Tata — BT +2T 41 — (2-1) Tr=(y— a) Ta 3 


so that (y-a—-f)F(a, B, y D=(y-o%)F(e-1, B; y, 1). 
Hence F(a, B, ys 1)=9- 90-9) F(a, B, y+, 1). 


Example 3. Shew that, if the series Se, is absolutely convergent, the 
series > log (1+~,) is also absolutely convergent. 


Choise n so large that | w,|<1: then 


Wy |? | Wn | 
[og (1 +20) lana) +. bel 


Hence an m can be found such that, for n=, 
[log (1+, |=C}w, |, 
where C is a constant independent of x. 


m+p m+p 
Therefore, if > |w,j<e > | log (1+ 2) |< Ce ; 
™ ™m 
so that the series > log (1+,) is absolutely convergent. 
1 


37. Convergence of a Double Series. If w, and @, are com- 
plex quantities such that w,/o, is not real, the double series 
+2 a, i) 
‘Sey os (2me, + 2nw,)* 
is absolutely convergent. The accent indicates that the term 
for which m=n=0 is omitted. It is convenient to assume 
I(@,/o,)>0: if this is not the case, interchange w, and Wo. 


\ 
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Divide up the plane (Fig. 42) by parallel and equidistant lines 
into parallelograms similar and equal to parallelogram OABC, 
where A, B, and C are the points 2w,, 2@,+2w,,and 2w,. Since 
I(w,/w,)>0, the angle AOC lies between 0 and 7. One term of 


Fig. 42. 


the series corresponds to each angular point of the net-work, 
except the origin. 

Consider those angular points which lie on the parallelogram 
PQRS, the mid-points of whose sides are +2p,, +2pw., 
where p is a positive integer. There are 2p9+1 points on 
each of the sides, and therefore, since the four vertices 
each lie on two sides, there are 8p angular points on the 
parallelogram. 

Now let d be the shorter of the two perpendiculars from O on 
AB and BC. Then for each of the angular points on PQRS 


ee Pe 
2m, +2nw,|—~ pd’ 

i < 2 / Da ee: 
a | 2m, +2nw,|* ~(pd)>  p*d®’ 


where the summation extends to all the points on PQRS. 


so that 
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Now, if the values 1, 2, 3,..., be assigned to p in turn, all the 
angular points in the plane will be included. Hence 
$2 $2, 1 8 


me P25 2m, + Ine, |? 3 (atptyt- ae a?’ 
and therefore the series is convergent. 


38. Power Series. Let >)c,(z—a)” be a power series, and 
n=0 


let the ratio |c,/c,4,| tend to R as m tends to infinity. Then 
from the Ratio Test it follows that the series is absolutely con- 
vergent within and is divergent without the circle |z—a|=R. 
This circle is called the Circle of Convergence and R the Radius 
of Convergence. 

Example. Shew that the radius of convergence of the geometric series 
1+2+27+2+... is unity. 

At a point on the circle of convergence the series may or may _ 
not be convergent. A test for absolute convergence is given in 
§ 36. The following test is sometimes useful when the series is 
not absolutely convergent. 

Abel’s Test. If the coefficients ¢,, c,, ¢s, ..., form a decreasing 
sequence of Bobi numbers, ¢, tending to zero as 7 tends to 


infinity, the sum y ¢,2" converges at all points of the unit circle 


except possibly at z=1. 
For, consider the series 


c,cos 8+¢,c0s 20+¢,c0s30+..., 0<O< 27. 


m+p 
Let Sri = = Cn cos N08, 
m+1 
and let s,=cos(m+1)0+cos(m+2)0+...+cos(m+r)0; 
so that cos(m+1)0=s,, 


cos (m+ 2)0=s,—8, 


Pere see seers ereserereseee eo 


Then Sy, p= Cm4181 + Cm42(82— 81) +... + Cm-+p(Sp — Sp-1) 
= 81 (Cm-+1— Cm+2) + 82(Cm+2— Cm+s) +++» 
+ 8p-1(Cm+p-1—Cm+p) + SpCm-+p- 
Now 8,= sin (370) cos {mO+4(r+1)6}/sin 30; 
so that —I/sin $0 8,51/sin $0 (r=1, 2, 3%.) 
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Therefore, since all the quantities 


Al Cm+im~ Cm+22 Cm+2—Cm+3, +++» Cmtp» 
are positive, 


1 ‘ C 
S ¢ ee Cc —C é ome s = re 
m, p= sin 766 m+1 m+2) +( Mm+2 m+3) cee +€m+p} sin 40’ 
C 
and Sheed 5 RAL cg 
Shin AC 


But, by making m large enough, c,,1, can be made arbitrarily 
small. Therefore, since 0 < }0 < 7, the series is convergent.’ 
Similarly, since 
m+r 
>)sin nO =sin ($76) sin {mO+4(r+1)6}/sin 48, 
m+1 
the series c,sin#+c,sin 20+¢,sin 30+..., can be proved con- 


vergent if0<9<27. Hence the series 
Den2”= > Cncos NO +4 >) ¢,8in nO 
1 1 1 


converges if 0<0<27. 
This theorem can be illustrated as follows: 
If ampz+77 (n integral), the terms of the series can be 


(a) 


a eee 
(c) 0 A, A,A, X 


Fic. 43(a) (d).(0). 


represented by OA,, AyAz, A,As;, «+.» {Fig, 43 (a)}, where each line 
makes the same angle amp z with the preceding one. These lines 


M.E. F 
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form a kind of spiral, and A,, tends to a point, which represents 
the sum of the series. If amp z=-+7 the lines will be alternately 
positive and negative { Fig. 43(b)} and the series will be convergent; 
but when amp z=0 {Fig. 43 (c)} the method does not apply. 
Example. Shew that z+2/2+2/3+... converges for |z|=1 except at 


z=1; and deduce that the series 
cos cee cos 34 
cos 6+ 


3 ner 
sin sn ind Led 


are convergent if 6 + 2n7. 


Multiplication of Power Series. If the two series 


dene and Sen gn 
0 D 
are convergent within the circle |z|=R, their product 
CoC gH (O96 +6409) 2 + (Open HOC +0069) + 
is also convergent within that circle (cf. § 36). 


39. Taylor’s Series. Let /(z) be holomorphic in the region 
bounded by a circle C of centre @ and radius R, and let z be any 
point within i such that |z-—a|=r< R: then 


F(G)dg_ S(OaAE 
S@)= zal. (€=2 =n) ze a)—(z—a) 


i f2h tye Gea) te 


z—a\". (g-a)rt 
(Ea) + aeal 


= f(a) See oes oe bucapaee 


(2-0) im e—op F(Qag 
ih Oe oe \ aes) 


Now, since |{—2|=R—,r for all points ¢ on CO, it follows 
(§ 26, Cor. 7) that 
M p\rtl 
aie —7r/R\R i : 


(g-aytt |. Fg) ag 
2rv Io(C—ay*t(C—z) 

where M is the maximum value of | f(€)|on C. But this quantity 

can be made ‘ance ae small eae increasing 7: hence 


Gee ae HT Ot. 


ap 


-* 
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for all points within C. This is Cauchy’s extension of Taylor’s 
Theorem.* 

The convergence is absolute, for (§ 35, Cor. 1) the modulus of 
each term is not greater than the modulus of the corresponding 
term of the absolutely convergent series 


M+M=5%4M (25%) 4... 


Let 2, be the nearest singularity to a: then if z be any point 
within the circle of centre a and radius |z,—a|, R can be chosen 
so that |z—-a|<(R<|z,—a|. Thus the Taylor’s Series converges 
absolutely at z, and therefore its radius of convergence is | z,—@|: 
that is, the circle of convergence of the Taylor’s Series is the 
domain of the point a. 


Coroutuary 1. If f(z) and its first n—1 derivatives vanish 
at a, while f(a) is not zero, a is a zero of f(z) of order n. 
For example, z=cz is a zero of sinz ($17): this zero is a simple zero 
since cosz, the derivative of sin z, is not zero at the point. 
Corotuary 2. If f(z) and ¢(z), and also their first n—1 
derivatives, vanish at a, while ¢™(a)+0, 
him £2. Ma) 
ca (2) $a) 


Example. Prove Lim mos ae Gusts = 2(b? — a’). 


z—>0 


ConoruaARy 3. If f™(a)=0 (n=0, 1, 2, aa J(z) vanishes 
identically at all points in the domain of a. 
Example 1. Shew that, for all points within the circle |z|=1, 
log(1+z)=2-2/2+2/3-...; 
and deduce that | log (1 +2) |=—log (1 —|z)). 
Example 2. Prove [ log (sin rv) da = — log 2. 
0 


Integrate log (sin zz) round the rectangle of sides v=0, v=1, y=0, y=R, 


indented at 0 and 1. nen ne 
The integrals round the small quadrants at 0 and 1 vanish in the limit ; 


hence [ ; log (sin ra2)da 
Q Ps 1 . . 
=f [tee (sin wiv) — log {sin (7 +77y)}] dy + " log {sin (rv +77R) sda. 


* Cf. § 43, Note. 
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Now, since w=sin7z=sin rx cosh zy +7 cos rw sinh wy, 
as « increases from 0 to 1, (y>0), w passes round the curve PQR (Fig. 44),. 


Vv 


Fic. 44. 


from P(isinh vy) when 7=0 to Q(cosh zy) when «=1/2, and to R(—7sinh zy) 
when #=1: hence amp (sin 7z) decreases by z, so that 
log (sin wiy) — log {sin(r+7ty)}=7i. 


Again sin(nw+7iR)=5erR- inn (|. oe 2eh)) 
Therefore 
log {sin (ww-+7¢R)}=aR — log 2—trw +75 +log(1 — emi -2R), 


a Lars 
Hence is log (sin 72) dx = — log 2 =f log (1 — e2™*—22R) dy, 


1 
But | [ log (1 — 77 2a R) dx < —log(1 — e278), 
which tends to zero as R tends to infinity. Therefore 
i. log(sin rx)da= —log 2. 
0 


Example 3. If |z|<1, prove 


(i) tan7z=2-2/3+2/5—... (Gregory's Series) ; 
7 
es 22 ( ale ( 1 le 
a ey eee 2 wees yee 

(ii) (tan-1z) 5} I+, mae l+at5 6000 


where the principal value of tan-1z is taken in each case. 


Fic. 45, 


40. Laurent’s Series. Let f(z) be holomorphic in the ring- 
space bounded by two concentric circles C, and C, (Fig. 45) of 
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centre a and radii R, and R,,(R,<R,). Then if zis any point 


within the ring-space, so that 
R,<|z-a|=r<R,, 
f(z) can be expanded in a series of the form 5) A,(z=a)?. 
p=-a 
1 ( f@)de_ 1 ( FOas 
F Z)=5—— = 
Sad J ) 277% Cp (-z 274, G €=z 
Ss es CE 
o,(¢ 


~ QriJo,(€—a)—(e—a) " Irijo, (2—a)—(€=a) 


=a, Poh once (F=5) +. 


Z—-a (z—a)rtt 
+(Fo9) tena as 


+f i © D fy 4b wile ve 
aa he n 1 ito a 


Now let M, and M, be the maximum values of |/(z)| on C, 
and C,; then (§ 26, Cor. 7), since |z—a|=7, 


| es, im 
Os psi 


27rd a)"t1(€— 2) 


1 j. fOE-ay"'dg | Qe 
Qri(z—a)™*t z—¢€ <a Sa : 

But these two quantities can each be made as small as we 

please by increasing 7; hence 


f= SAse—ayr+ SA-oe—ay?, 


1( f@a¢_ Ae ae 
An Frio, (Car Arq) MOG a)?-rdé. 


Note 1. Since 
|A,|=M,/R and |A_,|=M,RY, 
and R, <|z—a|<R,, it follows that the series is absolutely 
convergent for all points within the ring-space. 


* Of. § 43, p. 95, Note. 
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- Note 2. Since f(z) is holomorphic between C, and C,, the 
integrals round these contours can be replaced by integrals round 
any concentric circle C of radius R, such that R, = R=R,. It 


+a 
follows that ees oe A,(z—a)?, where 


Apa ahs) FOG-aP ae 
Note 3. Let #(2; a) and (z; a) represent the series 
SA,(z—a)? and >)A_,(z—a)-” respectively. 
0 1 


Then f(z)=$(z; a)+v(z; a), where ¢(z; @) is holomorphic 
within the circle |z-a|=R,, and W(z; a) outside the circle 
|z—a|=R 

Principal Part at a Pole. If the only singularity within 


|z—a|=R, is at a, R, can be made arbitrarily small. Then if .. 


(2; a)= JA_»(2—-a)"?, where 7 is finite, f(z) has a pole of 
pal 


order n at a, and W(z; a) is called the Principal Part at the 
pole. If yW(z; a) is an infinite series, f(z) has an essential 
singularity (§ 22) at a, 

Example 1. If f(z) is holomorphic in the region bounded by a closed 


curve C except at the ee My, Ag, +++, An, and if G,{1/(z—a,)} is the principal 
part of f(z) at a,(7=1, 2, ,.., 2), shew that 


HO=3GAMC- a} +g, | FO) de, 


acl. 
where (is any point interior to C. [Cf. Exs, IV., 9.] 


Example2. If |z|>1, and the principal value of tan-!z is taken, shew that 


i ome lt 1 
tan1z= Eas peo )s 


according as R(z)=0. 


41. Fourier Series. A uniform function F(z) which satisfies 
the equation F(z+Q)=F(z) for all values of z, where Q is a 
non-zero real or complex number, is said to be a Periodic 
Function, and to have the period Q. It follows that, if m is 
any integer, positive or negative, F(z+mQ)=F(z). If no integer 
p(p#+1) can be found such that Q/p is a period of F(z), Q is 
called a Primitive Period of the function. A function which 
has only one Primitive Period is said to be Simply-Periodic. 
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Now let the function f(z) have the period 2w, and let ¢=e'™, 
To each value of ¢ corresponds an infinite number of values of 
2, differing by multiples of 2w. Therefore to each value of ¢ 
corresponds one and only one value of f(z), so that f(z) is a 
uniform function of € , 

Let A (Fig. 46) be the point 2w, and let’R denote an infinite 
region of the z-plane, bounded by two lines parallel to OA, 


in which /(z) is holomorphic. Now if z is any point on a line 
through z, parallel to OA, z=z,+)w, where 2 is real, and there- 
fore (=e'™l*e'™, so that |¢| is constant. Hence such a line is 
represented in the ¢-plane by a circle with the origin as centre, 
and as 2 increases by 2, ¢ passes round the circle once in the 
positive direction. Any portion of the region R bounded by 
two straight lines perpendicular to OA, and at a distance OA 
from each other, is therefore represented on the ¢-plane by 
a ring-space bounded by concentric circles with the origin as 
centre. 

In this ring-space f(z) is holomorphic since 

df(2)_df(e)dz__o Y@) 

@6. dz.dg at dz" 


Hence, by Laurent’s Theorem, 


+o +00 ; 
{Q= Dy Ak? = Dy Aver, 


[ JOgrrdag,|, Herm de 


@J0 


1 


where ‘Age aa 


© being any circle in the ring-space with the origin as centre, 
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Therefore 
f(a=Aot+ >) (Ap+A-») cosP™ + Say —A_,)vsin a 
1 


bs me 


=ha,t+ > cos P™* m+ bp sin 


where a, = =|" J (2) cos ea da, and b,= 1p J (2) sin Pre dz. 
0 ¥ 


This is Fourier’s well-known expansion: it is valid for all 
points within the region R. The function f(z), it must be noted, 
is holomorphic in R. 


42. Classification of Uniform Functions. Functions which 
are holomorphic for all finite values of z are called Integral 
Functions. Such functions are developable by Taylor’s Series 
throughout the plane. From Liouville’s Theorem it follows that 
every integral function which is not a constant must have a 
singularity at infinity. 


THEOREM 1. An Integral Function for which infinity is a 
pole of order 7 is a polynomial of degree 7. 
For, if f(z) be such a function, then by Laurent’s Theorem 


FA/Q) = B/S + B/E +... + Br/S+ OQ), 
where ¢(¢) is holomorphic at ¢=0. Hence 
F(z) =B,2+ Biz? +...+B,2"+ 6(1/2). 

Therefore (1/z)=/(2)—(B,z+B,2?+...4+B,2”). 

Accordingly $(1/z) is holomorphic for all finite values of z. 
Hence, since ¢(1/z) is holomorphic at infinity, it must, by 
Liouville’s Theorem, be a constant, B, say. 

Therefore F(2)=B + B,2+ By2?+...+B,2". 

Polynomials are also known as Rational Integral Functions. 

An integral function which is not a polynomial is called a 
Transcendental Integral Function. The Taylor’s Series contains 
an infinite number of terms, and thus the function has an essential 
singularity at infinity. Examples of such functions are é’, cos z, 
and sin z. 

An integral’ function f(z) which has no zeros in the finite part. 
of the plane can be put in the form ¢¢, where G(z) is integral. 
For the function G(z)=log {f(z)} has no sis hbemor ls in' the 
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finite part of the plane, and is therefore an integral function: 
hence f(z)=e%®. For example, e” has no zeros except at infinity. 
The ratio of two polynomials is called a Rational Function. 


THEOREM 2. If f(z) is meromorphic throughout the plane, 
and if infinity is either an ordinary point or a pole, f(z) is a 
Rational Function. 


Let there be m poles a,, @,, ...,@ , in the finite part of the 
plane (§ 22, Th. 2, Cor.), and let the principal part of f(z) at a, be 
br(z)= Ay (2-4) + AY (2 —a4,)2 + «.. FAM (z—c1,)?r, 
(= be. Ae, 
Then f@—S4-(2) is finite at all finite points of the plane. 
1 


Accordingly, since ¢,(2), $.(2), -.-, @m(Z), are all zero at infinity, 
T@- S4-(2) must be a constant or a polynomial, say 
1 


Yr (Z) = Co + e,e+... +6524 
Hence f(z)= Sig-(z) + (2), which is a Rational Function. 
1 


CoroLLARy. A meromorphic function other than a Rational 
Function must have an essential singularity at infinity. 


: EXAMPLES V. 
1. Shew that the series: 


3 
(i) 1+5 +5 ed 


Gi) 1- one packs 


(iii) ee 
are absolutely convergent for all values of z. 
9. Shew that the series Sone" and the series of derivatives Sen gn-l 
have the same radius of eonverpence, 


3. Shew that the radius of convergence of the series Sma is zero. 
[Such series do not define functions. ] 


4, Shew that the product of the series Se"! and zen jn! is e+ Zn, 


grtl 


5. Shew that the series Saat ACES is absolutely convergent at all points 


on its circle of convergence. 
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6. Shew that, for all finite values of z: 


(i) exp@=14 54 545+... 
pitas 

(ii) cosz =1-stqrs 
gb 

(iii) sin z Tati ; 


Ns 


(iv) cosh z =14+5 +F SE 
7. Shew that, for all values of 2, the Binomial Theorem, 
— >, rn— —2 
(1+z)"=1 +p) eae HS ’) B+..., 


holds for all points within the circle |z|=1, that branch of (1+z2)”" being 
taken which has the value unity when z=0. 


8. If the function f(z) has an essential singularity at a, shew that 1/f(z) 
has also an essential singularity at a. 


9. Shew that the series 


pelle: ) i 


is convergent if R(z)>—1/2, and find its sum, Ans. 1+2. 
10. Prove that, if |z|<1, 
1 2 ( Qar 4r 67r 
ite sin — 3 +2sin = at? sin — 3 T+...) 
iyi Pe 
—cosz 1 sie 1 wey ps 2CO8Z—SiNZ 1 
5 1 Li —— > —_=>= -—-—. 
2 2 (ii) Lim * 6 (ai) Tins 2 sin z _ 3B 


12. Prove that, if R(z)>—1, 
1 1 1! 2! 
(2+1) ~G@+I)E+2)~ (2+1)(@+ 2)(2+3)* (2+1)(@+2)(2-43)(2+4) > 
13. Prove that, if |z|<1, 
~ Hlog(1+2)}?=h2- 20+ )S4 R044) 
14. Shew that the series 


z 4 et 222 A 828 
1+z pe leat Test 
(1—z), 


15. Shew that the ie 


22 ZA 2 
“ a Race 


sums are 


2((1—2) and 1/(1 , 


pe Shew that the series = q’ér" converges for all finite values of z 
if |q|<1. 


ee 
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17. Shew that, with the notation of § 37, the series 
+2 +c 1 


m=—o n=—% (2mw, + 2nw,.)* 
is absolutely convergent if \> 2. 


18. Shew that the series 


l +2 Smt? wo + nt amt 3) -(nm+n) 


where m is a positive integer, is absolutely convergent if |z| <<im™/(m+1)™*}. 


Ba-taeees 


19, Shew that the radius of convergence of the series 
a(a—2b) , , a(a—36) 
Suen a P+. 


l+az+ 
is e-!/| |. 
20. Shew that the series 
1b ME=B)g MER DEB 
is convergent if |z|< 1/4. 
21, If a>0, shew that 


“Z-sing eee tes Sil 
aaa) agi? /2-—a+1—e~*). 


[Integrate (e* — 1 —7z+2/2)/{A(a?+2)} round the contour of Fig. 33.] 
22, Prove | eee Te =(i) 
0 oe 


[Integrate (e”—1)/z2 round the contour consisting of the positive 7 and y 
axes and a quadrant of an infinite circle. ] 


23. If a and bare positive, prove 
if cos 247 sa 2bx Pea 
0 ie 
JS 24. Shew that, if a and m are positive, 


° sin?mar via rs 
ee =—~ (e724 —] 2 A 
[ P@+a dx Toh (e +2ma) Hels 
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CHAPTER VI. 


UNIFORMLY CONVERGENT SERIES: INFINITE 
PRODUCTS. 
43. Uniformly Convergent Series. Let S,(2) denote the 
sum of the first » terms of the infinite series }) w,(z), whose 


terms are functions of z; then if, at all points of a Teena A, the 
sequence S,(z), S,(2z), S,(2),..., converges uniformly (§ 23), the 
series is said to be Uniformly Convergent in A. The necessary 
and sufficient condition for this is that, corresponding to any e,* 
an m can be found such that, for all points of A, 


| Wn +i(Z) + Waro(Z) +... +Wnsp(Z)| <e, 
‘where p=1, 2, 3,..., and n2=m. The region A is a closed 
region ; 7.¢., the points on the boundary are included. 


Example. If the series > , On (2) peuyergsg uniformly in a region A, and if 
f(@ is finite in A, shew that the ser ies = MO) w,(2) converges unifor mly in A. 

In the following three theorems it is assumed that the series 
Deal z) is uniformly convergent in the region A. 


TuroreM I. If w,(2), W,(z), wW;(z), ..., are continuous in A, 


the function SOS de (z) is also continuous in A. 
=a) 


For, if g and z+ Az are points of A, an m can be found such that 
IS@)-Si@)|< gy |S@+Az)-S,(e+A2)|<§, 


where n2™. But, since §,(z) is continuous, an 7 can be found 
such that, for | Az|< », 


|S,(¢+Az)—S,(2)| < 5 


*Tt should be noted that ¢ is independent of z. 
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Hence, if | Az| < », 
|S(z+ Az)—S(z)|=|{S@+Az)—S,(2+Az)} — {8(z)—Sn(z)} 
+ {S,(¢+ Az)—S, (z)} | 
=|S(z+Az)—-8,(z+ Az)|+|8(2)—-8,(2)| 
+|S,(¢+ Az)—-S8,(2)| 
— 
Therefore S(z) is continuous in A. 


THEOREM 2. The series » |. w,(z)dz, where C is a path in 


n=1 
the region A, is convergent and has the sum | S(z)dz. 
c 


For, since at all points of A 


| S(z)—-8,(2) [<e, (n=), 
I] S(e)de—>y{ w,(2)de| =| | {S(z)—8,(2)}dz| < el, 
c 1 JC JC 
where J is the length of C. 


CoroLuary. If the initial and fina] points of C are 2, and z, 
[ S@az, if w,(z)dz, " W,(Z)dzZ, ..+; 


are functions of z, and ah w,(z)dz converges uniformly in A, 


since a maximum value can be assigned to /. Accordingly, if a 
uniformly convergent series be integrated term by term, the 
resultant series is also uniformly convergent. 


THEOREM 38. If w,(z), w,(2), w,(2), .-., are holomorphic in A, 
S(z) is holomorphic at all interior points of A, and 


pate ies wn(Z) k= if 2; ay a) 


Let € be any interior point of A, and let C be the boundary of 
a simply-connected portion of A of which ¢ is an interior point. 


n+p 
> wn(2) <e, 
n+1 


| n+p | n+p | 

| Dy wale o— S)-F9 = wnal2) 

nel | | med | 
where d is the shortest distance from € to C,andk+1>0. Thus 


Then if, for all points of C, 


(g—€)-*! | <6 Ae 
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3 | w,(2)(2— €)-*-!dz converges to the sum | s@e —()-*-1dz, 
rJc 


and therefore, since 


Wr(Z) 7 Qri d*wnal(S) 158 
| argent Eiders (sO; 124), 


oo dn (G) _ k!} | S(z)dz_ : 
n=l Age ~ Qara c(z— OY (Theorem 2). 


In particular, if k=0, 


so--.| S(e)dz 


271 Cc z—¢ 
Now, this integral is holomorphic (§35, Corollary 2) at ¢. 
Accordingly S(¢) is holomorphic at ¢ and has derivatives given by 


AS (E) _ k! S(z)dz i a déw,(€) so 
age = ari [Ge DHT de? (k=1, 2, 3, ...). 


Corottary. If C (Fig. 47) is the boundary of a simply- 
connected portion of A, and if C’ is the boundary of a region A’ 
interior to C, the series of functions of & 


> | wale e- O)-¥de 


will be uniformly convergent in A’, provided d>0, where d is 
the shortest distance between C’ and C. 


~~ 


Fic. 47, 


Example. If the terms of the series S(2)=Dw,(2) are holomorphic in the 
a 


region contained by a closed contour C, and if the series converges uniformly 
on C, prove that S(z) is holomorphic within C. 


Weierstrasss M Test. The series dw, (2) will be absolutely 
. 


and uniformly convergent in the region A, provided that a con- 
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vergent series of positive constants = M,, can be found such that, 
Nee . 1 

for all points z in A, | w,(z)|=M,, (n=1, 2, 3, Bat 

For, if Masi +Miiot nee te Moa €, 

| Wn+1 +Wryat eee + Warp | = | Wn+l | ole | Wn+2 

Note. Since the moduli of the terms of the series 

ae Z—a\n 2 (or 
2 (= = 2 Z—a 

employed in the proof of Laurent’s Theorem (§ 40), are less than 


the corresponding terms of the series di(r/B,) and >)(R,/r)", 
0 0 


the series integrated are uniformly convergent on the paths of 
integration. Thus the consideration of the remainder can be 
omitted from the proof, provided that the M Test has been 
previously proved. The proof of Taylor’s Theorem (§ 39) can 
then be contracted in a similar manner. 


Wn+p | <« 


Haample 1. Shew that the circle of convergence of the series Sent isa 
region of uniform convergence. 


Example 2. Shew that the series 31 /(2—n?x*) represents a meromorphic 


function with poles at the points £7, "+2n, Bao irardace 
Let z be any point of the region bounded by |z|=R, where 


mr<R<(m+1)z. 
Then |ztur|=n7—R, where n=m+1, m+2,...; and therefore 
1 1 
ape = Ga RP (n=m+1, m2, «..). 


Accordingly, since the series )1/(n7—R)? is convergent, > 1/(z*—n*:*) 
1 m+1 
converges uniformly at all points of the region. 
mm 
Now the function > 1/(2— *?) is holomorphic at all points of the region 
1 


except the poles +7, +27,..., +m. Hence the given series is holomorphic 
in the circle except at these points. But R can be chosen so large that any 
assigned point lies in the circle; therefore the series is holomorphic at all 
points except +7, +27, +37, .... 


44, Power Series. Let R be the radius of convergence of the 
power series a ¢n(z—a)". Then if R,<R, the area of the circle 


|z—a|=R, is a region of uniform convergence. 

For, Beenoiding to any e, an m can be found such that 
ii n=™, 
[Cn-t1 | Lh ate | Cn+s| Rees et | Cn+p | Roe € (p= 1, 2, 3, 0 o): 


« 
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Therefore, if |z—a|=R,, 
| Crti(Z— A)" 4 6,4 9(2— a)? +... Fenty (2— ant? | 
S| eyax(2—ay"** | + [Cyta(@— a) | +... + | enep@—O™? | 
F|ey44| Rt? + | ¢,42| By? +--+ | Cnn | Ry? 
<e. 

Since any point ¢ within the circle of convergence can be 
enclosed in a region of uniform convergence bounded by 
|z-—a|=R,, where |f—u|< R,<R, it follows that the series 
gives a holomorphic function at ‘all interior points of the circle of 
convergence. 

CoroLtitary 1. If the series > Cn(z—a)" converges for 


-n 


R,<|z-a|< R,, it will be uniformly convergent for 
R,< R,/S|z—a|ER, < R,,. 


Example. If f(z) is defined by the series Scn(z—a)", convergent for 
0<|z—a|<R, shew that the residue of f(z) at ie Cnr 

COROLLARY 2. If f(z) is holomorphic and has the Laurent 
Expansion es zP in the region R,=|z|=R,, and if infinity 
si z|=R,, the residue of f(z) 


at infinity is —A_,. 


Example 1. Prove that the residues of e/? at the origin and at infinity are 
+1 and —1 respectively. 


Example2. Tf n is integral and = 1, prove that the residue at infinity of 


that branch of ED which is positive when z is real and >1 is 


1,3.5...(2n—3) 1.3.5... (Qn—5) 


2.4.6..,(8—2) 2.4,6.0(Onaayte t= iy}. 


Undetermined Coefficients. Let f(z) and $(z) denote the series 
D An(z—a)", >) ea(z—a)", 


which converge in the region R,<|z—a|<R,, and let the 
coefficients c¢,, (n=0, +1, +2, ...) be unknown, Then if 
$(2)=f(z) for all points of this region, 

Ca=Ay, (n=0, +1, +2, ...). 
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For, if C is the circle |z-a|=R (R,< R<R,), 
eo ee 


2riJo(C—a)"t! 227 JQ(€—a)2 
In particular, if f(z)=0 for all points in the region, 
Cx=0 (n=0, +1, +2, ...). 
Coro.iary. If f(z) is odd, all the coefficients of even powers 
of z in the Laurent Series f(zy= ye z” are zero; while if f(z) 


Ch = 


is even, all the coefficients of odd powers of z are zero. 
For, if f(z) is odd, 


F(z) +f( —2z) (== a>) 6, 0°" : 
while, if f(z) is even, af 


i) —f( —z)= 0= 25) ers intl. 


Example. Consider the function 1/(e?—1) : it has simple poles of residue 
+1 at the points 0, +277, +477, .... Hence, if 0<|z|<2z, 
1 
&=—1 
where the coefficients ¢y, ¢,, Cy, ..., are to be determined. 
If the sign of z be changed, 
1 
ie 
Adding these two equations, we have 
—1=26)4+ 2094+ 20+... 5 
so that. Cai 2 Cp 0g == Ca=— ce — 0, 
Next, multiply both sides of equation (1) by ¢—1: then 
1=(F- Steptoe toe +...) (e*—1) 
2 2 ee 
eg ee ae Gee ee 
= (F-Fteetex +eZ +.) (2+ 5 +5+-...). 


Hence, equating coefficients, we obtain the equations 
1 1 


1 
=Stoteztoe+..., asohone dene esate cor (1) 


1 
Ft om ee + eye? — 


4-9-91+31-> 
pei 1 ae 
oto, ah Bis 


See 


from which the coefficients ¢,, ¢3, ¢5, --», can be found. 


45. Additional Contour Integrals. The calculation of resi- 
dues by means of expansions in series is found helpful in the 


evaluation of many definite integrals. 


M.F. G 
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=sinmadxe ma me-™(m+2/a) 


p] 


Example 1. Prove ig neta Bat re 


where m and a are real and positive. 
over the contour of Fig. 37 ($30). When R tends to 


emz 
infinity, the integral along the large semi-circle tends to zero. When r 
tends to zero, the integral along the small semi-circle tends to — t/a’. 
To calculate the residue of the integrand at 7a put z=éa+¢: then 
emez e-matimg 
aP+ayP Cat QQiat (PC 


=a! +im¢+...)(1+7G/at...)(1 +if/at...) 


Integrate 


(is 5 
= Sep Lee sia) 
Hence the residue at (=0 is —e~™*(m+2/a)/(4a°) ; 
* 2isin mx ur . e-™ (m+2/a) | 


and therefore ee pe ee 
0 xv(u?+a?)? Be at = 


from which the required result follows. 


4a3 y 


1 20 
Example 2. Evaluate St where 7 is a positive integer. 
0(1+a2)V1—22 
pun 
Consider that branch of ———*—_—— which is real and positive when z 
is real and > 1. (L+2)vz?—1 


This function is uniform in the region between the great circle C (Fig. 48) 


Fic. 48. 


and the closed contour y consisting of small circles about —1 and 1, and the 
real axis between these circles. There are simple poles at +7 and —7. 
At z=7, amp (z—1)=87/4 and amp(z+1)=7/4: therefoce 
NVA Jan 262 0/27. 


$$ 45, 46) LEGENDRE POLYNOMIALS 99 


Hence the residue at z=7 is (—1)"71/(20/2). Similarly the residue at z= — 
is (—1)"" (2/2). Thus 


2rd: tg 2 dz . *4 
nh ee S(—1\r—-1/,/¢ 
ay +2)/2—-1 Jy(14+2)V2—1 2rrt(— 1)" "/V'2, 


where the integrals along C and y are taken in the directions indicated by 


the arrows. 
But (§ 44, Corollary 2, Example 2) 
2" dz 1.3.5...(2n—3) 1.3.5...(Qn—5) | ee 
ae % aie ey Se. en a ee 
and 


. Ze" dz re: i a" de ape! i x" dx 
(1+2)V2-1 ein? J _(1+a%)V1—a2  e-im/2_1(1402)V1— 2? 


P w ie 
=~2i[" a” dx = ai] gan x2 dx 
20 +2)/1—2 (142%) J/T— a? 
Therefore 
f° Ge da 7 f{(=1)" 1.3.5... (@n-3) 
Jo(lta2)J1—22 21 V2 “2.4.6... (2n—2) 
Pisin <5) st 
iene Gh Oe ee }: 
dz ; Qa 


Example 3. Prove 


aN +a —2)} V3 


46. Legendre Polynomials. Consider that branch of 
— 2(2-+27)-V2 
in the domain of z=0 which has the value +1 whenz=0. Since 
the function has singularities at ¢+ /(¢?—1), it can (§ 39), for 
values of z such that |z| is less than the smaller of the two 
quantities | + /¢?—1|, be expanded in a series 
Po(C)+2P(C)+2°P(C)+--., 

in which the coefficients are polynomials in ¢& The coefficient 
P,,(€) is called Legendre’s Polynomial of order n. 

Example. Shew that 

Po(a=1, Pi@)=4 Po(2)=482-1). 
_ If we expand both sides of the equation 
{1-2(—Q)z +2} P= (1-26(-2) + (— 2)" 

and equate the corresponding coefficients, we obtain 


Pr(—$)=(—1)Pald). 
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Again, from the expansion for (1— Qez+2) %, it follows that 
dz 
Pa(g)= zi), antl /(1—2ée+27) 
where ¢ is a small circle about the origin. 
Now ¢ can be replaced by the contour of Fig. 49, described in 
the direction indicated by the arrows, where A and B are the 


Fic. 49, 


points ¢+V@—1, C is a large circle, and y and y’ are small 
circles about A and B, ; 

The only case in which this cannot be done is when AB passes 
through O. But in order that this may be so, 

(C4+-VE—1\(E—/P—1) 
must be real and negative. Therefore, aie 
(4-0 P—Di=vE—1)=(C4V P= Pa (C-VG=1)-%, 
the two quantities ¢+/@—1 and ¢— We 1 must ‘ purely 
imaginary. 

Hence, by addition, it follows that € is either zero or 
purely imaginary. We therefore exclude the case in which ¢ 
lies on the imaginary axis. 

The integrals along the circles C, y, and y’ vanish in the limit, 
while the ies along DB and BD cancel each other ; thus 

dz 
aprae: oe Len sere 
= art Jo (€+V@2—1 cos "4 (+4/1—@sin ay 
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where z=€+/@—leos¢ 


al) (€+V@-1 COs > et 


The branch of /€?—1 considered does not matter, since 
cos (7 — p) = — cos ¢. 

The integrand has a singularity if ¢//@—1 is real and 
numerically less than 1. In that case ¢?/(¢?—1) must be real 
and less than 1, and therefore ¢? is negative. Hence ¢ is purely 
imaginary. The imaginary axis is therefore a line of singu- 
larities for the integral. 

If ¢=1, P,(¢)=1, so that the + sign must be taken: if 
€=—1, P,(€)=(—1)", and therefore the — sign must be taken. 
Hence, for points to the right of the imaginary axis, 

Pe E dp - 
PAQ=— i (€+J2—1 cos gytt 


while, for points to the left of the imaginary axis, 


eee ay dg 
FT aire \ (€4J@—1eos gy 


Again, in the equation 


1 dz 
P(Q)= Qari \ gtt —2ée+27) 
put 1/z for z: then 


ei ] | 2dz a3 1 | ade 
= 95 | JA 2G4 2) ri Jan J — 2242) 


since the integrand is holomorphic between C and the contour 
made up of y, y’, and AB described twice. 


Thus P3(O= ++ | (€+V@—1 cos g)"d¢. 
0 
Since P,,(1)=1, we take the + sign: thus 
PQ=1 | E+VE= Leos gy'de. 
0 


Again, let €=cos 0, (0<0<7), so that A and B become the 
points (Fig. 50) ¢® and e~*. Then if, in replacing the path c 


102 FUNCTIONS OF A COMPLEX VARIABLE [cH. vI 


by the contour of Fig. 49, the are AB of the unit circle is taken 
instead of the straight line AB, we obtain 


1 dz 
P,,(cos 8) = — a | 3 gt [1 — 22 cos 0+ 2) 
Thus, if z=e', 
o- ODib dg 


P,,(cos 0) = os 9./(2 cos 6 —2 cos A) 


=2/ cos(n+4)odp _ 
aw Jor/(2 cos p— 2 cos 8) 


Fic. 59. 


In this equation let 6 and ¢ be replaced by +—6 and 7—¢; 


then = sin(n+3)¢d¢ 
pl Casha 2 \ ee 2 cos p) 


Example 1. Prove 
(ith) Bite) TLCS ai ees oar 
Differentiate (1 —2(¢+2*)- m= > z"P,,(¢) with regard to z: then 


(-2 


=a rapes PAO, 
Now multiply both sides by (1—2@+2): then 
sea Sew ~PMOFHPMO- APO} 


+ Sent 1)Praa(€)—2n€P,(C)+(n—-1)Py-a(O}- 
But 


er ee PMO FAP OPO} S244 CPasx(O—Pa(O}. 
Hence equating coefficients, we have 
(2+-1)Prii(C)—(22+1)CP.(Q+2Pra(O=0, (n=0, 1, 2, ...). 


Example 2, Prove P,(Q=F(n+1, =n, oy) (Cf. $36, Ex. 1.) 
(1 2¢¢4 2) = {(1 2) + 22(1 - (P= Lie gee os ils 
(- Dar aoe 42 0s ¢ n gt Bg 
“se et 


n=0 L-Z Reve 
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Therefore, equating the coefficients of 2”, we have 
J Se +35) Se Ea) a 
sh 4. 
Pa(O) ik 2 5) + 2 7 4 4 : 


2! 4! 
_, , @+1)(—2) (1-€) , (n+1)(n+2)(—2)(—n4+1) (1-62 
ee et ( 2 )+ 1.2.1.2 ( =] ee 
. =F(n41, —n, 1, ee 


Example 3. From Example 2 deduce 


P(O=(-1"F (x41, =n, 1, ++ i! 


a 


47. Expansion of cotz in a Series of Fractions. The 
function cot z/(¢—z), where ¢=:n7, has simple poles at € and 
nr, (n=0, +1, +2,...): the residues at these points are —cot ¢ 
and 1/(€—17r) respectively. 


ae de taken round the rectangle 


Now consider the integral 


ABCD (Fig. 51) of sides a= +(n+1/2)7, y= +b, where m and 
b are chosen so that ¢ lies within the rectangle. 


x=(n+%) 


t=-(n+)w 


Fig. 51. 


To each point z on AB or BC there corresponds a point —z on 


CD or DA: therefore 


| COM itis 


apopa $—% 


2¢ 2¢ 
= t2—— dz, ‘I,= | cot 2 sd. 
where Ty e: co re TAKS a 
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On AB, z=a+7b; therefore 
eo pe er ee te) one 


Tieleae 1 —¢e-% 


| cot 2 Z | = vie o—b —e-imt 


(n+1/2) 7 146°” or da 

Hence |I, Eth 2 2 BP 
Gil fn Le 
To avoid discontinuous values of the integrand, we choose 
b>~r; then 


oe where r=| €|. 


eee Qv dx 1+e-2 %% 


[i= e-2> | a 2+ Rr le jp” 
Therefore Lim I, =0. 
ba 
Again, on BC, z= eee so that 
le ~¥ — EF} _ 
[cot 2|=|—tan ¢y|=|— ievael= 
2r dy 


b 
= 
Hence | i, | =|" ata — 7 


where 7 is chosen so great that (n+4)z7 >r. Thus 


IT =F 2r dy J 2r ne 
= J _ oy +t(nt+1/2Pr—r H(n4+1/2Pr?-—77} 
Therefore Lim I, =0. 
n—->o 
tzdz_ 
But | eu 274 me + 
asopa $—2 ¢ DIF ¢- aa) 


2mi( cot Care ae xr): 
and Sa ree eae tends to a definite value as n tends to infinity 
(§ 43, Hees 2). Accordingly, when » and 6 tend, to infinity, 


we have < 2¢ 
Om 2 i (— cot eee Js : 
ite = es 
and therefore cot (= te 
f= a ay me = a 
Example 1. Shew that cosec?¢= Sa : 
4(¢—nr)? 
Example 2. Integrate errr round the contour of Fig. 51, and prove 
—z)sinz 
cosec Panes ead 2¢ 


r= Ss tel 


/ 
Ae 1. oe a 
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48. Mittag-Leffler’s Theorem. It is possible to construct a 
function which shall be holomorphic except at isolated simple 
poles a, a, a3, ..., these poles being arranged in order of ascend- 


ing moduli, eric: that, for some integer 7, the series i fa,” 
is absolutely conv ergent. 


Consider the series See (2 ), where 


gr-2 gral 1 


sakes = aes a, 


+t tet 


hy n-1 Cig =] Z— Uy 


Let C be the circle z =R, where R< ay41|; then, for all 
points z in the region bounded by C, 


R 
£-1/=p where B= ia ETE 
and r=p+1,p+2,.... Therefore 
ee Cd il 
| w,(Z) | = —— (r=p+1, p+2, ...). 


. Cy |? 
a) 


Hence, by Weierstrass’s M Test, the series DS u,(z) converges 
pt+l 


absolutely and uniformly in the region bounded by C. 


Accordingly, the series Serle) represents a function of the 


required type in this region: But R can always be chosen so 
large that any assigned point lies in the region: hence the series 
represents a function of the required type. 


Corotiary 1. If f(z) and ¢(z) are two functions with simple 
poles of residue unity at a,, a2, ds, ..., f(2)— (2) is holomorphic 
at all finite points, and is therefore an integral function. Hence 
any function of this type can be put in the form 


be 1 git- 


Sectate Ay wee + Ae 5) +40, 


where G(z) is an integral function. 


CoroLLarRy 2. If the function 


Af 1 1 ay 
S(=state ats: iin ty il 


1 
is differentiated p—1 times, a function is obtained with poles of 


order p at the points (,, Ug, Gy ++ 
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Note. These functions have all essential singularities at in- 
finity, since there is an infinite number of poles exterior to 
every circle |z|=R, (§ 22, Theorem 1, Cor. 2). 


Example 1. Since the series > 1/r* is convergent, the function 


r=1 


aCe 
r=1 \2 —7 Vis 


is holomorphic at all points except 1, 2, 3,..., where it has simple poles. 


Example 2. Shew that 
\ 
cot e==+ bait aS : [Use § 47.] 


2-—-NT RT. 


+0 
Weierstrass’s Zeta Function. If >)>)’1/Q% is the absolutely 


convergent series of §37, where Q=2mw,+2ne,, then, by 
Mittag-Leffler’s Theorem, 


PE =atate) 


is a meromorphic function with simple poles at the angular 
points of the network of Fig. 42. This function is Weierstrass’s 
Zeta Function, and is denoted by €(z), (cf. $75). 

The function is odd. For, if the order of summation is 
reversed ; i.e. if m and » are replaced by —m and —n; then 


cA 


(= 3+ (n-ate): 7 
Henee ¢(-2)=—{4S"(45+4+4)}=-¢e 


Weierstrass’s Elliptic Function. Differentiating the Zeta Function, 
we have 
5 on eae 1 1 
“Oat U2 eo) 
This is Weverstrass’s Elliptic Function (2), (cf. §72), so that 
e(z)= — (2). 
It is holomorphic except for poles of the second order at the 


points 2meo,+2nw,, where m and v take all integral values, 
Since ¢(—2)=(z), e(z) is an even function. 
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49. Infinite Products. Let P,, denote the product I ad where 


the w’s are complex quantities no one of which is 2% * Then if 
the sequence P,, P,, P;,..., tends to the non-zero limit P as n 


tends to infinity, the infinite product IIw, is said to converge to 
the limit P. 


If P is zero, the product is defined to be divergent. 

If Il w, 18 convergent, ‘Lim w,=13pfor w,=P,/P,,,, and Px 
and P,, both tend to the limit P, 

THEOREM I. If the series S= Sw is convergent, the pro- 
duct Ile will be convergent and wba the value e§, 


i 
For, since the exponential function is continuous, an 7 can be 
found such that, if 


“8 <p 
ee - Se, 
) ore ge Neg =e! -<| a 
fai | 
nD 
Hence Ile” converges to é*. 


1 
Unconditional Convergence. If the series Xw, is absolutely 
convergent its value is independent of the order of summation 
of the terms, and therefore the value of the infinite product 
Ile’ is independent of the order of the factors. When this is 
the case the infinite product is said to be Unconditionally 
Convergent. 


Example. Shew that, if the series Xw, is absolutely convergent, the 
0 1 
product II(1+w,) is unconditionally convergent. 
1 


[Use Example 3, § 36.] 
THeoreEM IJ. If the terms of the series S(z)= NO) are 


holomorphic in a given region, and if the Borike converges 


uniformly in that region, the infinite product P(z)= [Len will 
be holomorphic at all interior points of the region. 

For S(z) is holomorphic at all such points; hence P(z)=e8® is 
also holomorphie (§15, p. 30), and its logarithmic derivative is 


given by ate ge =p ‘(2). 
Pi) v7) 
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50. Weierstrasss Theorem. It is possible to construct an 
integral function with zeros of the first order at the isolated 
points @,, @,, dz, ..., these points being arranged in order of 
ascending moduli, provided that, for some integer x, the series 
a, o.i6 a pa 


f=1 


Let w,(z)=—— a aS Sais eee 


gn-2 


(r=1, 2, 8,...). 


Cy m=? 


Then the series She converges ($48) absolutely and uni- 
pi 


formly in the region bounded by the circle |z|=R, where 
R<|@p4,|- Now let 
“1 2 1 gn- 24 


noah w,p(2)d2= [log(1 a, i)+2 ree a) 2 apt Pe A | —la,” a,2-4f’ 
(r=p+1,p+2,...), where the path os integration lies in the circle. 


Then the function SW (z) is holomorphic in that repsan, and 


therefore (§ 49, aSeorem II) so is the infinite product I eW,@), 
Hence the function ° p+ 


il i; gn-1 
mi (1 =) ae at hea | 1 a,"- aml 
later 


is holomorphic in the circle, and has simple zeros at the points 
Ge Pa, in'yt Oni 

Now R can be chosen so large that the circle includes 
any assigned point; hence the theorem holds for all finite 
points. 

Again, let f(z) be any function of the required type. Then 
if #(z) denotes the infinite product above, S(2)/$(2) will be an 
integral function without zeros, and will therefore ($42) be 
Eble in the form e&©, where G(z) is integral. 

Accordingly, the most general function of the required type is 


. oo & Ts) 1 gn-l 
e&@TT {(2 -% ) gu? ate ty Tanai : 
1 Oy ; ? 

o es wie al 1 gn-l 

or eF@zITT (1 v2 “ye a, 3 at Seite 1a,n-1 
1 Be , 


if there is a zero at the origin. 


f 
/ 
oh ee 
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Example. From Example 2, § 48, we have 


ES eset. St u ~—+ : ). 
z —o \C—-NT NT. 


Hence [, (cove—2) ae= 4 ( : +1) ae; 
Jo Z = 2—nTr nT 
or Wage ee == log (i Stes 
Z na) * na 
Therefore sin See il (a= = jem} eT (1 ay 
East nr J 1 nea 


Note. We cannot put sin z=aIl' U( —z/na): for, since the series = {1/(z¢—n7)} 


is not convergent, the infinite peatocts 1s not convergent, 


The Gamma Function. We define the Gamma Function I(z) 
by means of the equation 


re) =<il | (1 +=) ent, 

where y is Euler’s Constant. The expression on the right-hand 
side of the equation is integral, and has simple zeros at the 
points 0, —1, —2, —3,...: thus I'(z) is holomorphic except at 
the isolated simple poles 0, —1, —2, —3,..., and has no zeros in 
the finite part of the plane, (cf. $61). 

The Sigma Function. The method employed in the proof of 
Weierstrass’s Theorem, when applied to* Weierstrass’s Zeta 


Function (§ 48), leads to the integral function 
2 A 


sit |) 4" 


with simple zeros at the points 2mw,+2nw,, where m and n 
take all integral values. This is Weierstrass’s Sigma Function, 
denoted by o(z). By logarithmic differentiation, it follows that 

o'(z)/o(z)=€(z). As in the case of the zeta function, it can 
be shewn that o(—z)= —a(z), so that o(z) is odd, (cf § 76). 


EXAMPLES VI. 


1, Shew that the series 
SE ie eo OE 
z Ilz+1l 2!24+2 3!2+3 
represents a meromorphic function with poles at the points 
an Re neh 
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2. Shew that the series S2/n! represents a holomorphic function at all 
0 
finite points of the plane, and deduce that 
d 
i oxP (z)=exp (2). 


2 dz ep 


3, If|z|<1, prove ae? ete 


4, If z, lies within the circle of convergence of the series Sen(e—a)", 


shew that the Taylor’s Series for the function at 2 is Say (2-%)", ‘where 
x as - 
mS one SEM aay. 


5. Prove that the residues of ¢? at the origin and at infinity are both zero. 
6. Shew that, if A and Bare the residues of e!*2"/(1+z) at z=Oandz=o: 
(i) A+B+(-— pie 


(ii) A=(-1)"+e e145 — ere -+(- 13; 


7. Shew that the residue of e log (=%) at infinity is (e*—e®). 
8. Shew that 
7A 2 Neos 
(i) if (#*+3v?+1) cos ax ae =7(1+ 2 Je cos (4) ; 


(a+ a?+1)? 3 J/3 
2G awe 
Go [MEER gad (4:3) Fan 


[Integrate e*/(2?+z+1)? round the contour of Fig. 33.] 
9. If a>0, prove ieee ce = 


Qra 
10. If 1, prov Sey ; 
pe aad a Jo Gay (a?—1)8” 
ll. If a>b6>0, shew that 


=r sin2 6d Qn 
[ pee 3 (a Va — DB). 


at+bcos6 
mole 30 pT Top 
1 Prove fot oe Pr wide |, 
rover (+i 16 13. Prove | @+ 1-16 
14. If a and b are positive, shew that 
es da am (2a+b) 
» (+0) (@ +a)? 2ab(a+b) 


15. Shew that, if m=0, 
“cos ma dx 


Tv —m 
» Cree =a +m)e-™. 


wi 16. Shew that ede a a +e"), 
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17. Shew that, if a and m are positive, 
“sintmadx 7 
a J p—2ma/(s = 

[ 2 (ata? Sqs? (2ma+3)+4ma—3}. 


18. If -2r <c<2z, prove 


[ cosh cx oo c 
Jo cosh?ra “  Qr sin (c/2) 


19. Integrate a oe round the contour of Fig. 33, and shew that 


etantedz - ftxsintadz V5 
0 (+ae% Jo Gta 9 (¥2—)). 


Vz Log z 
(l+2) ’ 
Fig. 38, and shew that 


[x2 hog 2 gy Jadu x 
/0 


20. Integrate where 0<ampz< 27, round the contour of 


(+2) ~ jp Cay 3: 
Ly aT (Sn = 2) 


2n . : 
21. Prove = V3. 3.6.9.4.3n 
ox/{a(1—z*)} eee er 
Pca n=V. 


¢ 


oe 
plies: 


ae inh 2a 
22. Prove e = ae if 
n2a0(Z+ur)*+a? cosh 2a—cos 2z 


23. Prove cothz= 


+5 
1 
2 1 Qz Qz Qz 


and deduce a as 
- eg aad Zz 497? 


arcane 


— round 


in 
24, If n is a positive even integer, prove, by integrating evi 
Z Z 


a suitable contour, that 
ee a e—1 
0 sing a+1 "(@—1)e 


i pote il if 
25. Prove cosec 2=—+ (-1)"( ee, 


CNT NUE 


26. Construct a function f(z) which is holomorphic except at the poles 
z=+1, +2, +3,..., and is such that /(z)—zcotmz tends to zero at each of 


. +o 
these points. Or : + 1 $ | eat eee 
TW aoe, SSH nN 


, AN oO __ 4a 
27. Prove cose=Ht {1-95 po} 


z 


+0 Zz se 
all’ (1-4 en} 
ae nT 


28. Shew that tanz=———+~——___—______. 
Til {1 oe i} @i-De | 
2G ~ Qn=1)r 4 
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29. Prove that, if |z|< 1, 
(l+2)\1+2)1+a)1+2)...=1/1—2) 
30. Verify that : 


(i) cos 2 cos % COS 5 fel sl a 
2 z Bae 


(ii) tan 2 +53 tan aad PE 


(n+4%)(R+ ay).-(n+ ax) | 
(n+b,)(n+,)...(n+b;)’ 


the product L109 i is convergent provided k=/ and 2a=~b. 


31. Prove eae if 3 3w,= 


32. If |z| <7, shew that 
1 z Be Sin ce Re 
os 3; ) = Heat HL a+ 3Ho Qt Bik, 


where ; Ho==,t+sn +e 


Deduce that, if 0<|z|<7z, 


] Zz a z 
cot z=— —2H,-;— 2H,—, —2H,— - 
Zz 272 to4 67-6 


tan steve = -* — cot 2. 


{cH. VI 


OH. vil, § 51] 


CHAPTER VIL. 
VARIOUS SUMMATIONS AND EXPANSIONS. 


51. Expansions in Series by means of Residues. The theory 
of residues has been applied in § 47 to the expansion of various 
functions in series of fractions. The following theorems enable 
us to shorten this process considerably. 


THEOREM 1. Let z=Re® lie on that arc of the circle |z|=R 
for which 6,=0=8,, and let z/(z), as R tends to infinity, tend 
uniformly to the limit K, a constant, at all points of the are, with 
the possible exception of the points for which a—¢e=@0=a+e 
(e arbitrarily small), Also let |zf(z)|=M, where M is finite, at 
all points of the are. Then 

cP) 
ahs i fle) dz=1(6,—6,)K. 


Ra 


For (Theorem I. § 30), 
a—-€ Oy 

Lim {| Ft) de+| T(2) ds| =1(0,—0,) K—2teK ; 
6; a--+e 


R—>» 
| a+e 
and | S(2) dz | = 2M. 
l\Ja-e | 
As, 
Hence | Lim | | FS) de} —i(0,—6,) K |= 2e(| K |+M). 
R—2 ot 
0s ; 
Therefore Lim | F(z) dz=1(0,—6,) K. 
R-->~ 44, 


The theorem also: holds if there is a finite number of excep- 
tional values of @ such as 

Example. Integrate f(z)=e*/z round the contour of Fig. 52, consisting 
of the positive w and y axes and quadrants of the circles Zi=R and | Alley). 

On the large circle, if «-=0=7/2, |zf(z)|SSe-F*™*; so that z/(z) tends 


M.F. H 
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uniformly to the limit zero as R tends to infinity. Also, for all points on 


ant -Rsin 
the quadran | ef) |=eBnP E11. 
é 6=mn/2 

Therefore Lim S@ dz=0. 
R= J9=0 
O it pe 0 

Hence [ cates ABET 5 10 Beh 

) z 2 


so that, if the real and imaginary parts are equated, 


es) —x oo ‘ 
cos + —é SInY TF 

[ ee ax= 0, [ — 5" 
0 2 ih Bee 2 


Fic. 52. 


Lemma. The function cot zz has simple poles at the points 
0, +1, +2, .... Let these poles be surrounded by circles of 
radius r, where r< 1/2; then a positive quantity M can be 
found such that | cot +z |= M for all points exterior to these circles. 

For (Examples III., 11), | cot 7z|=|coth ry|: hence, if 

y=a, (a>0), or S-a, |cotrz|Scoth za. 

Now consider the region (Fig. 53) between the rectangle of 
sides «= +1/2, y= a, (a>7), and the circle |z|=r In this 
region, since | cot 7z|=cosh 7y/,/(sin®7ra + sinh?7y) 

(cot 72|Scosh ra/sin(rr//2) if wxZr//2 or S—r/,/2, 
and | cot 7z|=cosh ra/sinh(7r//2) if y=r//2 or S—r//2. 

Accordingly, since unity is a period of cot 7z, | cot 7z|=M, 

where M is the greatest of the three quantities 
coth 7a, cosh 7a/sin(77/,/2), cosh 7a/sinh (77r/,/2), 


for all points of the z-plane exterior to the given circles. 


weet 
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We leave the reader to prove that analogous properties hold 
for the functions: -sec 7z, cosec rz, tan 77; 
er"? ere 
eT? — 1 3 er Fy 
cosrz sinrz cosrz sinrz e% WGe-) Ch @'o 
cos me = wz sinawz cosmz’ e%—e-* er em’ 
where —7=r=r. 


, where 0OSr=7 


THEOREM 2. Let f(z) be a meromorphic function, and let 
R,, R,, Ry, ..., be the radii of a series of circles with the origin 
as centre, no one of which passes through a pole of f(z), and 
such that Lim R,=c. Then if, as n tends to infinity, z/(z) 


n—>nD 
tends uniformly to the limit K for all points z=R,e such that 
6,=0=86,, with the possible exception of a finite number of 


sets of points a—e=0=a+e, and if |zf(z)|=M for all points 
th 
aon Lim |" Fayds=/(0,~ 6.)K. 
n—>n 


The proof of this Uigorelh is identical with that of Theorem 1, 
except that Lim is replaced by Lim. 


R->o» 1—>n 
Example 1. Let f(z)=cot7z/(¢—z) and R,=n+1/2. Then, since 
Lim cot rz= —7, Lim cot rz=7, 


yn yon 


it follows that Lim 1 af(2)=4 if «-=0Sm-¢ and Lim af(2)= —7ift 


THe = 0=27r-«. 


116 FUNCTIONS OF A COMPLEX VARIABLE _ [cu. vn 


Also, by the Lemma above, |z/(z)|=M at all points of |z|=R,. Hence 


“cob me 7 _ 


Lim [ = 
n> nO (-2 


and therefore, as in § 47, 
reotm(=e+ > Gina 


Example 2. If 0<7r<1, prove 
CL + 5 2x cos 2nrr — 4n7 sin Zn 
STS Fas a + An? 


52. Summation of Series by means of Residues. Since the 
residue of 7 cot +z at each of its poles is unity, 


> I(r)= ee i zr cot (72) f(z) dz— 


where C is a contour enclosing the poles m, m+, ..., , of 
cot 7z, and no others, f(z) is meromorphic, and denotes the sum 
of the residues of 7 cot (72)f(z) at the poles of f(z) within C. 
Similarly 
fe) de Ee ies | Fe) _ sy 
Srn=| SPS-ya) AS» 


ua 


where >’ and >” are the ae of 
2rif(z(em™—1) and 27if(z)/(1—e-"*) 
respectively at the poles of f(z) within C. 


7 eel T? 
Example 1. Prove ao a 
P > (w+n)? sin?rx 

[Integrate 7 cot 7z.(«+z)~ round the circle |z|=R,=2+1/2, and make x 
tend to infinity.] 


Example 2. If a is positive, prove 
+o 1 +o 
2 ys sis er pao me e-mn/a, 
Integrate e-74*/(e2miz_]) round ne rectangle of sides v= +(m+1/2), 
y=+1. Then, when m tends to infinity, 
AS 2 +2 o-ma(x+iPdy (+ e-na(e-iPdy 
¥ / e2mi(x-+i) — ] iS e2ri(a-t)—] 
noo 
oA | eH mUCHE PS] 4 eQri(e+i) + etmi(@+O+ .. dx 
= 
| e-ma(u- i269 -2mi(w-i)4 e-dni(e-D4. de 


20 +00 = di : 
a arin e-ma(e+-i—nijaPdy 4- >) e~ n/a | e-ma(a-itnilar dy 
0 


vo 1 eee 


1 t= 
co. (Examples IV., 21.) 
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‘ “3 n—-1 
Example 3. Gauss’s Sum. Let S,= >» T,., where T,=e27?/r, Then 


Ty-r=T,; so that S,=2>,, where >, penal for 4T,+T,+.. “bien or 
$T)+T,+.. Tat eT, n according as 2 is odd or even. 

Now, 3-3, or ae 3T,—4T,,2, as the case may be, is equal to the 
integral of ¢27i2¥/n/(e2riz 1) taken round the rectangle ABCD (Fig. 54) of 
sides x=0, v=n/2, y= +R, indented at O and n/2. 


nl2 p—4rRa/n 
sr ada ah oe ental EL 
Joep @t#—-1 | Jy 1L—e eR” 47 R’ 


Bat [ sttheds 


and 


e2miz2|n | nl2 edrRx/n n 
itn | cf et ag 
i< e2niz —] 0 e2r7R _—] S 47R : 


so that both of these integrals vanish when R tends to infinity. 
Again, when R tends to infinity, the sum of the integrals along the 
straight parts of DA tends to 


Sy fis oe 2riy?/n en 2riy?|n % a 
¢ il {Sa — sf e2ry — “hady=ile Qariy/1 dy 


-iV2-{[ cos atde—if gn ceda 
27 Jo J 


=(1+72)Nn/4. ($30, Example 5.) 
Similarly, the integrals along the straight parts of BC give 
ae castle amri(n2— iy)2/n 
| (—1e27v -1 ays. +i[ (—1)reny —] 
=7"(1472)Vn/4. 
Finally, the integrals along the small semi-circles at O and 7/2 give —$Tp. 
and —3T 2 or —}T, and 0, according as m is even or odd. Hence 


seen +2)(1+7%). 


jaye nfo e2aiy?|n dy 
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Another Summation Formula is 


au 


»>(-)l'f)= = i; a cosec (72) f(z)dz—X, 


where C is a contour enclosing the poles m, m+1, ..., 1, of 
cosec 7z, and no others, and > denotes the sum of the residues 
of 7 cosec (7z)f(z) at the poles of f(z) within C. 


Example. Shew that, if a is any non-zero real quantity, 


< mn, 1 1é€ 1)" nu 
2 ( = 1) gman =a e-Tan aa 4rra az a? = ( = ) emma _ enmla” 


Note. If a is small, the second series converges rapidly, while the first 
converges slowly. 


53, Roots of Equations. The following three theorems lead 
up to the proof of Lagrange’s Expansion. - 
THEOREM J. If (2) is meromorphic in a simply-connected 
region of boundary C, then, with the notation of § 31, 
2r—Ys=A/27z7, 


where A® denotes the total increment of amp {¢(z)} when z 
describes C positively. 


rete ween Dn al) ep 

For 2r—Xs= ani fe (2) dz ates A Log $(2), 

' where A Log ¢(z) is the increment of Log ¢(z) when z passes 
round C. Hence, if (z)= Re’, 


1 1 


But A log R=0, since log R is uniform on C; therefore 


Lr —Xs= Ab/27. 


THEOREM IT, Let f(z) and ¢(z) be holomorphic in a simply- 
connected region of boundary ©, and let f(z) be non-zero on C. 
Then, if | ¢(z)+f(z)|< 1 for all points on O, f(z) and f(z)+ (2) - 
will have the same number of zeros within C. 

For, let w=1+¢(z)/f(z); then, as z describes C, w describes a 
closed contour in the w-plane about w= 1, not enclosing the 
origin, and amp w returns to its original value. 

Hence the increment of amp { /(z)+$(2)} is equal to the 
increment of amp {f(z)}; and therefore, by Theorem I, these 
two functions have the same number of zeros within C. 


§§ 53, 54] LAGRANGE’S EXPANSION 119 


TaxoreM III. If f(z) is holomorphic for |z|< 7, and is not 
zero at the origin, a finite quantity p can be found such that, 
if | w|=p, the function (2, w)=2—wf(z), regarded as a func- 
en of 2, has one and only one zero in the circle | z Th <r: and 
this zero is itself a holomorphic function of w for | w|= p. 

For, let p be chosen so that, if ela, 

We, w)—Wle, 0) |=! fle) <", 
provided wi=p. Then 
VW w)—W, 9) ; 
¥@0) (= 
so that, by Theorem ITI., if | w|=p, W(z, w) has one and only one 
zero, € say, within |z|=7’. 
Now, the integral 


C) 
3% a ae 1 fe — wf (z) ae 

27iJ (ez, w) at Nz — f(z) 
taken round |z =7’, is a holomorphic function of w ($34). But, 
if |w\|=p, this integral has the value ¢ (§ 31, Corollary 2). 
Hence ¢ is a holomorphic function of w for | w|=p. 


<r, F(¢) is a 


| 


Corotiary. If F(z) is holomorphic for | z 
holomorphic function of w for |w =p, and 
ee — uf (Z 
FO)=55|F@ wa 
where the integral is taken round |z|=7’, (§ 31). 


54. Lagrange’s Expansion. The results obtained in Theorem 
III. of the previous section can be stated thus: let f(z) and F(z) 
be holomorphic for |z|<7, and let f(z) be non-zero for 2=0; 
then, if z denotes that branch of the function of w given 
by z=w flo), which vanishes when w=0, a finite region |w|=p 
of the w-plane can be found in which F(z) is holomorphic. The 
Taylor’s Series for F(z) in this region can be found as follows. 

Let C denote the circle |z|=7’; then 

1—wf (2) 
F(e)=5~. i: F(z ee de 


=55| FOu-w@) |=+ 


whe), (WON de, 
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since Ei arae 
ser i +2 Sf re -2 (OV Ja 


3 
Eta gs [oo 2) 
LES [roFe 


=FO+ sie epi (535) 


since all the aE in the first series have the value zero, 
(§ 26, Cor. 8). 
In particular, if F(z) =z 


=> 2 [ ea for |. 


These are the well-known expansions of Lagrange. 
If the origin be changed to the point —€ and ¢(z) be written 
for f(z—¢), these expansions become 


FE=FO+D te FOG OH] 


- and ett DS oa ie —{g(2)} 


where z is that root of z=€+w¢(z) which has the value ¢ 
when w=0. 


Example. Shew that the root of 2(1+z)"=w, which is zero when w=0; 
is given e 


0 Oe 


2m — +1) ees 4m(4m ee 4-2) ae 


Rodrigues’ Formula for P,(€). If z is that root of 
z2=C+w(2?—1)/2, 
which has the value & (€4++1) when w=0, 


wr dr-1 - Saif \% : 
aiken n! acs sani 5 =) . (1) 
Before differentiating this series with regard to ¢ we must 


shew that a region can be found in the ¢-plane in which the 
series is uniformly convergent. 


§ 54] RODRIGUES’ FORMULA eee) 


Let ¢€ be replaced in the expansion by A=ik, where k 
is real and positive; then it follows from the theory of 
Lagrange’s expansion that a value of p, Say p=p,, can be 
found such that the series 


2 apn qr-1 a | n 
Gem. 


nt dyr-1 


is absolutely convergent if |w|=p,. Accordingly, by Weier- 
strass’s M Test, since 


dr” = 


2 


> 


qr eel 


provided | ¢|=k, the series of equation (i) is absolutely and uni- 
formly convergent in w and ¢ for |w|=p, and for |¢|=k; and 
k ean always be chosen so that |€|<k. Hence ($43, Th. 3) 
Oz 2 ayn nr 1 n 
Semeur n! all 2 ) ; 
zai v0 — 2+?) 

= iaerrr : 


Now 


where that branch of /(1—2¢w+w?”) is taken which has the value 
1 when w=0; therefore 


Oz 1 = 
= —— nd . 4, 
C= J — Bw w®) poe PAK) (§ 46) 
Hence, equating the coefficients of w” in the two expansions 
for = we have Rodrigues’ Fornvulu, 


, Lae ‘ 
PA) = any! dens ae 1) A 


By differentiating the product (¢?—1)”"=(¢—1)"(¢+1)” x times 
it can be shewn that the formula is also true in the exceptional 
cases (= +1. 


CoROLLARY. 


Pa WCE — len og 
P(g) = arenas —3@n—1)$ 


a(n—1)(n—2)(2=-3) ong | 
hg Genes: id 
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‘1 
Example1. If m#n, [ PZ) Pate ar—O) 
J—1 


For let m>n: then, by repeated partial eis 


ee — Th (1 qm™-1 - 
iB Pn(@)Pn(#)de = arin Tal | an"! 7 (2? - ie ae or iy —1) daz 


Bn in oy 


- (-1" qd”™- —n wee Ban 
Son QmM+Nyy ! n! fe) jax" (eo = 1) dz" (x 1) da 


=0. 


1 
Example 2. Shew that | P,,2(#) da=2/(2n +1). 
ai 


As in Example 1 we have 


[ Pt@ar= on an (1 Ft 1yde 


=e elie 
“arb mamta sear si 


Example 3. Shew that 
2” = A,Pn@) oF An—-2Pp-a(Z) ie Ant Pree) a= as |} 
where A,=2"(w!)?/(2n)!. 


Example 4. Shew that : 
a 

(i) | 2”P,,(z)dz=0, where m<n; 
J} 


Q"+1(n 1)? 


1 
2) is PE nee = ont IT 


55. Analytical Continuation. If f(z) is holomorphic in a 
region S, if (2) is holomorphic in a region 8’, which includes S 
and if $(z)=/(z) for all points of S, ¢(z) is said to give the 
Analytical Continuation of f(z) in the region 9’. 

For example, the function f(z)=>)z" is holomorphic at all 


0 
points within the circle |z|=1, the function ¢(z)=1/(1—z) is 
holomorphic except at z=1, and $(z)=/(z) within |z|=1. Thus 
$(z) gives the continuation of f(z) over the rest of the plane. 


Example. Tf f(z)= 31 /2", over what region is f(z) holomorphic, and what 
function gives its analytical continuation ? Ans. Outside |z|=1; 1/(z—1). 
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The following theorems are useful in determining the ana- 
lytical continuations of functions. 


THrorEM I. If a holomorphic function f(z) and all its deriva- 


tives vanish at a point a, f(z) and all its derivatives will vanish 
at all points in the domain of a. 


For (2) = Yyen(z—a)", where Cn=f™(a)/n}, (ies UT 2) 
0 


thus ¢,=¢c,=c,=...=0, and therefore f(z), f(z), f’(2),..., all 
vanish at all points of the domain. 

Corotuary. If two functions and all their derivatives are 
equal at a point a, and if they are both holomorphic in a circle 
of centre a, they are equal at all points of the circle. 

For the differences of the two functions and of all their deriva- 
tives vanish at a. 


THEOREM II. If f(z) and all its derivatives vanish at a point 
of a connected region E in which f(z) is holomorphic, f(z) will 
vanish at all points of E. 

Let A (Fig. 55) be the given point, and P any other point of 
E. Let a path AP in E join A and P, and let d be the shortest 


a ASK 
G 


distance from any point on AP to the nearest singularity of 
f(z); so that the domain of any point on AP must be at leas 
of radius d. On AP take successive points A, P,, P,, Ps,..., 
such that each lies within the domain of the preceding point. 
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They can be selected so that, after a finite number of steps, a 
domain is reached which contains P. Then (Theorem I.) f(z) 
and all its derivatives vanish at P,, P,, Ps, ..., and therefore 
ate. 


Corottary. If two functions and all their derivatives are 
equal at a point of a connected region in which they are holo- 
‘-morphie, they are equal at all points of the region. 


TuroreEM III. If two functions f(z) and (2) are equal at all 
points of a line L in a region E in which they are both holo- 
morphic, the functions are equal at all points of E. 

For, if the points z, and z, lie on L, 


Tim S22) — F(z) oa ee $(%)—> (2) 
oe cd Pi a2 %— % 


Thus the first derivatives of f(z) and ¢(z) are equal at all 
points of L. Similarly all the other derivatives of f(z) and (2) 


can be shewn to be equal at all points of L; and therefore the . 


functions are equal at all points of E. 

This theorem is particularly important, as it enables us to 
extend theorems which have been proved for the real variable 
to complex values of the variable. For example, let 


J(2)=sin?z+cos’z and ¢(z)=1; 
then, if we assume that the equation 
sin’?e+cos’a=1, or f(x)=¢(a), 
has been established for « real, it follows, since f(z) and ¢(z) are 


holomorphic for all finite values of z, that f(z2)=¢(z) for all 
finite values of z; 2.e. that sin?z+ ¢os?z=1. 


Example 1. Prove nP,(z)=z ee = Be : 
Wz Z 


Since the zeros of 1 —2¢¢+ ¢ are 7(14/2), the expansion 


1 a tees 
Ma = Bite PME 
is valid if |¢|<V2-1. Hence the-series of positive terms Ss | Pe 
where R=0:4</2—1, is convergent. 4 


But at est, | Pa(z)|=|P.(2)|, ($54, Corollary), 


Thus the series 


1 ioe) 
Ja — 22 GH ZPoOE 


is uniformly convergent with regard to both z and ¢ provided |z|=1, | Clk. 
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Now differentiate with regard to z and ¢in turn; then 


Ae 


T=REEROON Taal gmn FPO 
so that (e— OXP, (2)("= (SnP,() co 
Accordingly, if the coefficients of ° are paUees, 
———— where \zl<1. 


But the functions on both sides of ae equation are holomorphic for all 
values of the variable ; therefore, for all values of z, 


goes ce CAS @P,a(z) 


em 2)=2—_—— 
nP,,(Z) at 
Example 2. If ze’*=w, shew oe 
e*=1+aw+ Biss 2B) ys te ae, 


provided | w|<e/|b|. 

[Apply Lagrange’s expansion for F(z)=e”. Since the series is convergent 
for |w|<e/|b|, it follows, by the principle of analytical continuation, that 
the equation holds for that region.] 


56. Abel’s Theorem. A power series represents a continuous 
function at all points within its circle of convergence. If the 
‘series also converges at points on the circle of convergence, the 
following theorem shews that the region of continuity includes 
these points. > 


THEOREM. If the power series Sew" = #(z) be convergent at 


a point z, on its circle of eoiverecure and if z be a point within 
the circle, 
Deak »=Lim ¢(2), 
229 


where.z tends to z sie a radius.* 
Let z= p(cos +7 sin 0): then 


ao 


nD 
Sen” = >) np” (cos n@+isin 70) 
0 0 


nD nD 
Np ) A NaN of 
= Sop ce cos 08+ (Ds enPo x” sin 00, 
0 


where «= p/ po & 
Hence it is only necessary to prove that if the series >) dn, 
0 
where On=Cnpo * cos NO OY Cypy” Sin N86, 


is convergent, the function Sane" will be continuous for O=v7=1. 


* Cf, Bromwich, Infinite Series, § 83. 
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Now let Tn, p = Anta FOnpet ---FOntp 
Then for any particular value of 7, finite quantities H and h 
can be found such that H>7,,,>h, where p is any positive 
integer. Hence 
Dy 30” + yg oP + oe Ong yt? 
=P, COL 1 o— 1g ON +s +n pH Tn pe 
=1y, (art! — a) +1, (et? — at) +, 
ete (Sa aia la Ln, at 
SH(et) —aP gt — oy... tee ae), 
1 OS ¢7 1; 
= He"! = H. 
Similarly, @..0° + a,,.0°? +... Fd g4 0"? >h. 
But an m can always be found such that |H|<e and |h|<e 
for n2=m™; so that | G42" Oy OPE tig gt? | <e. 
Hence the series converges uniformly for 0=a2=1. Conse- 
quently the theorem is proved. 
CoroLLARy. If the series converges at all points of an arc 
of the circle of convergence, ¢(z) will be continuous on that are. 


Example 1. Consider the function 


2 dz 
log (1 += | 5S, 


rendered uniform by a crosscut along the negative real axis from —1 to —0. 
6 


Fic. 56. 


Let A and P be the points —1 and z respectively, and let the circle of 
centre A and radius AP cut OX in R (Fig. 56). Let the integral be taken 
along the path ORP: then 


de AR AP 
log (1 +2)= |, Tqa7 08 ag tee 
=log AR+7% 


where ¢ denotes 2 OAP. 


ie 
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Now, if |z|<1, log (1+2)=2-2/24+2/3-..., 
and this series converges at all points of the circle |z|=1 except A, (Abel’s 
Test, $38). Thus it represents the continuous function log (1+z) in the 
region of Fig. 56, bounded by the circle |z|=1 indented at A. Accord- 
ingly, if P is the point z=e*, where —7 <6 <7, 


i : 258 et 
log (1+z)=log (2 cos :) +7 8 ot - 3 + Sct: 
so that, if real and imaginary parts he equated, 
cos peers eee ...=log (20s 8) 
“i g—8in26 | sin30 _ 6 Gime 
sin 5 3 aes 5 


Note. §=O in the first equation gives log 2=1-1/2+41/3-.... 


The two series 
¢, cos 8+ ¢, cos 20+..., and ¢,sin@+c,sin 26+... 


of $38 are uniformly convergent in the interval e=@=27—e, 
since 


Es eo eee 
™ P'=| sin $0|=sin $e 


They can therefore be integrated term by term. 


Example 2. lf —7=0=rz, prove 
cos26 _ cos36 ae 0 

2 See We 4 

Example 3. If A, B, P (Fig. 57) are the points 7, —7, and z respectively 
shew that, for all points of the region bounded by the circle |z|=1 indented 
at A and B, 


cos 6— 


Fig. 57. 
(1 AP <9 Aus. 
if dz 3 2B #8 9; 198 apt e(— L APB), Y oe 
gs? a tR P . et 31 
o L+2 te |} tog AE - 4-2 BPA), if g<ampe<a- 


. 
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Deduce a r 2s 
7/4, if cos @ is positive ; 
(i) cos 6 - eS a pa kay e 0, if cos 0=0; 

; aA 7/4, if cos 0 is negative : 

O\ Vee Ga 7. 

(ii) anger sin 56 _ ae °), if 4s 9<53 

5 see [at (2 =) if = es 

tlog cot 5-7] ), if 5< 5) 


EXAMPLES VII. 


1 i! 
1. Integrate *( 
rae a \1 +e 


=) round the contour of Fig. 52, and shew that: 


(i) Se hae va (ii) [22 ae= 


. Pr a Z 
2. Prove tan = 2 a TBPaz 
2n— Us 
3. Prove sec z= —~ yt ( ee 
> ) (n—-1/2P 22-2 
1 ee ke eee 
4. Prove Se eee Ae ES 
e-17 7377 2a ae 


§.. If —7=r=z7, shew that: 
(i) ibe Csi mas we 1 cos7 , cos27 cos 3r 
Q2e™—e™ 92 B41’ P44 B49 
(ii) T cos ep oe! (| O _cos7 , cos 2r _ cos 37 
22 sin 7z 92 2-1' #-4 2-9 


6. If -7<*7<z7, shew that: 


(i) w &*—e” sing 2sin27 3sin3r 


9 emg ty] 2+4 2+9 = seany: 
Gi) 7 sin7vz _ sing 2sin2r_ 3sin3r 
Qsin7ze 7—-l #-4 2=9 
7. Shew that P| tan aSoe 
/0 


8. If —b<a<h, shew that 


(i) fe sin ax da _7 sinh a 
o sindwl+a2 2 sinhb 
(ii) ah cos aa x dv 7 cosh a, 
» sin bv 1l+a2 2sinh d’ 
oa “sinat da 7 sinha 
on} Pf cos bv w(1+ax?) 2 coshb 
(iv) Ei cosax dz a8) cosha , 
o cos bv 1+a? 2 cosh b’ 
(v) P ie sinae ede _ _m sinha 
0 cos bv 1+. 2 cosh b 
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9. If m>0, prove 


i) 


/ cos 4mv tanh ee log (coth mz). 
Jo a 


10. If wand bare real, and —-7<b<z, prove 


i cosh ba tc henht ps cosh (a/2)cos(b/2) 
0 cosh 7x cosh a+cos b 


; aes NE 
11. Prove tae A +5 coth (= 4: 


12. Shew that, if m is a positive integer, the root of z=¢+ w+! which has 
the value ¢ when w=0 is given by 


ol Se al a or 
provided |w|<m™(m+1)-"| ¢-™ 


(nm+2)(nm-+3) ...(nm+n) wre 


mm+1 
4 Fees 


13. Prove that the coefficient of 2" in the expansion of {z/(e*—1)}” is 
(—1)". [Use Lagrange’s Expansion for w=e*—1.] 


14, Prove that the coefficient of 2’ in the expansion of (1+2)?"-1(2+2)-” 
is 1/2. [Use Lagrange’s Expansion for w=z(2+z)/(1+z), F(2)=log(1+2).] 


15. If mand 7 are distinct positive integers, shew that 
61 — 2) TPm(z) TPn@) 
‘ (1-22) Sat da=0. 


Wier « 
: kare es ___ 2n(n+1) 
16. Prove Ja a) {#) dx ae ence 
ae eo 2n(n+1) 
OS [2 Pratl) Eas) dU = 757 —1)(Qn+1)Qn+3) 
18. Prove [ o*P.t(2)drage! tag tg 
é See 8(2n—1) 4(2n+1)  8(2n+4+3) 


eae = be) 22 i 


19. Shew that bP). 


20. If |\w|<1/4, shew that 
(l—z'=1-kw+ 


where w=2z(1—2). 


ae : 3) roe oe Den 


21. If |w|<e, shew that 


Pa wt 
ae ag 


where z is that root of log z=wz which has the value +1 when w=0. 
[In Ex. 2, § 55, put a=1, b= —1, z=log é] 


s=14+w+35,+ 


22. If n is a positive integer, shew that 
(cta)"=2"+na(z+b) 7+... +°C,a(a—rby(2+7rb)" +... +a(a—nb), 
[In Ex. 2, $55, multiply by eS, and equate the coefficients of 2”.] 


M.F. q 
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23. If 6 is real and | @|<e~!, shew that: 
2 ae 33 
(i) cos O=1— sin 0+, 62 cos 26+2, 6? sin 30-7) 64 cos 40—...; 


é 2? 33 ; 
(ii) sin 9= 6 cos 645 7 sin 20-55 7 cos 30-7 6 sin 40+.... 


[In Ex. 2, $55, put a=b=7.] 


24. Prove that, for all points within and on the circle |z|=1, 
Um a a : 
(1+2) log (1 2) Bae one aaa 25 
and deduce that 


cos20 cos36 , cos46 | 
OT 5 ela gid 


=(1+00s 6) log (2c08 4) —cos 6—Ssin 8 ; 
sin2@ sin36, sin40 


SANDE oe Rog Ee: 
=sin @ log (2 cos —sin 9+2c +cos 6). 


Fe dx 
25. Prove ii ap oe ee Oe 
Regie ere oe 
[Integrate : round the contour of Fig. 33, and use Ex. 1 


§ 56] (1+2*) cosh $2rz 


26. If —1/2<m<1/2, shew that 
fs sinh?ma 
0 


x sinh x 


dx = log sec mr. 


27. Shew that, if O0<ampz<2z, 


: a Ss 
log (1 —z)=log (1+e-'*z)= -2-5-5- 
Deduce : 
3 cos26 . cos30 a: 
(i) cos 6+ 3 a 3 +...=—log (2sin §) 
(ii) sin gana 20 sin 30. _ rato 0<F<2r. 
Sa Maer cs 53 


Graph the functions represented by these two series for all values of 6. 
28. Shew that 
7/4, if sin 9>0. 
30, sind 
sin eee oa LLY 0, if sin @=0. 
—7/4, if sin 6<0. 


29. Shew that 


us ~ = 
_8in 30 , sin 56 49 i o= =9 


TO if = pot 
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30. Shew that, if —7/3<6<7/3, 
cos5@  cos70@ cos110 TT ie 
; cos 9 — a Or Aer aia NS 
31. Shew that the locus represented by 
$9 


<< —— sin m7 sin 74/=0 


= 


consists of two orthogonal ee of straight lines dividing the (a, 7) plane 
into squares of area 7. 


32. Shew that the equation 
«o (- ae —1 
= n 
represents the lines y=m7, (m=0, +1, +2, ...), together with a series of 


ares of ellipses whose axes are of lengths 7 and z/V3, placed in squares of 
area 7”. Draw a diagram of the locus. 


sin ny cos nv =0 


iW ge n—1 
33. If F(a; 4, 2) -3or sin nw sin ny sin 22, 


shew that, within the octahedron bounded by the planes +v+y+z=7, 
fle, y, eee 

RD Fg — =6—3N3+4+2 pe Sea ene 6n6, 
shew that, for 0< e < 7/6, r=2a cos(6+7/3). 

Graph the curve for values of 6 between 0 and 27. 

35. If w=z(1+2*), and the principal value of tan—!z is taken, prove that 


vP 8.9.10 4" 
ie te 8.8 a 


1!3 2! 5 Se 
provided | w|< 23. 


36. Shew that the two functions 4z+tanz each possess only one zero 
within the unit circle. 


[CH. VIII 


CHAPTER VIII. 
GAMMA FUNCTIONS. 


57. The Bernoulli Numbers. The Bernoulli Numbers B,, 
Byes, ob are eos by the or pan 


4 4 ss B 2n 
——=1 ao Ge dR (On yt? 
considered in §44, Their numerical values can be found by the 
method established there; thus 
B,=3%; B=; B 3=Te : 

From the expansion it follows that (—1)""!B,/(2n)! is the 
residue of 1/{2"(e?—1)} at z=0. But (Theorem II, §51) 
: dz 

a8 ey 2"( —1) 0, 


where c, denotes the circle |z|=(2v-+1)z. Therefore 


nr Bn — Vy u oak n < 2 . 
oh, (2n)! 4 2 Les Sa 2 Orn 


ai 


Ps (2n)! 2 
so that B,=2 (Qa) 2 =: 
Example. Shew that 2,1,1, _7 
wanyple: new tha 7 hos 3 — 3 BER = 


The Bernoulla Numbers as Definite Integrals. If « is positive, 
Syme tte. pe mag | m cot (7z).e-“ dz, (§ 52) 
where C denotes the rectangle ABCD (Fig. 58) of sides w= 0, 
x=b=n+1/2, y=+R, indented at O. 
The integral of (1/27) cot (wz). e-* along the small semi-circle 
tends to —}, (§30, Th. 2). On the contours ECDF and GABE 
replace (1/22) cot (wz) by 


bole 


and 3+——— 


= e72riz_ e2niz ] 
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respectively, The integrals arising from the terms —tand +4 
tend to 


—3 e-“dz and 1 e-% dz 
ECDO OABE 


respectively. But, since e~* is holomorphic in the rectangle, 
each of these integrals is equal to 


b 
3 ene ic 


0 


Fic. 58. 
Thus we find 
b R/ g-iay eiay , 
ah eede— 3+) e ay | -z5-7) vdy—L+lh, 
ee e7~a(b-w) ; 
where I =| 4 le- Qi (b+iy) _ ~~ emi (b= ty) 1 v dy, 
e a (x+iR) e a(*—7R) 
and |i (a de. 
; sin ay 
: = -a(n+1/2) 
Now T= —2e-+@ \.3 ay | 


so that Ty) <20-aors | entry dy =~ e- a(0+12)(] — 9-2R) 
0 


< L e -a(n+1/2) 
Tv 


Hence Lim I, =0. 


nso 
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¥ naa 2 a 
Again, flea | oO eee es) 


2 
<a(@FRD) rhe 
Hence Lim I,=0. 
R>o 

; Ee Cee ON fe S| 

Accordingly a ana] LT dy. 
— —na 1 ae = m—1 B, 2n-1 

But 28 =a 4-5 zt 1) (Qn (nyi™ 


Hence, expanding sinay in powers of « (cf. Bromwich, Inj. 
Ser., § 176, B), and equating coefficients, we have 


B,=4n ee ila ays 2p lereaah) i af"? log (a) dy. 
2 


e’ry —] 7 
: 2 8 2 
wdx TT 
Example. Prove [ ———— 
P 0 sinh?z 6 


58. The Asymptotic Expansion of Euler’s Constant. Let 
i oP eae | dz 
Slt pte thay | woot re S, (§ 52) 
where C is the rectangle ABCD (Fig. 59) of sides x=1, x=n, 
y= +R, with small semi-cireles at 1 and n. 
Cc 


A B 
Fic. 59. 
The integrals of (1/27) cot (7z).2-1 along the small semi-circles 
at z=1 and z=m tend to } and 1/(2n) respectively (§30, Th. 2). 
On the remaining portions of C replace (1 ae cot (7z) by 


1 
en he a 
ee ia ea | or 3 eo a i 1’ 


a os. 
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according as z lies above or below the a-axis, The integrals 
arising from the terms —3and +4 each tend to 


af" da 
1 &@ 
Thus we find 
1 2 dan R 9, d Rye da 
peed ot le dex [ y ane | y _ ay 
ee ot: 14+ 7 e771 Jyont+y? gv —ith 
n 1 da 2 1 da 
where r= go inieiR)_] svirt| erie) ] »—iR- 
OF (8s da 2(n—1) 
N | 
Now, \I| oe = a it asics \<R(eR—1 iby 
so that Lim I=0. 
Ro 
Hence 


“ 2y dy = ay dy 
S,=log n+ staat |, eer ov+ypev—1 


Aas d 2y d 
tat) EIS (pel Mae AS 
ee [are oe <ae |, ey 1" 


therefore, as n tends to infinity, S,—log 7 tends to the limit 


ea dy dy 
st. 147 ery —] 15 


This limit is Huler’s Constant, and is denoted by y. ‘Thus 
Laer d 
i | y_ _dy 


y=8,—logn— 


2n Jo W+y? ery—1 
1 1 Dade h _yk-® 
=8,—logn— 7 +]. {a E+ (HVS are 
yr \ ou dy 
We G= 1)" a(n? + y?) ey —] 
jlo k, Ue RTE Se eye oi 
eae te Qn a on? en 6n® 


+(e + (- FR 
where 


© Pp Qk+1 d 1 Dy hat Dew 
st 2y y \, El ; 
Ry= |, (ne + yp) FY —1 <j e27y — 1 Ty (2k+5 2) n+? 
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J /r2e+2 
Besa _ (2k+ 1)(2k+2)£ a | 
a a ~ 1 pe 


but ifs >) 1/r?=77/6 and 2 1/r +21, so that 
1) v=1 r=l 


Now, 


ae na oa 3 (ok+ 1)(2k + 2). 


Thus the infinite series ie Iya eles as , 18 divergent. 


N evertheless, if sufficiently large values of 7 are taken, the 
sum of a few (say &) terms will give the value of y to any 
approximation required. For R; can be made arbitrarily small 
by increasing . An expansion such as this, consisting of 
a finite number of terms and a remainder which can be made 
arbitrarily small by sufficiently increasing the variable, is called 
an Asymptotic Hapansion. 


Example. If n=10 and s=2, shew that R,< ‘000000004. 


59. Convergent Integrals. In our definition of an integral 
- we assumed that the path of integration did not pass through 
a singularity of the integrand f(z). It is sometimes possible, 
however, to extend the definition to include cases in which 
an extremity 2, of the path is a singularity of f(2). 

Let 2 be a point on the path of integration; then, if the 

om 
integral | /(z)dz tends to a definite value as x’ tends to z,, this 
limit is taken as the value of [ J()dz, and the integral is said 
to be convergent. The necessary and sufficient condition for 
gt 

this is that | _ /(2)dz should tend to zero as 2 and 2” tend to 2,. 


The following two rules are useful for determining the con- 
vergency of integrals, 


Ruiz L Let z, be a finite point; then if a number n <1 can 
be found such that (z—z,)"f(z) tends to a definite limit L as-z’ 


tends to 2,, the integral [Fe dz will be convergent. 
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For if 2 be chosen so that |(e-2,"f(2)-L| <e, provided 
|2z—z,|=k, where k=|2’— 


[Fro 


Z|, 


kT, 
=i El dp, where p=|z—2,| 


|L|+e rs ms 


Sir ee 


and this quantity can be made arbitrarily small by decreasing /. 


Example. Shew that the integral i ae is convergent. 


Ja MA(@—%1)(2— 4%) } 
Rue II. Let the point z, be at infinity; then if a number 
nm > 1 can be found such that 2"f(z) tends to a definite limit L 
as z tends to infinity along the path of integration, the integral 
will be ponerE eet 
For if 2’ be chosen so that, for points z on the path of integra- 
tion between 2’ and infinity, | 2"f(z)—L| <e, 


| ie F(z) dz 


“|Lite , 
eo aa) h =|2 = 
male oP dp, where p=|z|, K=|2’| 


|L|+e 
(n—1)K-P 


and this quantity can be made arbitrarily small by increasing K. 


<< 


Example. Shew that the integral | i eZ" dz, taken along a straight line 
+0 
making an angle ¢ with the z-axis, converges if —7/2<¢<7/2,and n>—1. 
60. Uniformly Convergent Integrals. Consider the integral 
f(, © dz, where f(z, &) is holomorphic with regard to both z 
Cc 


and ¢ at all points of a region A in the z-plane which contains 
the curve C and at all points of a region A’in the ¢-plane, 
except for a singularity at the (upper) extremity 2, of C.* 
Let 2 be a point on C, and let C, be that part of C which 
has 7 as its (upper) extremity. Then if, for all points ¢ of A’, 


|. f(z, &dz tends uniformly to the limit ¢() as 2’ tends to %, 
the integral is said to be uniformly convergent in A’. 


*It is assumed that the path C is independent of ¢. 
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THeEorEM. If | T(z €)dz is uniformly convergent in A’, it is a 
C ° 


holomorphic function of ¢ at all interior points of A’, and 


a a ese 2 
de ol Cde=|. agent C)dz, (n 1, 2, 3, sae) 
Let 2 be chosen so that, for all points ¢ in A’, |y|<e, where 
g(Q)=V(O+n and wO=|. Wa. tae 


Then ¢(¢) is continuous“in A’, since y(¢) is continuous (§34) 
and | nH = €. 

Again, let ¢’ be any interior point of A’, and let K be the 
boundary of a simply-connected portion of A’ of which ¢’ is an 
interior point. Then 

| eOm =| HO%+( tte: 
(STO ae Cota Cree 
‘ p(g)d¢ _ 2at (ye) |< eL a 
so Ge in (ey 7 a VME’) = gat (n=0,452, 00 
where d is the shortest distance from ¢’ to K, and L is the length 
on K; 


ain er , 
Hence | ante ¢')dz or WME) 


cos ! i 
converges to the limit xe oe 7 an 9 tends toe ene 
therefore = 


Rouges eet =n! o(€)dé 
‘ agnd ¢ \de= Tile eyed 


In particular, if n=0, | f(z, €)dz converges to the limit 
Cy 


1 3 BS 
mil ooo, so that HO) =| BOs. Now this integral 


is holomorphic ($35, Corollary 2) at €’. Hence $(€) is holo- 
morphic at ¢’, and has the derivatives 


n) ( F! d “ or 
$' ¢ ns x. ge ae ¢ )dz, 


Example 1. Integration under the Integral Sign. 
If C’ is any path in A’, [ $(Qd¢= i [ fe Odtae 
/C! Cc Jo 


ay eT, 
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For [ ec@a=[ v@ats | nag 
= [ [% Qdtde+ | nd ($34, example). 


Now 


[ 7 a 

JC’ 

tends to the limit [ $(¢)d¢; so that 
/C’ 


<elL, where L is the length of C’. . Hence | [ S(% (dg dz 
c/e 


[ e@at=[ [ Ae Oagae 


The following two rules, the proofs of which are similar to 
those of § 59, are useful for determining the uniform convergency 
of integrals. 


Rute I. Let the extremity z, be a finite point; then if, for - 
all values of € in A’,a number 7 <1 can be found such that 
(z2—2,)"f(z, €) tends uniformly to the limit L(¢) as z tends to z,, 


the integral | /(z, €)dz will be uniformly convergent. 
c 


Rute II. Let the extremity considered be at infinity; then 
if, for all values of € in A’,a number n> 1 can be found such 
that 2"f(z, ¢) tends uniformly to the limit L(¢) as z tends to 


infinity along C, the integral | T(z, dz will be uniformly 
convergent. ‘s 
Example 2. Consider the integral ¢(z)= [ “ettldt, where R(z) > 0. 
0 
Let a=x=R(z)=), where a>0; then, if ¢>1, 
| t"e-t*t1 | =e —tgztn—l = ea tpotr—1, 


But Lime-‘t?+"'=0; hence the integral converges uniformly at its 


t—> 0 
upper limit. 
Again, if ¢<1, Westy |S eateetr 
Now choose a and 7 so that a<1 and (1 -a)<n =< Chen 
: Dimie=72t"=1 =O) 


t—>0 
hence the integral converges uniformly at its lower limit. 
Now, if R(z)>0, a and 6 can be chosen so that a= R(z)=b; hence ¢$(z) 
is holomorphic for R(z)> 0 and has the derivative : et log t dt. 
0 


It is easy to verify, by partial integration, that: (i) $(2+1)=z(z) ; 
(ii) (1)=1 ; (iii) if m is a positive integer, A(m+1)=m!. 
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Example 3. Consider the integral 


$(O= i aiglogeds, 


taken along a straight line which makes an angle y with the v-axis. If ¢ 


satisfies the inequalities 
y-7/2+eSamp(HSVpt+q/2-6 rS|C/=SR, 


where ¢ is positive, all the values of ¢ are excluded which make (?+27=0. 
Now, if |z|=p>R, 


gloge < See 


(" 
C+ — R? 
which tends to zero as p tends to infinity if 1<n<2; hence the integral 
converges uniformly at its upper limit. 

Again, if |z|=p<r, 


er 


eee ace we ew eel iv ); 


7? — p? 
which tends to zero as p tends to zero if 1>#>0; hence the integral 
converges uniformly at its lower limit. 

Accordingly, $(¢) is holomorphic, provided w—7z/2<amp(<W+7/2, 
|¢|>0. 


Example 4. Consider the integral 


o(O= | aloe (hax) ae 
taken along the path of Example 2, where —7/2<<7/2 
Let ¢ be confined to the region defined by 
y—n/2+¢Samp(SV+r/2-6 S| CSR. 
Then, if oo 


a4 p log (Ls) 


where w (=pcos Ww) tends to infinity with p. 


ae ae log —-! (§ 39, Example 1), 


. R nr iI 
Now, if n <2, racy 5 ~Pglog (5 \=0; 


hence the integral converges uniformly at its upper limit. 


Again, log (;—) = —logz+log f(z), 


where f(z) is holomorphic at z=0. Therefore, by Example 2, the integral 
converges uniformly at its lower limit. 
Accordingly, $(¢) is holomorphic, provided 


—7/2<amp(<W+7/2, ¢€#0. 


Pear ee ee fe ee ee Te 


cai 


WS 
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61. The Gamma Function. Gauss’s Definition. Let T'() 
denote the function 
a nm! n? 
no ®@241)...(@+2) 


Then 
ey Lim {2(144)...(1+2)e-mer} 


“eatin Soe Cae ake aa | 


= evel (1 +2) em ; 


so that this definition is equivalent to that of § 50. 
The following properties can easily be deduced from the 
latter definition : 


G) T@+1)=2T (2); 


Gi) [(m+1)=m!, where m is a positive integer ; 


Gu) P(z)Pd—z)= 


sin TZ 


(iv) the residue at z=—m, where m is zero or a positive 
integer, is (—1)™/m!. 


The Function y/(z). Similarly, if ~(z)= 2B log ['(z-+1), we have: 


1. 
@ ¥et+=¥O)+ 4, 
Gi) WO)=—y; 
(ii) Ym) =1454...4 2-7 
(iv) W(—z—-1)=W(2)+7 cot wz. 
Gauss’s Function II[(z). The notation II(z) is frequently used 
instead of ['(z+1): thus 
Il(z)=21I(z—1), W(m)=m!}, and II(z—1)I(—z)=7/sin zz. 
Euler’s Definition. The Gamma Function may also be defined 
as the integral \, e-‘t’-1dt, provided R(z)>0. We shall now 


prove that the two definitions agree for values of z which satisfy 
this condition. 


142 FUNCTIONS OF A COMPLEX VARIABLE = [cs. vit 
If R(z)>0, and x is a positive integer, then, by partial 
integration, 
\ ye — ~yyrdy= 2 y(L—yyrtdy 
cae oe 1) .. fy +n-1 
~ 2(z+1).. ee 1) Lie 
n! 
~ 2(z+1)...(2+n) 
Thus, writing y=u/n, we have 


aint b. n _u n ae ; 
seater), 0 x) es 


so that T(@= Lim|" (1 = =) u?-1du. 
n> 2 
Now let fw)y=1- “(1 -"\" ; 


where 0D=w=7; then 
n-1lay, 
FwMHHe (a 4 a = = 0. 

Thus /(w) is an increasing function ; so that 

1ze(1—2)" = 0,08 ez (14). 

nN n 

Again, 

wu u n-1 2 

= : dv= | v (a -") Ms = aos . 
Tu) |r (v)dv a nes = < | vd ge 

Accordingly, if O=wv=n, 


n 2 
oge-(1-%)'2%. 
1 


Now we can write 


[fey ar 
“fer (1-2) wider presen f(t g)wn 


Let a be chosen so large that, for all values of 1 greater than a, 


n 
| exmeniga ie: 
a 


and therefore | c (a — a w-tdw 
n 


<ie. 
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then 
ae | \ {e"— (1 =) fur te | %e 


wv n 
| je"— (a -“) \ etd 
0 n 
< azt2 


2n(z+2) 


\4 2e. 
| 
Hence, if R(z) > 0, 


[(z)=Lim i (1-2) wtdu=| e-“y?-ldu. 
Ss 


~ Nod 


The Gamma Function expressed as a Contour Integral. 
Euler's expression for ['(z) can be replaced by the following, 
which holds for all values of z. 


Consider the integral | e~s¢?-1d€, where C is the contour of | 
ce) 


Fig. 60, with its initial and final points at infinity on the posi- 


x 
oa ese = a 
XS — aS 


Fic. 61. 


Fic. 60. 


tive €-axis. The initial and final values of amp €¢ are taken to 
be 0 and 27 respectively. 

Now replace C by the contour of Fig. 61, consisting of the 
€-axis from +cc to e, the circle |¢|=e, and the €¢-axis from e 
to +2. Then, if R(z)>0, we have, when e tends to zero, 


| ere d¢= (e277 — 1)| ef Ge-1 dé 
1) 0 
= (e?" —1)T(z). 
Now the functions on both sides of this equation are holo- 


morphic for all values of z. Hence the equation holds for 
all values of z, and 


P()=aerry | oft ae 


erm =. 1 


ie 1 
a) Cha 
Example 1. Prove that sei hé CAGE To’ 
where © denotes a path which starts from — on the €-axis, passes round 
the origin in the positive direction, and ends at —© on the €-axis. The 


initial and final values of amp ¢ are taken to be — 7 and 7 respectively. 
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Example 2. Gauss’s Theorem. If R(y—«—f)>0 


LOT == 8) 
F(a, B, of) Weer errs) CoS) 
For (§ 36, Example 2) 
F(a, p, Y 1) P 
=a) 0 NO BBD 
ox a Sale —a—B+1)...Gy—a— n 
YYFD) CY FMy B)(y ore a ee 
PMPy-4-B) 

STG =oTG=B) i. er 
ae (y-aly—ae+)1)... (y-a2+a)(y— By - B+). Y= rny, 
Tee y(yt)... (y+n)(y-e@- BYy-%- B+1)...y-a-B+n) 

and Lim F(a, B, y+2+1, 1)=1. 


nD 


T(iy)lQ-e- 
Hence Bo, B, y, 1)= re Ye Ge at 


Example 3. Tf R(y)>0, R(y—a—f)>0, shew that 
: ito, — 8, Sire a 1)=F@, B, y, 1). 
62. The Beta Function. Consider the integral of 
f@=270 9 
taken round a closed contour which starts from a point A 
(Fig. 62) on the #-axis between 0 and 1, and is composed of : 


Ry» 


eS 


© Fic. 62. 
(i) a circuit APA round z=1 in the positive direction ; 
(ii) a circuit AQA round z=0 in the positive direction ; 
(iii) a circuit ARA round z=1 in the negative direction ; 
(iv) a circuit ASA round z=0 in the negative direction. 
After describing this contour f(z) returns to A with its initial 
amplitude, which we assume to be zero. The integrand is a 


multiform function; but since, at every point of the path, the — 


branch integrated is uniform and continuous, the definition of 
§ 26 holds for the integral. The notation 


7 (se, Oe 0) 
| f(@dz 


is used to denote this integral. 


ine + 6 Ae ee wana 
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The path APA can be deformed into the contour consisting 
of: the a-axis from A to 1—e, the small circle |z—1|=e described 
positively, and the a-axis from 1—e to A. Such a contour is 
called a (positive) Loop. If it had been described in the opposite 
direction, the loop would have been negative. Similarly the 
circuit AQA can be replaced by a positive loop about the origin, 
and the circuits ARA and ASA by negative loops about z=1 and 
2=0 respectively. As z describes the circular part of the first 
loop, the value of f(z) ¢hanges from f(x) to f(x)e%™; similarly, 
the descriptions of the circular parts of the other three loops 
give f(z) the values f(7)e@+9™, f(a)e”™, and f(x) respectively. 

We now make the radii of the circular parts of the loops tend 
to zero; then, if p and q are real and positive, 


(1+, 0+, 1-, 0-) 
| zP-1(1 —z)t-1dz 
={l—e%"+¢? cent — tert a 1(1—a)I-1da- 


= (1 —e"')(1 —e%"') B(p, q) 
ogni) 1 (P) T'() 
=(1—e”")(1 — ea : 
eo hee) 

Now the functions on both sides of this equation are holo- 
morphic in p and q; hence the relation holds for all values of p 
and g. Accordingly, if we define B(p, q) by the equation 

Tp) @) 
B 
we have, for all values of p and q, 


1+, 0+, 1-, 0-) 
} zP-1(1 —2)1-1dz=(1—e™)(1 —e%"") B(p, @). 
Example 1. With the same initial conditions, shew that 


G+, 0=, 1—, 0-+ 
[rae yaaa - (1-2) B(p, 9) 


_Exampie 2. By means of the transformation v= (2£—1)", shew that, 
if R(p)>0, 


*g72(1 —#Pdr=2-" i &-1(1 - £)? dé. 
0 
Deduce that, for all values of p, 
(i) B(p, )=2”"B(p, p), Gi) P@p)= = T(p)T (p+3). 


The latter equation gives the Duplication ee: for the Gamma 
Function. 
M.F. K 
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63. The Asymptotic Expansion of the Gamma Function. 
From the expression 


1 = ON 
rer} 
we derive the equation 
a oe, ek 
dz? log T(z) ba, (z+nP 
Now let C be a closed contour (Fig. 63) consisting of a semi- 


v7 


fe 
XO X 


Fic. 63. 


circle of radius p+1/2, where p is an integer, part of the y-axis, 
and a small semi-circle at O; then, if R(z)>0, 


ae aire wee a cot 7 
2 (z+n) Qr2 \, (G+ ep 
The integral of (1/27) cot (7). (2+€)-? round the small semi- 


circle tends to 1/(22*), (§30, Th. 2). On the remaining part of C 
replace (1/22) cot (7é) by 


a ee oe ee aL 1 
2 g-te yO) Et eee? 


according as I(¢)=0. The integrals arising from the terms —4 
and +4 each tend to 
rl ee dé 


“Jo FEY 


———e 
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Thus we find 
P eae! +12 dé 
aie jayraat (2+ éP 
oti [ 4 4 \ dy 
\ \e+imp” @= in? @m—ith 


where Lin I=0. Thus 
/ p—>n 
42n dn 


a? 
dz log T(z) =5 26 s+ (2+?) em — 1 


Hence © togT(@)= K+loge—5--2] 24P qlee 
(§ 60, Ex. 1), 
where the constant K must be real, since all the other terms’are 
real when z is real. Therefore : 
log ['(z)= K’+ Kz+(z—}3) log z—z+J(z), 
where K’ is a real constant, and 
ek z G seb Abe 


nt 28 z+in aly 
H(2)=-if log ae 2m — 1 a Jy PtHP 5 log 
(§ 60, Ex. 4) 


Now, since '(a+1)=a2I'(@), 
log [(@+1)=K’+ K(#+1)+(@+3) log (a+1)—- (e+1)+J(@+I) 


= K’+ Ke+(2+3})logz—x2+J(x); 
so that K= —(e+4)log (142) +14+5()—J(e+1) 


dhs ge 1 
But, if « > 0, Tay< tf jog gas) ons” 
hence a J(a)=0, and therefore K=0. 


ee since ['(z) (1 —z)=7/sin 7z, 
é TU 
Ta+iu)TG ~iu)= 


Therefore 1 
Rlog I'(3+ iu) =log V27 7M 4 log (5- ee 
= K’—wtan-1(2w)—-14+RJ(44+ Ww), 


where tan~!(2w) denotes the acute angle whose tangent is _2u 


* - [log (1 - ier log (1 - a where x=e-27 
Toga 5 a! 
=75' 


5 0 wa 


—— 
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Now, if # and y are positive, 
RS etn Epa py Taye Tae) 
ene leg se dr-+105 (j=) | na Goa 
<i valance) a 


Thus Lim RJ(4-+iu)=0; so that (§40, Ex. 2), K’=log V2. — 
Un 


Therefore log I'(z)=log /27+(z—}4) logz—2z4+J(2). 
Again, let J,(z) denote the integral (§ 60, Example 4), 


1 iv} 
“| = a oe 2+e log =. ==) dé, 
taken along a straight line making an angle y with the €-axis, 


where —7/2<y<7/2 and 2+0. Then, since, for values of — 
amp ¢ between 0 and wy, 


oe 1 
a? +- xe? + C2 log G = 
tends uniformly to zero as ¢ tends to infinity, J,(7)=J(2), 
(§30, Th. 1). 
Now J,(z) is holomorphic for the region Ry, defined by 
Wp—7/2<ampz<W4+7/2, 240. 


Also, corresponding to any point z for which —7 << ampz< 7 


Fic, 64, 


and 20, a value of y can be found (Fig. 64) such that the 
positive @-axis and the point z both liein R,. Accordingly, by — 
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the principle of analytical continuation, since I'(z) and logz 
are holomorphic provided —z << ampz< 7 and z40, 
logI'(z)=log /27+(z—4) log z—z+J,(z) 

=log /27+(z—4) log z—z 


+2. {2-40 Sg ek es he =} loa(; S25 08 


T 
+d,(2), 
h ‘ el eet =f a 1 . 
where Jn(Z) amen rps (Gar) a 


But, (§ 30, Th. 1), 


£ | "g#log (7—Lag) de 


ais 2k-2 1 ace = By 
=r, log (7=_-m) 4 aE Ty 


Hence log I'(z)=log /27+(z—4) log z—z 


Be bes 1 Baer al 
1223.42" met Le ‘@n—1) in ha 
+J,,(2). 


Also the least value of |z+7€| is the perpendicular distance 
of z from the line wOw’ (Fig. 64). ° Thus, |z+i¢|=A|z2|, where 
A=cos(¢?—vV,), (ampz=¢); so that O0<A=I1; hence 


ty eal 
2+ C2 = 2/2 
Therefore 
1 
IIn(2)<sertomn =|, [élloe (p—s-m)I4G1, 689, Bx. 1) 


= Iz wees yr : {, £*" log é r=! as 


1 By 


1 = 
“Hz +1(cOs yr Qn+ 1)(2n +2)’ (n=0, 1, 2,...). 


The infinite series 
pees Cae ee Bg ae 


ee a a 


is divergent (cf. §58); but J,(z) can be made arbitrarily small 
by peescasing z, so that, for sufficiently large values of |z|, 
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a finite number of terms gives the value of the function to 
any approximation required, provided —r<ampz<7z. The 
series is therefore asymptotic. 
CoroLuarRy 1. For all values of amp 2 such that 
—7+oSampz=7+6, 
T'(2)/(/ 27 2-e-7) tends uniformly to the limit ate as z tends 
to infinity. 
CorotLary 2. If z is real and positive, we can take y=0. 
Then A =1, and Bib 1 
In) |< mayan eD PH? 
(2n+1)(2n+ 2) z 
so that the remainder after any term in the series for log '(z) 
is numerically less than the succeeding term. 


m 9 
CoroLuaRY 3. m!=J/27m Oo e?™, where 0< 0<1: this is 


m 
known as Stirling’s Formula. The expression /27m ee 18 
usually spoken of as the approximation to m! when m is large. 


Example 1. Prove | tant7 = 


3(1 * log N2z), 


where the principal value of tan—‘ is taken. 
Let C denote the rectangle of Fig. 59 ; then 


log (i. 273%... n=s/ z cot rzlog zdz. 
Hence, by the process employed in § 58, we obtain 


log (1.2.3... n)=logn+ | log #da—2 a Re 
TY 0 _ 


Again, log(1.2.3.. lesBesDeret fy > VR Gad: 


“ tan! (Y/R) ay d maf 
Bat 0 8 6e2tmy —] ery — 1% ¢ 
so that Lim eres dy= 


n—>o J0 e2ry — 


Hence, if x tends to infinity, we have 


nS Sar a eet 


0 etry —] 
Example 2. Shew,that, if -7<ampz<z, 


P(o+2) P(B-+2) 
Lim \—*/ APT *) 2-a-p+y+1— 
>on P(y+2)PQ ae q . 


Pe Pee aa a ee eee ee 


_ = Fee’ wa 8 


Pe 
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Example 3. Shew that, if —7/2<amp (<7/2 and (#0, 
1 —atnoe 1 —a+nt z 
1a wee af => = AN ete Soy = 
Cage 2rtJ—a—oi F(z+1) sinzz ©” 
where a> 0 and the path of integration is a straight line. 
If z=Re’®, where —7 << 9<rz, 


Qa —a—nt 


i! 
——_. & —zlogz 
V2 Al2 


_T; | il gi 
ae | 2z1°(z) | a 


Hs eee 
——>n Ihe (z + 1) 
=Lim - has ~ ek cos 6(1—log R)+Rsiné@.@ 
R—>x 27 R12 j 

Hence, if (= pe’? and 640, 


Lim 


Z, 

T : 
¢ | —/27 Lim oy ek cos 6(1+log p —log R)+R sin 6(@- 7) 
>a 2 


D(z+1)sin zz | R—>o RY 


according as sin @ is positive or negative. 
Accordingly, if 7/2= 6Z«, or if —7/2=0S —6 or if -a=Reos 9S0, 


fie hear he! 
I‘\(¢+1)sin rz 
tends uniformly to zero as z tends to infinity. Thus ($60, Rule II.) the 
given integral is uniformly convergent. 
Next, if -e=0=c, let z=R,,¢%®, where R,,=m+1/2 and m is an integer ; 
then 


a ea Cutie Soe == 4 ae Ryn{ — cos e(log R,, —1-log p)+sine|6-¢| 
Lim | p41) ain gs |= V27 M Lim pent 09 G08 Bm en 
where 2M = | cosee zz| (§ 51, Lemma). Hence 


iY be 
“T(+1)sin 72 
tends uniformly to zero as m tends to infinity. 

It follows (§ 30, Th. I.) that the given contour can be replaced by a closed 
contour consisting of the line x= —a and that part of the'circle |z|=m+1/2, 
where m may be increased indefinitely, which lies to the right of this line. 

Now the only poles within this contour are those of 1/sin zz; hence 


Beaty bent 99 eee oS 
Ont Joop LD 2+ 1). singe. ~ 1! 


Example 4.* Shew that the integral 


1 /Tatal(B+2) 5 
Det Ty+2) T'(-2)(-¢)dz, 
where —7r<amp(—()<z7, and the integral is taken upwards along a 
straight line (Fig. 65) parallel to the y-axis, with loops, if necessary, to 
ensure that the poles 0, 1, 2, 3, ..., are to the right of the contour, while the 
poles —a, —a—1, —a—2,..., —8, -B—1, —B—-2,..+, are to the left of 
the contour, is uniformly convergent. Negative integral and zero values 


*Cf. E. W. Barnes, Proc. Lond. Math. Soc., Ser. 2, Vol. 6, Parts 2 and 3, 
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of wand B are excluded, since the curve could not, under such conditions, be 
drawn. Also shew that, if |¢|< 1, the integral has the value 


L@TB) pq | 
Ty) F(a, B, y, 0); 
while, if | (| >1, it is equal to 


(9-0 EF (aq 1-7 +05 1- B07) 


_T(a—p)T(8) 1 
+(= 0-0 PPB By $8 ote) 


2b 


e . . 
-a-4 -a-3 -a-2 


Fia. 65, 


Firstly, let — (= pei, where p< 1; also, let z= Re. Then, if e=6=7/2, 


: 
3 
: 
3 


or if —7/2=0=-—e, where tane< = log (1/p), 
T 


ball @ 


S1ln 7Z 


Lim 
z—>o 


according as sin @ is positive or negative. Accordingly, since -r<o<z, 
D(a+z)P(B+2) Tata l(B+z) (~Or 
gt m, if SVC at i 
[L(y +2) COC) et 5 V(y+2)P (+2) sin zz 


tends uniformly to zero as z tends to infinity. Thus the given integral is 
uniformly convergent. 


Again, if -e=@Se, 


Lim |(-— (| < Lim e~ Rroose{ 20g (1/p)-tane} , 
Epo. Rese ; 


= Lim Qe~ Boos 6 log (1/p) —-Rsin 6(¢+7) 
R—a 4 


2 satel ne od BR te i 


so that, if R=m-+1/2, where m is integral, 


z(ateT(B+2)y_ ve vy 
HATB+Or(—2(-¢ 


— — 
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tends uniformly to zero as m tends to infinity. Hence it follows, as in 
Example 3, that the integral has the value 


DOB) F(a, 
T'(y) F( ? B, Y ¢). 
Secondly, let p>1. Then, since , 
AG NUR) ae Td-y-aT(-2) w sin 7 (y +2) 
T(y+2) Td -—a-z)T0-B-2z) sinz(a+2)sinz(B+2)’ 


it can be shewn as before that the integral is uniformly convergent, and that 
the path can be replaced by a closed contour consisting of the given line and 
an infinite semi-circle to the left of the y-axis. The required expression for the 
integral is then obtained by taking the sum of the residues within this contour. 
An exceptional case occurs when « and are zero or differ by a positive 


integer. Let a= 8+m, where m is zero or a positive integer; then 


the integrand has poles of the second order at the points —a, —a—1, 
—a—2,.... Now the integrand can be written 
(-1)"72 T(-2(-0 
{sin 7(a+z)}? Td—a—-z)TU-P =a) I (y+2)° 
so that the residue at the point —~—7 is 


apd T(-2(-0 
Sees, E ee a ee 
Hence the integral is equal to 
B(B+1)...(B+n-1) 
(—- eR ONE B) $C yy XB HF B= 748) By +0) 1 
L(y = 6) na! (m—n)(m—n+1)...(m—1) G 
-a(-1"T(@) aa(at+l)...(a+n-1)(a-y+)(a-y+2)...(a-y+n) 
a0) G To 1 $ n!(m+n)! 


x {log (— Q)-v(a +n — D+V m+ y(m+m)—Wy-o.-0— Die, 


Let amp (=7; then, since —7 < amp (—() <7, it follows that,if0 << pz, 
amp(—()=y-—7; while, if 0 >~=—7, amp(—-Q)=W+7. 
Accordingly, the analytical continuation of F(a, 2, y, ¢) when | ¢|> 1 is 


etani ¢- re Sale, l-y+a,1-—B+a, | 


IB) I'y -«) ¢ 
ee aL e—B) al a 4 wet 
+e+8 ¢ TOTG—A) (6, 1 y+B, 1 +6, z) 


according as O<amp(=za or —rSamp(<0. If « and £ differ by an 
integer, the corresponding changes must be made in the expression. 

If a cross-cut is taken along the real axis from 1 to +, the function is 
then uniform in the whole ¢-plane. 


Example 5. Prove 
[Mog L@ide=l0g /2r +2 logz—z. 
If x is real and positive, ’ 
log ['(w)=log V27 +(w—-4) log a—«t+ ion’ 
where 0<6<1. 
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Hence A log {[\(z)}da 
ae Was io 1 
=logV8r+alog 2+ — pt No g(1 ++) Sen at + Fog (i++ : 
where 0< <1, 
=logV2r+alog#—x+e(x), 
where ¢(z) tends to zero as x tends to infinity. 


. d ‘a+1 
Again, a log {I'\(x)}dz=log a» ; 


so that val log{T'(2)}\de=K+az log z—2, 
where K is a constant. i 
Thus K must be log V2z7, and therefore 
[Pog (P@)}de=log V2r+aloga—x. 
Now the functions on both sides of this equation are holomorphic for all 


values of the variable, provided that a cross-cut is taken along the negative 
real axis from 0 to—#. Hence (§ 55) 


/ z2+1 — 
le, log {T'\(2)}dz=log N27 +z log z—z. 


EXAMPLES VIII. 


1. Shew that F 
ale+ ith) os .(2+2n— 1) ee 
Lim 773.5 .(n—1)2e(22-+2).. (@24an—2) 2 


2. If Sa=>b (Examples VI. 31), shew that 
TA+0)T (+)... + dy) -it 
PO +a,)0O +a)... +a) 

_ (n+a)(n+9).. een 


where Ws, (a+ by) (2+ by)... (0+ by) 
af nat+a+b)\ (+a) +d) 
3. Prove that {ae aye es eT 
4, Prove that 
l'@) 


(_l—2)\(14+42)(1- 4z)(1 +2) T aaa) HorG ae ' 


5. If m is an integer, shew that 


mm T@)T( 242)... r(++2=1) en 
Tee = 2 Gee (23) 2 m2 
6. If a and b are real and >0, and R(z)>0, shew that 
: dz a” 
Sot fF a(b+ai) i . 
() wl". beep Tn)! 
dx 


(ii) i arias =0. 


oe Ae Ty ee ee 
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[In (i) integrate ez" along x=}, and shew that this path can be 
‘deformed into that of Example 1, §61; in (ii) integrate e~“z-"— round 
the contour consisting of «= and an infinite semi-circle.] 


7. If p is a positive integer and R(x)>—1, shew that 
(-14, +1-) ee 1 
/ #(2—1)"dz=2i sin(n7) | P(1-—2)"dz, 
—1 


where O is the initial point, and the initial value of amp (2-1) is —7, 
Deduce that, for all values of , the integral vanishes when p is odd, and 
that its value when p is even is 


Si ain (nz) B(n-+1, Be : 


8. Shew that, for all values of z, 
* BG, 2)BE+1/2, 2-+1/2)=72!-*/z, 


T(/2+2) g_{T'(1+2z)}2 ( 7 \? cos 7z 
BONO Bes ey Ty pe) Vain =) Qe" 
10. If x is a positive integer, shew that 
Bip, Bip +1/n, 9)... Bip+(n—1)/n, qs 
BY, 7) B29; 9)... Biz-)a, 93 


11. If R(2)>0 and ampz=\y, shew that 


Bap, nqg)=n-"2 


eats lie?) (Al n(2n— 2)! af 
, fees Sere OY) x te Ray 
(27) ee 


where | Bnl< eas ay 


Deduce that the expansion is asymptotic if —7/2<W<7/2. 

[Replace the path of integration by a straight line from O to infinity 
which makes an angle —w with the positive real axis, and shew that, for 
points on this line, |¢?+1| =cos?yw.] 

12. If —7/2<ampz=<7/2, prove the asymptotic expansion 

eee he 1.3.5...(2n—3 

a Says BO ayy 

wl 1.3.5...(2n—1)| , 
Qn! 2 * (2z)" 
13. If s<1 and —7/2<ampz=W<7/2, prove the asymptotic expansion 


EF dene (FO) Ee eis pi) C1 E, 


where |R,]< 


o 1+¢ 
T(a+1-s 
where | Bn|<|2* ads: ; 


14. If R(y—a—-)>0, prove 


OU a ete 
teers) | yt+a,1-—B+a, 1) 


+sinap GCP Pe, 1—y+f;1-a+8, 1)=0. 
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15. If R(y—«—f)>0, prove 


T(a)0 eh iM COPNCEROE ome) ere i 
EYE By V=cosma “RE ,l1-y+a,1—B+o, 1) 


+cos7rB Tee F(B,1-y+,1-—«+8, 1). 
16. If R(g)>1, prove : 
B(p, g)+B(p+1, 9) + B(p+2, 9) +...=B(p, g—D). 
17. If R(p—a)>0, prove 
B(p—4, 9)_4 4 _% a(a+lq(qt1) 
B(p, 9) ptq 1.2(p+g)p+qt)) 


18. If R(p+s)>0, prove 
Bip, BP) fy s(s—1) | s(s—1)(s—2)(s—3) \ 
ie 8) + 3(ap+l)'2.4.Qp+l)(Qp+3)S” 
19. If z=a+¢y, where a is a positive constant, shew that the limiting 
value of | I\(1+z)| when y tends to +o is 
or |z|o+l? emu, 


20. Shew that the analytical continuation of F(a, B, y, 1/2) for |z| <1 is 


orig LOB 8) 904, 14 4.0, 1-409 
ESET BUG) eee ee 


wip L(Y) U(a- 8) th ig Lee 
+eF8 Pr@TG=—y O78 +B, 2), 


according as O<ampz=7 or —7Sampz<0. 
21. Shew that 
anuj [Petar (Bal y-)T 0-2) de 
Petry lo+re+yl(b+8) 
T(a+B+y+6) 
where the integral is taken along a contour similar to that of Hxample 4, 


§ 63. Values of a, B, y, 6, which would make it impossible to draw the 
contour, are excluded, 


22. If R(p)> 0, shew that : 

"SCG@—p)_ Fa—p) 

ZG) Te) 
23. Prove T'(@)=Lim n*B(, 2). 
24, If R(z)>0, shew that 

1 z—1 oO 
(i) T@= [ (log *) dt; (i) T@= “ eet dt. 
25. Shew that, if R(z)> —1, 
e-t z 
VO=TegT —phe aie 


and deduce that y= i log (ea ae : 
lo go = 
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26. Shew that, if R(z)>0, R(¢)>0, 
T@=¢ [sera 
Deduce [ “e-%#1log tdt= re da 1) log C}. 
27. Shew that 
@ T@=A/{Be y EC; 


Gi) P@=-M4LE LECT BOM: Dh; 


gnz—142-" 


(iii) (2) =22e= tL /{Ba"—z, $)}. 


28. Shew that 


Tere eens {¢ +50) (1 i ata): 


29. If R(y—a—f)>0, pore 


F 1 spa ee Gb Se eB 
tai i {(Q ee 
30. If « and £# are real, shew that 


(reset =I {1 +f} 
31. Shew that, if z+ —1, —2, —3, 
1 , 
bak de £4 ae 4) 
deduce that W($)+y=2-2log2. 
32. If 0<R(z)<1, shew that [ : e—*¢- dt is holomorphic in z, and that 
0 


T'(z)=e?* | e~“e—- dt. 
0 
[Integrate e- oO round the contour of Fig. 52, §51, and apply the 


inequality = Oe ? to the circular part of the contour. | 
=r 


33. If 0< R(z)< 1, shew that 
T@)=e 2 a) ett dt. 
0 
34, If O< R(z)< 1, shew that 
[ cos ¢. t*'dt=I"(z) cos (2). 

0 2 
35. If —1< R(z) <1, shew that 

if “sin ¢. fdt= T(z) sin (=), 

0 2 


36. If 0< R(z)< 1, shew that 


oe 2T'(z) cos (2) 
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37. If 0< R(z)< 2, shew that 
[ t= ————. 
won 21\(z) sin (2) 
38. If R(z) >0, shew that 


(i) =| ra, e* dt ; 
a 0 


a ee =. pes) 
(ii) log z= hi — di= |" 


eee 0 n * —tz gn, 
(iii) a=(-1f #1 (log t) ae e-# "dt. 


89. Ifr >0, —7/2< 0< 7/2, shew that 


© ,—t__ p—treos§ a oj 
Gyior r= i ete — (trsin §) 3, : 
0 . 


(ii) ie (¢sin 6) 7, 


40, If -7< 0<z, shew that 


(i) log (2 cos 


(ii) g_[" orton sin (¢ sin 6) dt. 
[Put z=1+e® in Example 38, (ii).] 
41, Prove 4log2= ee cas cay Fs 


42, If R(z) >—1, shew that 
eat ee Le 
Vety= [arm [Oe 


cea 


ee at=[ cenlaneenaretia 


Also, if M is the maximum value of 


ape 


— fe+1 
ike dt ny 
o 1l-¢t n+1 


Now make » tend to infinity, and use Example 31.] 
43, Ifz0, —1, -2, ..., prove 


gety= S{ 1 ee (145 )}: : 


+n z+n+1 


deduce that W(z)—-log z= >> {10g ( tee =.)- sh} 
n=0 


44, If R(z) >-—1, shew that 


vm [(G- ae 


i eee — eters cos (¢sin O)} dt ; 
ae) 


“Hea z+ a as 


t-—# 


[oH. * 


c dt. 


| 
: 
: 
| 
| 


- 


~ e 


pea Ane el Dh ett 


on 
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Ue 
if (¢ e-t = 2 id (= abs —) erie (= (2+n) a 0 a ‘ 


e-t (z+n+2) 


— 6—*(@+1) — g—tle+2) — | — e—tlet+-nt]) — 


l-e* 


a 1 1 re} Storm anes 
Slog Slee (14225) th a ee 
Sete log errs ztn+1 ty t = 


Now make 7 tend to infinity, and use Example 43.] 


t, Bove y= (25-8) 
0 = é 


46. If 0< R(z)<1, prove 


2 (1 go ST a 
tarz= dt ; 
(i) 7 cotz as a ; 
- : ptt —2t- 
1 i 2)= a 
(ii) log (sin 72) | G-dlog? 


47. If R(z)>-—1, prove 
v@=| {e*- q +eeen} = ; 


ta fh) 


en oer com, be adel ; 
glee ape eee 


ic ae aan} t 


Apply the transformation 1+¢=e" to the third of these integrals, and 
use Ex. 44.] 


48. If R(z)>0, shew that 
() log T= ieee iat 
1- 
(i) log P= {-@-} 
(iii) log P()= iM fonte-1y bere 40 } - 


49, If R(z,) >—-1, R@)>-1, Ra +4)>-1, shew that 


ie Pata eee. heh) &) i de 
STG +l Gti) #0  1-f log?’ 


50. If R(4)>-1, R@+4)>-1, R@+4)>—-1 Re, +2,+23) > —1, 
shew that 


T(z, +4+2+1)C@+1)_ ee a(1—“)(1-%) dt 
0 


log RG +a, 4 1), +241) Tartan leat 


[cH. Ix 


CHAPTER IX. 


INTEGRALS OF MEROMORPHIC AND MULTIFORM 
FUNCTIONS: ELLIPTIC INTEGRALS. 


64. Integrals of Meromorphic Functions. If f(z) is holo- 
morphic in a simply-connected region C, F()=[ J(z)dz is 
holomorphic in that region, provided that the path of integration 
lies entirely within C. If, however, the region C contains one or 
more poles of f(z), the value of F(z) will not necessarily be 
independent of the path of integration, and F(z) may be a multi- 
form function. Each branch of F(z) will be holomorphic in a 
simply-connected region containing no singularity of f(z). The — 
path of integration, of course, must not pass through a singularity 


of f(z). : 


For example, consider the integral | z-1dz taken along the 
1 


Fic. 66. 


path C of Fig. 66 from 1 to z. This path can be replaced by a 
positive loop from 1 round O and the straight line L from 1 to z. 
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The integrals along the straight parts of the loop cancel, while 


the circular part gives the value 277; hence 


| % | toe 
8, L % 


eZ 


Now any path from 1 to z can be replaced by a number of 
positive or negative loops from 1 about O and the line L. Hence 


the most general value of Log z=| 2-1dz is 
1 


| ae 2n7i=log z+2n71, 
hn 


where 7 is an integer. This agrees with the results of § 18. 
Similarly, if a uniform function f(z) has poles a,, d,; ..., of 
residues R,, R,, ..., in C, the path from z, to z can be replaced 
by a series of loops from z, about a,, @,,..., and a straight line L 
from z, to z. The most general value of the integral will then be 


| F dz+27i(m,R,+m,R,4 ...), 


where ™,, m,,..., are integers. If, however, the residue at the 
pole is zero, the integral round the corresponding loop is zero, so 
that the integral is uniform in the domain of the pole. Thus 


| 2~*dz=z~-1 is a meromorphic function throughout the plane. 


Example. Verify, by integrating round suitable loops, that 


tan—z= enh Me log Jae 


= = nv 
Manta ie 


where m is an integer. 


65. Integrals of Multiform Functions. If the path of inte- 
gration of a multiform function f(z) does not pass through any 
singularity of f(z), f(z) will vary continuously along the path, 
and the definition of § 26 still holds for the integral. As in the 
previous section, the values of F j@=| F(2dz may differ with 
the path; and the path can be replaced by a series of loops about 
the singular points, followed by a straight line from 2, to z. 


Example 1, Let F(z)= [erde where the initial value of z~!” is unity ; 


the integrand has branch-points at the origin and infinity. 
M.F. L 
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The loop about z= consists of the line AB (Fig. 67), where A and B are 
the points z=1 and z=R (R large) respectively, the circle BCD or |z|=R 


Y 


Fic. 67. 


described negatively, and the line BA. But this path can be deformed into 
a negative loop from A round O. Hence we need only consider the effect of 
the loops about O. 


Let L denote the positive loop from 1 about O; then, since Limzxz~¥?=0, 
z—>0 
the integral round the circular part of L tends to zero with the radius (§ 30, 


Th. IT.). Also, as z describes the circle, ampz increases by 27; so that 
amp z~!? decreases by 7. Thus z~!” changes from 1 iNx to —1/Vz; hence 
dz pidz,f dz 
uvz jh Ve : 

A description of L-1, by which we denote the loop L described negatively, 
gives the same result. 

Since z-¥” returns to A with the value —1, a second description of L or 
L-' will give the value 4, and bring z~!” back to A with the value +1, 

Thus an even number of loops gives the value 0, and. brings 2~? back 
to A with the value +1; while an odd number of loops gives the value — 4, 
and brings z2~’” back to A with the value —1. Hence the general value 
of F(z) is 2f—-14(—1)™$+(-1)"u, 


—4, 


0 —Vz 


where w denotes the integral | 2—¥dz along a straight line from A to z, with 
u 


+1 as the initial value of 2-12, 


Example 2. Let F(z)= it : F(2)dz, where f(z) =1/,/(1 —2*) and f(z)=1 initially. 


Also let A and B denote positive loops round the branch points +1 and —1 
respectively. 


: : 1 
8 Pe vee Ata Bs 
ince Lim (Z uF =3) 0, 
the value of the integral round A or AW is C, where 
1 de¢ 
O=8| Tamar 
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and f(z) returns to O with the value —1. Two successive integrals round 
A or A~? give the value zero, and bring f(z) back to O with the value +1. 
Similarly B or B- gives the integral —C, and two successive descriptions 
give the integral zero. Successive descriptions of A and B or of B and A 
give 2C or —2C, while f(z) regains its initial value +1 at O. 


Accordingly, if w denotes [ F(a dz taken along a straight line from O to 2 


with initial value +1, the general value of F(z) is mC+(—1)"w, where m is 
an integer. 

To evaluate U we proceed as follows: make f(z) uniform by a cross-cut 
from —1 to +1, and choose the branch of f(z) which has the value +1 at the 
origin on-the lower side of the cross-cut. Then, at a point on the «-axis to 
the right of z=1,amp./(1—2)=7/2; so that 


1 1 
TOS Ter Tet TIE = ly 
where ,/(z?—1) is positive. Hence 
20 V(1-2) 7% 
so that [ F(@dz, taken positively round an infinite circle, has the value 27. 


; But the great circle can be deformed into the loops A and B taken suc- 
cessively, and the value of the integral is then 2C ; hence C=7z. 
Thus the general value of sin!z is given by 


GB 
In—ls— —({ = ]\yn >, 
sin z= | Jaa 1)"w+mr 


It follows that the inverse function z=sin w has the property 
sin {m7+(—1)"w}=sin w. 


—z 


Again, since i: f(éadz= —w, it follows that —z=sin(—w). But z=sinw ; 
0 
thus sin(—w)= —sin~, so that sin w is an odd function. Many of the other 
properties of the sine function could also be deduced from those of the integral 
7 az 
oV(l—2) 
66. Legendre’s First Normal Elliptic Integral. Let 
Fi=| f(2)dz, 
0 
where f(z)={(1-—2)(1 —k2z*)}"?, and k is a positive proper 
fraction. The initial value of f(z) at z=0 is taken to be +1. 
The integrand has four branch-points, +1, —1, +1/k, —1/k. 
The loop A from O about 1 gives the integral 2K, where 


i da - 
= = =~, and f(z) returns to O with the value 
_ iF J{(1—2)(1 — ax") } f) 


—1. Two successive integrations round A give the value 0, and 
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bring f(z) back to O with the value 1. Similarly the loop B 
about —1 gives the integral —2K, and two successive integrations 
round B give the value 0. Successive integrations round A and 
B or round B and A give the values 4K and —4K respectively, 
and f(z) regains the value +1 at O. 

Since a straight line cannot be drawn from O to 1/k without 
passing through the singularity +1, the loop L, about 1/k is 
formed by means of a curved line (Fig. 68) above the a-axis and 


Fic. 68. 


a small circle about 1/k. This loop can be deformed into the 
contour (Fig. 69) consisting of : 
(i) the a-axis from O to 1—e; 
(ii) a small semi-circle c of centre 1 and radius e above the 
x-axis, described negatively ; 
(iii) the w-axis from 1+e to 1/k—e; 
(iv) a small circle C of centre 1/k and radius e, described 
positively ; 
(v) the a-axis from 1/k—e to 1+e; 
(vi) the semi-circle ¢ described positively ; 
(vii) the w-axis from 1—e to O. 


Fic. 69. 


Since Lim (z—1)/(z)=0 and Lim (z—1/k)f(z)=0, the integrals 
Z—>1 2—>1/k 


along (ii), (iv), and (vi) tend to zero with e. 
The integral along (i) gives K. As z passes round ¢, amp (z—1) 


§ 66] LEGENDRE’S FIRST NORMAL INTEGRAL 165 


decreases by 7, and (1—a) changes to (w—1)e-'*; hence the 
integral along (iii) is 


ot ik da a 
er? Jy /{(’?—-1)1—kax*)} =k, 
where iene =|" da 
J { (a? = 1) —2*)} 


Again, as z passes round C, amp(z—1/k) increases by 27, and 
(1—ka) becomes (1 —ka)e?* ; hence (v) gives: the integral 
a te dz - 
oP San J (a= 1) (1 — Ia) } a 
Finally, as z passes round c, amp(z—1) increases by 7, and 
(x—1) becomes (1—2)e’™; so that (vii) gives the integral 


1 =f da 
J{d— 2) —Pe)} 
Thus the eat of the integral round the loop is OK +2iK’, 
and f(z) returns to O with the value —1. 


It can be proved in a similar manner that the integral round 
the loop L, (Fig. 70) is 2K—27K’. This follows more simply, 


Fia.. 70, 


however, from the fact that L, can be replaced by A, L,, A-’, 
taken in succession: the value of the integral along this contour 
is then 2K —(2K + 27K’)+ 2K =2K — 22K’. 

Similarly the contour C, (Fig. 70) can be replaced by A and L, 
taken in succession; so that the integral round C, has the value 
9K —(2K4+2iK’)=—22K’, and f(z) returns to O with the value +1. 

Finally, the integrals round the loop L, and the curve ©, have 
the values —(2K + 27K’) and 27K’ respectively. 


Hence, if w denotes the integral | f(adz taken along a 
, i, 0 - 
straight line from O to z, with the initial-value +1 at O, the 
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general value of F(z) is 2mK+2niK’+(—1)"w, where m and 7 
are integers. 

The value of the integral when z is infinite can be found 
as follows. Let the integral be taken round the contour (Fig. 71) 


consisting of: (i) the straight line from O to z; (ii) a semi-circle _ 
of centre O from z to —2; (iii) the line from —z to O. Since 
this contour is equivalent to the contour C, (Fig. 70), the integral 
has the value 21K’. But the integral along (ii) tends to zero 


0 2 

when z tends to infinity ($30, Th. L), and | fle)de={ F(2)dz, 
-2 0 

since the final value of f(z) is equal to its initial value. Therefore; 


when z tends to infinity, \, J(2)dz tends to the value 1K’; so that 
0 


| T(2)dz=71K’ + 2mK + 2niK’. 
0 


If in the integral 


AOA ay da 
ol We comes 


we put y=,/(1—k*x*)/k’, where k’=,/(1—k?), we obtain 
Ke | ne 
oJ {(L-y*)Q = k?y?)} 
It follows that K’ is the same function of k’ that K is of kh. 


Inversion of the Elliptic Integral. In Example 2 of the 
previous section we deduced from the properties of the integral 


Z 
w= \ Ja) various properties of the inverse function z=sin w. 
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Bie ilps be dz 
Similarly, if w= a= Ray} z can be regarded as a 


function of w, and from the properties of the integral those 
of the function can be deduced. We shall here make two 
assumptions: (i) that the function exists for all real or complex 
values of w; and (ii) that the function is single-valued. These 
assumptions will be justified in Chapter XI. The function is 
denoted by z=snw: from the general value of the integral it 
follows that 
sn w=sn {2mK 4+ 2niK’+(—1)™w}. 

Accordingly, sn w has two periods, 4K and 27K’, the one purely 

real and the other purely imaginary, and sn(2K—w)=snw. 


Again, since ft fe)dz= —| f(2dz=—w, it follows that 
0 0 


—z=sn(—w)=—snw; so that snw is odd. The properties of 
the integral also give: 


sn0=0, sn K=1, sn(K+7K’)=sn(K—7K’)=1/k, sniK’=00. 
Instead of sn w the notation sn(w, k) is frequently employed: 


k is called the Modulus and k’ the Complementary Modulus 
of sn(w, k). 


Example. Shew that K’=log (4/k)+ $(h), where (4) tends to zero with k. 
We have 


. 1+F Te dx EY og 
R106 (= (eyes Te) 
=|. (ats oa gid: ee 
“Se WA-x) SMG = 8)! 
where y=kz. 


Hence é Z 

Lim {K’—log (*)}=/ {a7 
=[ -tog (1+ ya-y)t], 
=log2; 


from which the required theorem follows. 


67. The Weierstrassian Elliptic Integral. Let 
w—uy=| f(adz, 
where /(z)= {4(2—e,)(2—-e,)(2—e5)} here w=w, corresponds 
to Z=Z,, and one of the two values of f(%) is selected as initial 
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value. There’ are four branch-points of f(z) (Fig. 72), ¢, ¢2, 3, 
and co, The loop Labout 0, however, consisting of the line from 


Fic. 72. 


z, to ¢ and a large circle described negatively, can be replaced by 
the loops L,, L,, L,, about ¢,, ¢, és, described negatively in suc- 
cession ; so that it is only necessary to consider the effects of these 
three loops. Let A,=[" flads, ) fede, A,=| f@de; 
20 %0 20 
then integrals round the loops L,, L., L,, or Ly’, Ly', Lz’, give 
_ the values 2A,, 2A,, 2A,, respectively. Two successive integra- 
tions round a loop give the value zero. Successive integrations 
round loops L, and L, give the value 2A,—2A,. Again, the 
description of an even number of loops brings f(z) back to z, 
with its initial value f(z,), while an odd number brings it back 
with the value —f(z,). 


Hence, if I denotes the integral | F(2)dz taken along a straight 
line from z, to z, the general value ‘of the integral is given by 
W— Wy = 2N,A,+ 2n A, + 2A, +(— 1) tet], 


where 7,, 2%», 23 are integers such that n,+7,+7, has the value 
0 or 1 according as the number of loops described is even or 


odd, 


Now let n,=—m,, n= —™m,, so that either n,=m,+m, or 
N=M,+M,+1; then either 


W—W)= —2m,(A, — A,)—2m,(A,—A,) +1 
or W—W)= —2m,.(A,— A,)— 2m,(A,—A,) +2A,—L 
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Again, if o,= | “f(2) dz and w= [ F(2)dz, 
€3 ey 
A,—A,=o, and A,— A, =e, ; 
hence either W=Wy+2m,o,+2m,0,+1 
or W=Wyt 2M, 0, +2m,0,+2A,—I. 


Thus the inverse function z=¢(w) is doubly-periodic, with 
periods 2, and 2w,. 

Next, let the integral be taken along the contour consisting of 
the loops L, L,, L,, L,, taken in succession. This curve encloses 
no singular point, so that the value of the integral is zero. But 
the integral round the large circle tends to zero as the radius 
tends to infinity ; hence 


j= 2 ‘f(2)dz—2A,4+2A,—2A,; 
so that | F(2)dz=A,—A,+ Ay. 


Now take w= [Foe =—A,+A,—A,; then w= | fede. 
Hence, if z=e,, 
w =2m,w, + 2m,,— A, + A,—A, +A, = 2,0, + 2M, 0+ 0, 
or 9w=2m,,+2m,0,—A,+A,—A,+2A,—A, 
= 2m, 0, + 2mM,0,+ 20,+ 0. 
Therefore ¢,=¢(,). Similarly e,=¢(#,+,) and e,= (oy). 
Again, if W=w,+], 
w=2m,0,+2m,0,+ W 
or w=2m,0,+2m,0,+4A,—2A,—2A,—W 
=2(m,+1)o,+2(m,+1)o,—W. 

Thus ¢(w) is an even function of w. It will be shewn in 
Chapter X. that ¢(w) is Weierstrass’s Elliptic Function (w). 
It should be noticed that the signs of the two periods 2, and 
2w, depend on the initial value selected for f(z), 

68. Elliptic Integrals in General. Any integral of the type 
[RG J/Z)dz, where R(a, y) is a rational function of # and y and 


Z is a polynomial of the third or fourth degree in z with real 
coefficients and no repeated factors, is called an Elliptic Integral. 
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When Z is a cubic the integral can be transformed into an 
integral in which Z is a quartic as follows. 
Let Z=(z—)(az2+bz+c), where 8, a, b, c, are real; then, 


if z—B=€?, 
[Re V2)de=[RIB+E, (MaB+OP+VB+E)+e}] 26 db 


which is an integral of the required form. 

Again, let R(a, y)=P(a, y)/Q(a, y), where P(a, y) and Q(a, y) 
are polynomials in « and y; then, since (/Z)”, where p is a 
positive integer, is a polynomial in z, we can write 

P(z, VZ)=K(z)+L(2)\VZ, Q(z, VZ)=M(z) + N(2)VZ, 
where K(z), L(z), M(z), N(z), are polynomials in z, 

Now multiply numerator and denominator by M(z)—N(z)VZ; 
then R(z, VZ)=U(2) + V(2)VZ, 
where U(z) and V(z) are rational in z. 


But U(z) can be integrated by elementary methods. Hence 
we need only consider integrals of the type 


\Ve@vZde or ee dz, 


where S(z) is rational in z. 


Again, by the method of partial fractions, S(2) can be put 
in the form 


B; Be 
A A, As A. gm = Fe + 
or Zz + 92 oo ot nZ + Ge Gap +... @ cp} 


Hence the integral | (S@NWZ}de can be expressed linearly 
in terms of integrals of the types 


ae te =. 
5 TZ z and ae SA 
Now £ mJ) OT eee 


ay, , 2 


so that \5) dz can be expressed in terms of the four integrals 


dz, \n (44, [%. 
Miz Zz ne Tt 
Bui LA) A _ 402° + 3b2? + 2cz+d 

dz Rs : 
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where Z=az*+bz?+ cz?+dz+e; therefore can be expressed 
in terms of the three integrals NZ 


| edz (zdz | dz 
VL? SNZ? SV 
Similarly, since 


d VZ _d(z—a)+d,(z—a)+d,(z—a)+d,(2— on) pay 
dz a a)" (2—a)yr1/Z, 


— can be expressed in terms of 
soe (z— Soap P 


dz dz Ve , es 
(z—a)JZ’ JJZ vou RV A 
Thus every Eiliptic Integral can be expressed in terms of 
integrals of the types 
dz | zdz (z2dz | dz 
fe eA. Ae Meno) JZ: 
Again, since imaginary factors of Z always occur in pairs, 
Z can always be written a(2?+pz+q)(2?+7rz+8), where p, q, 7, 
s, are real. Now in the-transformation z=(f+g9)/(1+6), let 
f and g be chosen so that the coefficient of ¢ in each quadratic 
is zero; then Z will take the form 
a (hbme) (1 +ng2) 
(1+¢)* 
It is always possible to find real values for m and 7. For 
—s s—qr, 
frg=2i—, font 
so that f and g are the two roots of the quadratic equation 
(r7—p)fP+2(s—a)f+(ps— qr) =0. 
Accordingly, if the roots are real, we must have 


(s~¢g)—(r—p)(ps—9qr) >. (A) 
Now let the two equations 
a+pe+q=0, #+rx+s=0, (B) 
have roots #,, , and #,, #,, respectively ; so that 
H+ hy=—P, Lky=q, Lgth~=—-V, Ll, =8. 


Then inequality (A) can be written 
(a, — Ws) (@, — ©4) (Hz — 3) (_— #4) > 0. 
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This inequality holds if one at least of equations (B) has 
imaginary roots; for then the four factors consist of two pairs 
of conjugate complex quantities, Also, if both equations have 
real roots, the factors of Z can always be chosen so that 

0, > lg tig : 

Thus the inequality holds in this case also. It follows that 
real values of f and g, and therefore of m and m, can always be 
found. | 
_ Accordingly, every Elliptic Integral can be expressed in 

terms of integrals of the types 


3 (ss cea dg 


MQ ISO” ING SE= By ” 
-where Q=(1+m€?)(1+€?). 
fag 1 dé? | 

ioe J JQ =3\7¢a +m?)(1+n¢?)}’ 


and this integral can be evaluated by elementary methods. 


dg (C+ 8)de 
Also | =| a 
(§—B)/Q IC? — 8), /Q 
g ag 1 | ag 
S\e=ayot lesa 
and-the last integral can be evaluated by elementary methods. . 
Hence we need only consider the integrals 
ex, [fe 
VQ” INO” Ke BVO 
There are four cases to be considered (we assume a?>b?): 
@ Q=G-8G)/1-PE); Gi) O=A-CHALER); 
(ili) O=( +e? ()(1—b?6"); (iv) Q=(14+a7€&)(1+02€?). 
In case (i) put ¢=a/a, k=b/a; then the integrals are trans- — 
formed into integrals of the forms 


Pee i =o 


| ae? dar j ie 
V{d—e)1—ka®) PJ /{(l—a?)(1 — ka?) }? 


| de 
GA) — AC Pa)y 
In cases (11), (iii), and (iv), make the substitutions 
1-@@=02, 1-B@=22, and 14-026? = 1/22, 
respectively ; then all these cases reduce to case (i). 
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Now 


| ade 1 da 
J{0d—2)—-Pe)} Arete) 
-p)VGe) 


Hence all Elliptic Integrals can be expressed in terms of Elliptic 
Integrals of the three elas 


via- eon > ICES) 


da 
(a — 0), /{(1 —a)(1—2")} 
The three definite integrals, 


foes (WES 


| > dz 
(= AIA) EY’ 
are called Legendre’s Normal Integrals of the First, Second, and 


Third kinds. 


Example. Prove 


Ne 323+ 2x? a ale dx 
Ve e+) Vid —#)\(1— 5) 
: d 3at+2a?+1 
Since dp tN ate +1)= Me +a+1) 
Bart + 2x? de=v3- | da ; 
0 (at+a?+1) 0 V(a#+27+1) 
But 
f 1 daz 
Jae P41) J @tetl@—«t)} 
dy aes 
=2[" Ter +DGHPY where ye 
QV ae dz 


where 7?+3= A 
« 


~B)o AGA Fe)y" 

Hence the required equation follows. 
69. Complete Elliptic Integrals. If in the First and Second 
of Legendre’s Normal Integrals the substitution «#=sin ¢ is made, 


they become ; 
E(k, ¢)= | JAK? sin?¢)d¢, 
0 


$ dp 
F(k, ¢)= o/(1—k* sin? p)’ 
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respectively. In particular, if «=1, then @=7/2, and these 
integrals become 


7/2 dd 
K=F(k, 7/2)= i: Ja- k? sin?) 


E=K(k, 7/2)= Nie JF sin? ¢)d¢, 


which are known as Legendre’s Complete Elliptic Integrals of 
the First and Second kinds. Similarly we write 
=F(k’, 7/2), W=E(K, 7/2). 
These functions. can be expressed as hypergeometric series in 
k and k’: for, since k< 1, 


me fee Lies PS yy wi 
| (1+5)?sin 5 a sin o+...)dg 


=7{14+() e+ (G3) e+... =2FG, £1), 


Similarly K’=FF(s 3 a) Lela), E=5F(- 4, 4,1, 2), 


and B=5F(-}, 4,1, k’). 


The numerical] values of K, KE, K’, and E’ can be easily evaluated 
by means of these series, except when the value of k or k’, as the 
case may be, is nearly unity, in which case the convergence is 
slow. 

Landen’s Transformation. If in the integral F(k, ¢) we 
make the substitution 

tan(¢@,—@)=h’tang or tan ¢,=sin 24¢/(k,+cos 24), 
1—k’ k 


where k, = ee (lk 5k <k, we obtain 
1+k,cos 2p 

a 14 2hk,cos 2¢6+h2 ae. 

ere cer 1+k,cos 2h : 

ane LS he SiR i) ~ J+ 2k, cos 26 +#,2)’ 
so that F(k, ¢)= tS F(h,, 6). 


Thus the integral is expressed in terms of an integral of 
smaller modulus. In particular, if ¢=7/2, then ¢,=7, so that 


ics tal dp ‘ ; 7 
F(x, 5)= 2 Jo —h? Sarg thE (hi, 3) 
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Accordingly, if the modulus of & is nearly unity, the value of 
F(k, 7/2) can be deduced from that of F(k,, 7/2) by means of 
this transformation. 


Example. Prove [ BA Ga : [ 43 oo : 
0 J—$sin?f) 4/0 JO —isin?6)’ 


and deduce from the example of § 68 that 


8 (3a44+-29"%\de  . 1_f/l « 
I tate) ~%3 sFG 5): 


70. Legendre’s Relation. A relation can be established 
between the four quantities K, K’, E, E’, as follows. 
We have 


dK _ i ksintgde _ 1 i dg kK 

dk Jo (1—K* sin? )? kJo Q—k sin? gy? kh’ 
oo Be sans FP one Ez ues pyre +,/(1—k* sin? ¢). 
Therefore O=— af fis as Pye +E. 
Hence = se = * 


Accordingly, since k?+k?=1, 
de KK 
dk’ ~~ TERT TE 
Therefore, interchanging k and k’, we have 
. dK’ E’ kK’ 
dk Tee? * 2 


Again, 
dH (7? —ksin®?¢d¢ 
dk Jo /A—k*sin?¢) 
pie wee bi ee ECE 
=;), see odo—;.), nue wane) 
dE —k(E-K). 


Thus i 72 
dK’ k(H’ — K’ 
sO that ale Et ia, ( }p2 os 


Accordingly, if W=KE’+ K’E—KKX’, ae =0; therefore W is 


a constant. 


~~ 
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Now consider the value of (E—K)K’ when k tends to zero. 
Since ~ ke a ( ke ) 
B=7(1-7+...) and K=5(1+7+.. 


= +. 
E-K= a! +. 


fied Vice a ug, eee. 
Also K’=J’ A= k#sin®) <Jo JAK) ~ Bh 


2 
a T T 
Hence |(B—K)K’< (M+...) 7 = 7+... 
so that Lim {(E— K)K’} =0. 
k—>0 
But, when k=0, K=7/2, and E’=1; therefore 
W=KE’'+K’E-KK’=5 
Corotiary. K and K’ satisfy the equation 
n(e—1)5, Yt Qn—1)S8 4 y= 0, 


where v=k?, This equation is known as the differential equation 
of the Quarter Periods of the Jacobian Elliptic Functions. 


EXAMPLES IX. 
ail w= | a and if w) is any value of w corresponding to z=4, 


shew that the general value of w for z=2 is w)tmN27/4+n/2 7/4, where 
m and 7 are i os such that m+ is even. 


2. lf w= ieee ae Z de, shew that, with the notation of the previous example, 


the general value cat W 18 Wy + m7) 3 + VT a where m+7 is even. 


3, Find the most general value of oe NE for any path of integration, 


TT) 
where the initial value of the integrand is unity. 
Ans. nxi+(—1)"log(1+N2), (n=0, +1, +2, ...). 
ne ake 1 eS ar 
4. Prove |-a- 2 ( i a ge ee: 
[ Ja — 2!) oo we 2 [Put 1-#=y ] 
5. Prove that, for the ellipse #?/a?+y?/b?=1, the length of an are 


measured from the point (0, 0) in the clockwise direction is aE(e, ¢), where 
e is the eccentricity and «=asin ¢. 


Cor fadhat [Noosa de=2y2n(<., 6)-var(<., ), 


where cos 7=cos?¢, 
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7. If a2>02> 2, shew that 
(a dx 2 
ANU@+AHN(PLAYCHA} V(@=e 


where k= Hess and sin¢@= (S55): 


8. Shew that [a-&2 Bee 2) 
1-/(@3—-1) V¥31+4 \1+k' 2 


2) F(, >), 


where £=sin 15°. 
[Shew that the integral is equal to 
2 dy 
V3(1 7B MI+APMATP)Y 
where A=(1—4)/(1+2).] 


9. Shew that ip eee EE, =), 
-o/(1—25) Y314+k \1+k 2 


where £=cos 15°. 
10. Prove 


ae OE age iu dz 2 o wy’ 
1 eI 1) ne F(sin 15 ; 3) e rah — 7g (eos 15 3 2 }: 


11. By means of the substitution 7=(4—y*)/37?, shew that 
dx =f day 
aan 3 Ss: 
iy V1 — 2) range 2) 
deduce that K’=J/3K, where k=sin 15°. 


3 tan? 6+8 tan?6 — 2 tan 6+4 
12, If ines es eee tan 6d0 
dz 
ppd B= cs IGFET 
‘mr /2 db 


prove that §A=B=3 [ =2K (}). 


Jd = ¥ sin?) 


13. Prove that the length of the lemniscate 7 = «n/cos 26 is av/ak(<., 3 =). 
14, If s denotes the length of an are of the hyperbola «?/a?—y?/b?=1 
measured from the point where it crosses the #-axis, shew that 


ape ef ORB ae GHG HD) 
t=! ( pacpyacwen WG-28) rae 
where £=0//(0? +4), k=a/e, and c=Na? +. 


15, Shew that, if k=/? and «’=k?, 
ake Heck dE. i= K 
dx xn’ dx Qk 


Prove that (E—«’K) satisfies the differential equation 


2y 
Akk’ OY ty, 


dk Dy 


M.F. M 
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16. Shew that, if »>1, 
Gn [ iK'dk=(n—-1) [ 2B dk ; 
0 0 


(ii) (n+2) i je’ Bdk=(n +1) i iK' dh. 


17. If P is any point on that branch of the hyperbola v/a? —y?/BP=1 
which crosses the z-axis at A, shew that the difference between the are AP 
and the portion of the asymptote cut off by a perpendicular on it from 


P tends to the limit 
er(63)-a(64) 
RAV eae 
as P tends to infinity. [Cf. Zvample 14.] 


18. Shew that 
i da _ fy dy 
a Vi(1 ER |, Md -¥)\(1-ky)y 
where y=,/(1 —2?). 
19. Shew that 


1 da pe dy 
i Nil - 27) (2? =~ I AI -/)0- BP yp 
where ky=V1— 2, 


eth dp 1 Nr an 
20. P fe tr 
oo I (1 —4 sin?) aF (55): 


21. Shew that 


me daz 1 ines 
| geceayermer se? (Ge): 
2 dx <= 
22) Shew that t ial Sarai =). 


ps 1522 — 2% 16S Alar 
23, Pr : 
oe | Jia —a\Geeay ( ) 


CH. x. § 71] 


CHAPTER X. 
WEIERSTRASSIAN ELLIPTIC FUNCTIONS. 


71. Doubly-Periodic Functions. A uniform function F(z) 
which has two primitive periods Q and ( is said to be Doubly- 
Periodic. For all values of z, 

F(z+Q)=F(z), F2+0)=F(), 
so that F(z+mQ+4+m’Q’)= F(z), 
_ where m and m’ can have any integral values. 

THEOREM. The two primitive periods Q and cannot have 
the same amplitude. 

For, if they have the same amplitude, let Q=pe®, 0’=p’e’, 
and assume p>p. Then, if Q”=Q—Q’=(p—p’)e®, Q” is a 
period of modulus less than p. Let this process be repeated 
with the two periods ’ and Q”; and so on. After a sufficient 
number of steps a period is obtained either of modulus zero 
or of modulus less than any assigned quantity. 

The first case cannot occur, however; for if w denote the 
value of the two equal periods subtracted in the last step of 
the process, ; w=0/p=2'/4, 
where p and q are integers; but this is impossible, since Q and 
Q’ are primitive periods. 

In the second case, if w denote the period, the function 
{F(z)—F(z,)} has zeros at z and z+. Accordingly, F(z) has 
essential singularities at all points of the plane (§ 22, Theorem I. 
Corollary 1). Such functions are excluded from consideration. 

Oongruent Points. The points z+mQ+m/‘Q’, where m and 
m’ may have any integral values, are said to be congruent to 
the point z. 

Period-Parallelograms. A parallelogram of vertices a, a+Q, 
a+’, a+0+; is called a period-parallelogram. It is sufficient 


a 
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to study the behaviour of the function in one period-parallelo- 
gram in order to know its properties for the entire z-plane. If 
the whole plane be divided up by two sets of equi-distant 
parallel lines into a net-work of period-parallelograms, corre- 
sponding points of the parallelograms form a set of congruent 
points. An example of such a net-work was given in § 37. 


72. Elliptic Functions. A doubly-periodic function with no 
singularities in the period-parallelogram except isolated poles is 
called an Elliptic Function. It is convenient to choose the 
periods 2w, and 2, so that, as in § 37, I(w,/«,) is positive. 


Weierstrass’s Elliptic Function. If we differentiate the series 
sere { 1 1 \ 
(z)= et ul G—-QP OF ? (§ 48) 
: F ie henge 
we obtain Q (z) = Du Du(e— Oy" 
From this series the equations 
9 (Z+20,)=9'(2), 9'(Z+20,)=9'(2), 
follow immediately ; so that g’(z) is an Elliptic Function. 
Again, integrating, we have 
9(2+20,)=e(z)+C. 
Now let z= —o,; then 
9(%)=e(—,)+C=e(w,)+C, 
sothatC=0, Thus (z+2w,)=¢(2). 
Similarly (z+ 2,)=¢(z). 
Accordingly, @(z) is an Elliptic Function. 
Corontuary. If is any integer, {g(z)}” is an elliptic function. 
Note. The notation e(z; w,, @,) is sometimes used instead of 
9 (2). 


THEOREM I. The derivatives of an elliptic function are 
elliptic functions. 


For,if —f(c+20)=f(2),  fle+20,)=/(), 
it follows that 
PE+2)=f(2), f'(e+ 20)=f'(). 
THEOREM II. An elliptic function must have at least one 
pole in a period-parallelogram. 
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For if not, the function would be finite at every point of the 
plane, and would therefore, by Liouville’s Theorem, be a constant. 

Thus the function g(z) has poles of the second order at the origin 
and congruent points; while at all other points it is holomorphic. 
The principal part at the origin is 1/2%. Similarly g’(z) has a 
pole of the third order at the origin, with principal part —2/2*. 

CorotiaRy. If two elliptic functions have the same periods 
and the same poles, and if their principal parts at the poles are 
equal, they can only differ by a constant. 

Note. An elliptic function has an essential singularity at 
infinity : for it has an infinite number of poles in any neighbour- 
hood of infinity (cf. §48, Note). This holds true for all periodic 
functions ; eg. cot z. 


THEOREM III. An elliptic function can have only a finite 
number of poles in a period-parallelogram (§ 22, Theorem 2).. 


THEOREM IV. The sum of the residues of an elliptic function 
F(2) at points in a period-parallelogram is zero. 
Let y denote the parallelogram ABCD (Fig. 78) of vertices 


2420),4+20), 
2+ 2W,5 


at2y) F 


Fic, 73. 


a, O+2w,, o+20,+20,, 4+20,, drawn so that none of its sides 
passes through a singularity of f(z). Then the sum of the 
residues of f(z) in y is given by 


a | fede en jem {f(2)—f(z+2u,)} de 
ia a [ee {f(z+2o,) —f(z)} dz 


274 
=a (). 
For example, the residues of g(z) and g‘(z) at z=0 are zero. 
Corotbary. An elliptic function cannot have a single sxmple 
pole in a period-parallelogram. 


Order of an Elliptic Function. The number of poles of an 
elliptic function in a period-parallelogram, a pole of order s 
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being counted as s poles, is called the Order of the function. 
It follows from Theorem IV. Corollary, that the order of an 
elliptic function must be not less than 2. 

The two simplest types of elliptic functions are: 

(i) functions with a single pole of order 2, at which the 
principal part is of the form A/(z—«)’, in each period-parallelo- 
gram; g(z) is a function of this type: 

(ii) functions with two simple poles of principal parts 
A/(z—a) and — A/(z—8) in each period-parallelogram ; it will be 
shewn in Chapter XI. that the Jacobian functions sn w, enw, 
_ dnu, are of this type. 


THEOREM V. The number of zeros of an elliptic function f(z) 


in a period-parallelogram, where a zero of order r is counted — 


as 7 zeros, is equal to the order N of f(z). 
For (§31, Corollary 1) 
1 (2 
ae (56 dz=Xr—2s, 
where y denotes a period-parallelogram. But, since f(z)/f(z) is 
an elliptic function, this integral is zero (Theorem IV.). Hence 
2r= Le=N, 

Thus, since ¢(z) has one pole of. order 3 in the period- 
parallelogram, it must have three and only three zeros in 
the parallelogram. Now, substituting z= —w, in the equation 
9'(2+20,)=¢'(z), we obtain ¢(w,)=¢'(—,). But from the series 
for @(z) it follows that @(z) is odd: hence ¢’(w,)=0. Similarly 
Q'(w.)=0, e'(w,-+,)=0. Thus the only non-congruent zeros of 
Q(Z) are @,, Wy), and w, + 0,. 


CoROLLARY. Since the elliptic function {/(z)—C} has the same 
poles as f(z), the number of its zeros in a period-parallelogram 
will be N. Hence the number of points in a period-parallelogram 
at which f(z)=C is N. 

THEOREM VI. If the elliptic function f(z) has p zeros ay, 
Gp, ++, Mp, Of orders 7, Ty, ...; p, and q poles b,, by, ..., Op .08 
orders 8,, 8, ..., 87, in a period-parallelogram, 


p q 
Ss: mm — » Sn0n= 2H, + 2uw,, 


m=1 n=1 


where A and uu are integers. 


— +s 
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For, if . denote a period-parallelogram (§31, Corollary 2), 


Q7r4 {Sym Dod b, | = | ae \dz 


Soe Ae) Teta 
=|" i 7) Tamed pangs dz 
a+20. f (2) fet Qu) | 
= ) (24. 20,) et ow hg 
WO Gre cme ae Le 
= — 20, L ae {iatsen 
, Log ag ope Ha 2w, Log Fa) 
= — 2w, Log 1+ 2, Log 1 
=2w,.2u7i+2w,.2r77. 
Hence yi lnm — > Sn bp = 2rO, + 2u0,. 
n= n=1 
Example. Prove that w= —v—w isa simple zero of 


9'(u)i P(r) — P(w)} + He) O(w) — E(u) 5+. H'(w){ E(w) — P(2)}. 
This is an elliptic function in w of order 3, its only pole being at w=0. 
Two zeros are uw=v and uw=w, so that the third must be congruent to —v—w 
{Theorem VI.). Also (Theorem V.) each zero must be of the first order. 


73. Relation between g(z) and ¢(z). We shall now prove 
that g(z) satisfies the differential equation : 
9X2) = 492) —gu9(2)—Is 
where g, and g, are constants. 
Near z=0 we have 


1 1 327 423 
G—OP OF =e Qt pet 
_ Accordingly 


4, | 22 428 
eat LD'at ot Oe ae |: 


+n 
But if 7 is odd, STEKO: therefore 


: e(2)= at Be+B A+AS+.. 
where d= 60a =4.3. De 
; +o” 1 - +n 1 
93> 140D/2/o8=4 one 7s Oe" 
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From this equation we derive the following equations : 


3 
p@=—at b+ +6ae+...; 


10 
, 422 4 : 
9'%(2)=5— 2B — 4 Be +... ; 


ee OOS 
(2) = at gost Ze+Ce+.... 


Hence, if ¢(z) denotes the function 
(2) —49°(2) + 929(2) +95, 
near z=0, o(z)=D22+Ez+.... 
, Thus the elliptic function ¢(z) has no pole at the origin. But 
the origin is its only possible pole. It is therefore a constant 
(Theorem II. §72); and since g(0)=0, the constant is zero. Thus 
9° (2) = 49*(z) —g.0(2)—gs- (4) 
The quantities g, and g, are called the invariants of g(z). It 
is sometimes found useful to use the notation @(z; go, g3) for 9(2). 
CoroLLary. By differentiating equation (A) we obtain: 
9"(2) = 6G"(z) — bg; 
9°(2) = 12e(z)p'(z); 
o"(z)= 120(2)p"(z) + 1292) 
= 729% (2) — 69.9 (2) + 129"(2); 


Thus every derivative of ¢(z) can be expressed as a polynomial 
in e(z) and ¢(z). 
_Example. Prove that the function {9(u)@'(w) + 2(u) — 1} has five zeros, 
. . 7=5 
Uy) Ug, Uz, Uy) Us, IN a period-parallelogram, such that Du, =2Aw, +2pW., 
=1 


r= 
where A and ware integers. Verify that, if z=((u), these values of w give 
the five roots of the equation 


42° — A — 9023 +. (2 —gn)22-1=0. 
If g(z)=0, equation (A) becomes 
49°(2) — 9.0(z) —g3=0. 


Now we know (Theorem V. §72) that 9'(@1), @'(@s), @'(w, + 0,), 
are all zero. Hence the three roots of this cubic in g(z) are e,, 


€5, €3; where €,=9(@,), €, = 0(w, +a,), €,=(@,). 


EEO ae TRE FT eT) ee eT Ree ee Pe 


Pavade! A a te it 
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It follows that equation (A) can be written 


(2) = 4{9(2) — e,}{ (2) — 0} {9(z) — 5}. (B) 
If the coefficients in equations (A) and (B) are equated, the 
following important relations are obtained : 
é, Fe, + e,=0, 
Cylat Colg tls = — 49a, 0 10xls = 49s. 
The Weierstrassian Elliptic Integral. Let z= ¢(w): then, since 
p(w) = 49*(w) — 9.9(wW)—gs, 
dz _ ‘ 
: es J(42 — 922 — Gs). 


Now when w=0, z=~; therefore 


a | 4 dz 
o N42? — 922 — Gs) 
The two branches of the integrand give equal and opposite 


values of w, which correspond to the same value of z, since 
g(w) is even. 


74. The Addition Theorem. Consider the elliptic function 
1/p(u)—9'@)\? 
4 9(u)—e(r)J 

The functions e(w+v), e(w), and g(w) have poles at w= —v, 
w=0, and w=0 respectively; while {g(w)—(v)} has zeros at 
w=-+v. Hence the only possible non-congruent infinities of . 
Fu) are u=0, w= +2. 

Near w=0, 


F(e)=E(v)+ue(v)+... + +AU + e+ @(V) 


f(w)=e(U+r)+e(U)+e(v)—- 


iL 


4 


ef pe Ot but...) 
1 : 
ap P(t Auet+... | 


I : ; 
==, +2p(v) + up) +... —all + 2u%e(v) +use'(o) +...) 


=Bu?+.... 
Accordingly, when w=0, f(w) is finite and has the value 
Zero. 
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Again, let w=v+e; then 
f(u)=9(2v) + ee'(2v) +.. teu ree +. .+(v) 


[eters 9"(U)+-. 9) 


< a o(v)+ee @)+§ g’(v)+...-e() | 
=(2v)+20(v)+e{e'(2v)+9(v)} +... 
e [ov +5 e''(v) +... 


€ “ 


Or) +50) +-- 


Hence /(w) is finite when w=. 
Finally, let w= —v+e; then 


fluy=5+Ae+ .- + e(v)—ee(v)+...+0(v) 


i[ —#@+e"O-Fe'W+---9O) | 
*lo@)- + $9") —S9"@) +...) 
, Lf, 29) 
= at 2e(¥)— pv) +...— =\:7@ FO... 


Hence f(w) is finite at w= —v. 
Thus f(w) is constant (Theorem II. §72). But when u=0, 
J(u) has the value zero; therefore * 
e'(u)—9 or 


w+tv)= —e(w)—e(v)+— i 
e( b+ = ( ) ( ) e(w)— @(v) 
This is the Addition Theorem for the Weierstrassian Elliptic 


Function. 
COROLLARY. g(w—v)=— 9%) —e(v)+ AOS 


Example. Prove @(u+v)=@(u)— . = Ree ous 
Duplication Formula. If w=v-+e, the addition theorem giv es 
2 2 
l f ¢'(v) +e" (v)+ . Q’(v)+...-@(v) 
p(2v+e)=-e(U+e)-E() +75 = 
| 9(v) +ee'(v)+ 7 2 ()+...-9(v) 


i pr) +8 ov) +...|. 


| | @(~)+5 0") +... 


e(v-+6)-0(0) +5 


piel call 
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Therefore, if «=0, 


9(2v)= —2e(v) +5 ieee: 


Example. Shew that 
ik ie 
(2u)= (wu) — i det log @’(u). 
The following three formulae can be deduced from the 


addition theorem: 
(¢, — &)(e, — eg) . 


P(U+a,)—e,= g(uj—e, 
_(@—e (n=) . 

(ute, tay) 4= Gea), 
(€, = €,)(€, — 5) 

(w+) — es = Seamer 


The proof is left as an exercise to the reader. 


Example. Prove 
2°) O'(U+ 01) O'(U + Oy + Og) O'(U + Wy) = 16 (2; — 9)? (y — &3)(C3 — &)”. 
75. Properties of the Zeta Function. Integrating the equa- 
os 9 (w+ 2w,)=(~), 
we have (w+ 2,) = (wu) + 2m, 
where 2y, is a constant. 
Now, let w= —o,; then €(w,)=€(—o,)+2m; 


so that my = §(w,)- 
Similarly (w+ 2w,) = €(w) +2, 
where 1g = § (wy). 


It follows that 
(w+ 2m, + 2nw,) = (wu) + 2m, + 2Nn, 
and that (mw, +N@,) = Mn, + Nnp. 

The Zeta function is not an elliptic function. It possesses, 
however, a sort of periodicity, and is called a Periodic Function 
of the Second Kind. In each period-parallelogram it has a 
simple pole congruent to w=0. The residue at this pole is 
unity ; for, if we integrate 


S 
S 
lI 

Ss 
+ 
“3 
Ss 
+ 


we obtain ¢(u)= C4+-- ae 
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But, since ¢(w) is odd, C=0; therefore 


E(u) = — Burt... . (CL $48.) 
1 @” (wv) 
Example. Shew,that ¢(2u)= 2((u) +5 ou)” 
Again, let €(w) be integrated round the period -patalolaas y 
(Fig. 73); then 
a a+2a. 
[ conan =f "Fen — Gert 20g du [Fee Gert 20} 
DA a a 
= — Ayo, + 4. 
=271, 
since there is only one pole in y. Thus 
7 
1s a = 5 - 
This is Legendre’s Relation for the Weierstrassian Elliptic 
Functions. 


THEOREM. Any elliptic function can be expressed linearly in 
terms of zeta functions and the derivatives of zeta functions. 
Let f(w) be an elliptic function of periods 2, and 2,, and 


let a, b, ¢, ..., k be its poles in a period-parallelogram. Also let 
the principal parts of f(w) at these poles be 
A, A, Ax: 
u—a (wae Tay’ 
By Bs ne. 
U— bt (w —by ‘opt Ta bye — by a 
K, K, K,, 
u—k* G—met Toke 


Then consider the function 


o(u)= =f) +4{ Ara) — Bua) +. 


; 8s diu- 
+(— 1») ig ECS —1)! dw.- Fon ((u-a) 


+{BiC(w—b)+...}+...+{K,(u—k)+...}. 
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This funetion is finite at all points of the period-parallelogram. 


M80 (w+ 2ey) = $(u)+20(A, FB, +... +) 
= (Ww). (Theorem IV. § 72.) 
Similarly $(U+t 20,) = p(u). 


Accordingly, @(w) is a constant (Theorem II. §72); therefore 


flu) =C+E{A,f(u—a)—FE(u—a)+.. 


HD Ey Feaistumayt (a) 


Example. Shew that 
2¢(Qu) + 2p, + Wpo= C(u)+ C(U+ wy) + C(W+ O, + oy) + (U+ 02). AH 


76. Properties of the Sigma Function. Integrating 
€(u+ 20) = C(w)+2n,, 


_we have log {a (+ 2u,)} =log {o(1)} +2nu-+C; (ef. $50) 
or (w+ 2w,) = C’o(w)e?n, 
Now let w= —o,; then o(#,)=C’c(—a,)e-?™, 
so that C= — en, 
Therefore o(U+2w,)= —erMtong(w), 
Similarly T(U+2w,) = — E?mM+o) ¢(w), 


By the method of induction it can be deduced that 
o(U+2me, + 2nw,) =(— Lyme tte |ernm-tin) (ut mort n02) (2), 
The Sigma function is called a Periodic Function of the 
Third Kind. 


Near w=0 we have 


1 
((u)==- Su Be, 
Hence log {o(w)} =log w+ 0-3 u Uses 
But Lim {2 =1, so that C=0; therefore 
u—>o U 
log {o(w)} = +.. 
Thus ee are 44... 
J2 


Pe wey 1 
=U 540 @ +.... 
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Tueorem. Any elliptic function can be expressed in terms of 
sigma functions. 

Let f(w) denote an elliptic function of periods 2w,, 2,, having 
in a particular period-parallelogram zeros @,, dg, ..., tp, of orders 
M1, Mg, .-., Mp, and poles b,, b,, ..., by, of orders N,, Ng, +++, Nq- 
Then consider the function 

{o(w—b,)}™{o(u—bp)}”...{o(w— b9)}" 
PO) FO) F(a, —a,)}™(7(1—= Ay) FLU A) 

We choose the a’s and b’s so that Xaia—Dnb=0, replacing, if 
necessary, some of them by congruent points (Theorem VI. §72). 

Now ¢(w) is finite at all points of the period-parallelogram. But 

(w+ 2w,)=4(w)(—1)2"- Eni g2m{ Sn (u = b+a,)— Zm(u -a+o)} 
= p(w), ' (Theorem V. § 72.) 
Similarly p(u+2w,) = p(w). 
Thus (Theorem II., § 72), @(w) is a constant; so that 
_ af{o(u—ay,)}™{o(w—ay)}™...{o(W— ay) }™ 
K=O eu b,))"{a (aby) Pfau By)” 

For example, the function {g(w)—g(v)} has two simple zeros 

+v, and a pole of order 2 at w=0; therefore 


a(Uu+v)o(w—v 
(1) pv) =O) 
In this equation let w be small; then 


J 1 
pee @)+Aurt...=C 5 [—0(v)+Bu?+...] 


; : 1 
Hence, equating the coefficients of a We have 


1=—Co*(v); 
ate i _o(utv)o(u—v) 
so that Q(wu)+e(v)= Pioea (A) 


CoroLiary. If in equation (A) we put v=w-+e, and make e 
tend to zero, we obtain 
ree vn Dee as 
o'(w)= cae ers 
Example 1. Shew that 
My) 9 TU= M1) T(U= Wy) (4+ H+ 2) 
= =2 PESONORIENG oc. e 


ue 
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Again, if equation (a) be differentiated logarithmically, 
CW) __ eut-0) + &(w—v) —2€(a). 


(w)—9(v) 
In this equation interchange w and v; then 


i) &(w+v)— €(w—v) — 2€(v). 


~ 9) —9(2) 
i | , fee / 
Hence 5 pao = ((wt+v)—f(u)— kv). (8) 


CoroLuary. If in formula (A) of §75 we make the substitution 
1 p(u)+9'(@) 
U—a wW a) = 
Sua) = E(u) — Sa) +5 Cea 
and similar substitutions for ¢(u—b), ..., €(w—k); then, since 
2A,=0, it follows that f(w) can be expressed as a rational 
function of e(u) and ¢’(w). 


Example 2. From equation (B) deduce the addition theorem 


1/(@(u)—9'@)\?, 


Per HP) -PC)+7) Gg) 


EXAMPLES X. 
1. Fin the zeros of 
as P?(ULP(r) — P(W)} +P) (ee) — G(u) + Pw) PH) — PCD}, 
and shew that they are all simple zeros. Ans. +¥, £. 


2. Find the poles and zeros of 
@(u)— Or) _ 9'(u)- 9) 
P™u)—E(r) P(u)—ECr) 


Ans. Simple poles, —v, —w; simple zeros, 0, —v—w. 


3. If Q(z) is constructed with 2w,, 2w,, as primitive periods, while @,(z) 
is similarly constructed with 2w,/n, 2w,, as primitive periods, prove that 


912)=9@)+{o (242) -0( 2") | +... 


+[9 {e+(n-1)21} =e {(w-1)>1} 
4, Shew that , 
(i) 40(22)=9(@)+ (E+ 01) + PE +O +) + PEF Os) 5 
Hw (ii) 9401) + PGo, + 2) = 24. Y 
5, Shew that 
(i) (u-+0)+9(u =v) =20(0) - log {(w) - (0)! 


(ii) P(ut+r)-E(u-v) = es log {9(w) — P(r) }. 
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g(u)—@'(v)_ _  (U+2)+ Er). 
6. Prove Q(u)—O(v)  ~(u+v)—E(r) 


7. Shew that 

@"(u-2), @"(-v), 9"(w—u) 
g"(u—v), @(v—w), @’(w—u) 
G(u-v), —(v—w), —w-x) 


‘ 2) = — 2 ot w)e'(v—w) 
f 8 Prove 99(2v) — 9(2w) = “tp@+0)-e@-v)}* 


@"(u-0), 90-10), @"(w—w) 
Q(u-2), G(v-%), ew-u) 
1 Sa eee 


cag 
=292 


oo, Shew that 
{@(w) — Rio Aoi Q(v+a,)} 
J (i) @(2u) — (20) = (wu) — plot ortopiie)— P+us)}, 


{om -0(2)}° {e- o(Gte)} 


10. P 7 ‘(w) @ ‘(u+o,) pice oa @ (u+ov) 
mre Wu) * Muto) H(uta,+o,)* (ube) 


11. Prov @ (w+) _ _ (PG) — P(o) ()\? 
Res Mm) ~~ Ve@)=Plo,) Ploy) J a 


¥ (ii) Gu) — P(w,)=s 


=0. 


12, Shew that 
1P(u) + O(wt 0, + o,)}{P(U+ 01) + (ut w2)} 
= — 40(w, + 9) (2x) — 4 (w1) (ws). 
13. If d(w)=9?(u){@(r) — P(w)} +H? (r){P(w) — E(u) } + 9?(w){ E(u) —E(e)} 
and VM) =’ (U){ P(e) — P(w)} + 9'(v)1 E(w) — P(u)} +E’ (w){ E(w) —E(~)}- 


shew that 9 o (w) 
w tha 0(u)-O(u+v+w)= 2 Fay 
14, Shew that 


P(w— 0) P(wu— w)=O(v— w){O(u—v) +E(w— w)—E(v)—_E(w)} 
+9'(v— w)i (wv) — (ww) + Cv) — C(x) } + 0(v) O(w). 
15, Prove {@(u+ 01) e}0'(w)="(wr){ (w+ @,) — E(u) — m}. 
16. Prove 
o(a+b)o(a—b)o(c+d)r(e—d)-o(at+c)o(a—e)r(b+d)a(b—a) 
+o(a+d)o(a—d)o(b+c)a(b—c)=0. 
SN 11, Shew that Fay =2OCHPCO)P— HOOP. 


/ 18, Shew that o(2u)= gr (ua(u —a)o(u— Wo) (+ Oy Fw») 
7 (01) 7 (9) (wy + wo) 


19, Prove 

1 Q(u) (uw) 
1 g(r) 9) 
1 9(w) 9'w) 


_ 9 T(u—vjo(v—w)a(w— u)o(u+v+w) 
= 7 (u)o3(v)o3(w) »/ i 
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20. Prove 
1 oe) Ha) 2@))  o@—yo(w-aa(o—waly-oly- 
: a(@—y)o a. o(y—z)r(y—wv) 
1 90) BO FO aaa eg 
1 9) Pw) 9) 
21. Prove 
Ow)-9)_@(W)-@(w)_2o(uo(u+v-+u)o(v-w), 
P(u)— PQ) P(U)-E(w) FU+r)o(u+w)o(v)o(w) 


22. Shew that 
o%(w,)o( u+%) o(u—2t) o(u+2%t+ 0) o(u— 2 w:) 


o?(u)o?(u+w;)o? (3) o (2 +0.) 


P(u)— P(ut+o,)= 


23. Shew that 

299'(2u) 0'(u) ={P(u) — OE (w+ w)} {1 P(u) — P(U+ w, + w2)} {P(u) — P(U+ y)}. 
24, If u+v+w=0, prove | 

{C(u) + ¢(v) + ((w) P= 0(u) + 9() + P(w). 
25. Shew that 
2¢(2u) = C(w) + C(u — 0) + (w+ @, + Wg) + C(u— 9). 

26. Shew that 
1 g(u) @(u) 
1 (rv) #(r) 
1 (wo) (wu) 
27. Prove 


((u—0)— (uw) — (Co) + (20-20) = 


Se Pu) '(u) 
=|1 9) 9) 
1 gw) 9) 


2 


=((utv+w)—¢(u)— ¢(r) — Cw). 


a(u—2Qv+w)o(u+v—2wv) 
o(2w—2v)o(u—v)o(w— wy 
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CHAPTER EL 
JACOBIAN ELLIPTIC FUNCTIONS. 
“77. The Values of g(w) when w, is Real and w, is Purely 


Imaginary. Let w,=Q,, o,=70,, where Q, and Q, are real and 
positive ; then 


eee 1 1 } 
=4.3.5>) >) (ema mint Gata 


n=0 M=-—@ 


The two terms in this bracket are conjugate complex 
numbers, so that g, is real. Similarly it can be shewn that — 
g, is real, and that, if w is real, g(w) and g(w) are real; 
while if w is purely imaginary, g(w) is real and ¢(w) is purely 
imaginary. 

Thus ¢, = ¢@(Q,) and e,=¢(2Q,) are real ; also, since e, = —e, — és, 
€,=@(Q,+70,) is real. Hence the three roots of the equation 
4a — 9,0 —g,=0 are all real. 

Now consider the values of g(w) at points on the rectangle 
OABC (Fig. 74), where A, B, C are the points Q,, Q,+70,, 7Q,, 
respectively. 


Fic. 74. 


(i) If w=w is real, small, and positive, g(w) is large and 
negative ; also, when w=(,, @(w) vanishes. Between these points 
on the real axis ¢(w) is continuous, and has no zero values 
($72, Th. V.). Accordingly, between 0 and Q,, g(w) is negative ; 
so that @(w) decreases continuously from + to @,. 
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Now — 92(u) =4{9(u)—e, }{o(u)—e, Hu) — 4}. 
- Therefore since, as wu increases from 0 to Q,, @2(w) decreases 
continuously from +2 to 0 and g(w) decreases continuously 
from +0 to ¢,, ¢, is the greatest root of 4x? — 9,02 —9g,=0. 
Again, 9(w)= +./{4@3(w)—9,e(w)—g,}; but between 0 and 
Q,, 9(w) is negative and 4{(w)—e}{9(u)—e}{o(w)—e} is 
positive. “ Therefore 


(uw) = —/{493(u) — 9,0(u) —gs}- 


Hence, if x= (uw), 
u=[ Vien oe 
x / {40 — 9.2 —gs}’ 


provided «=e,. In particular, 


Q =|" da 
aa ey / {4008 — 95% —gs}' 


(ii) Let w=1v, where v is real; then 


; 1 } hes 1 
SAN a aa te ce In, - Imi,» Qn, — 2 nal 
=9(¥; 25, 12))= (03 -Je2. Is) 
= (2), 
where $20) =4G3(0) — Goh”) +95: 
As in (i) it ean be shewn that ¢,=¢(Q,) is the greatest root 
of 4a3—g,0+g,=0, and that ° 
tage | : dx 
; €1 J (403 — 920+ 9s) 
Thus —e, or ¢, is the least root of 4a*—g,7 —g,;=0, and 
ps | i dix 
2d ~en/ (40? — go +9) 
Also, as v increases from 0 to Q,, ¢(v) decreases from +. to 
so that (iv) increases continuously from — oo to eg. 
Since ¢,+¢,+¢,=0, and ¢,>e,>e;, it follows that e, must be 
positive and e, negative. 
(iii) Let w=w+iQ,, where w is real; then, since 
(€, — &s) (2 — és) 
p(w) —es 


€1> 


g(w+tQ,) —es= 
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e(w+iQ,) and g(u+iQ,) are real. As w varies from 0 to Q,, 
e(u+iQ,) increases from e, to ¢, and g(w+7Q,) is positive. 
Therefore, between 0 and Q),, 


@(w+7Q,) 
=/[4{e(w+ iQ.) —@,} {@(w +405) — ey} {@(U+ 12) — es} 15 
2) da 
so that O.= i da — ged.) dai —ge—9,) 


(iv) Let w=Q,+%v, where v is real; then, since 


(€,— &2)(¢ — és) 
e(w)—e ” 
e@(Q,+%v) is real and (Q,+7v):is purely imaginary. As v 
varies from 0 to Q,, @(Q,+%v) decreases from e, to ¢. Thus, 
if d(v)= —e(Q,+iv), between 0 and Q, ¢(v) varies from —e, 
to —e, and ¢(v) is positive. Therefore, since 
p?(v)=4{ b(v) +e }{G(%) + ea} { P(r) + es}, 
PV) = 14h? (%) — Goh (Y) +95} 
a dx 
Hence o,=|" Hie ae 
Accordingly, as w passes round the rectangle OABC, g(w) 
decreases continuously through all real values as follows: from 
+o at O toe, at A; from e, at A toe, at B; from e, LB Es 
at C; and from e, at C to — at O. 
Let p be any real quantity, and let ¢ be the point on the 
rectangle for which e(¢)=p. Then, since g(—f{)=p and e(w) 
is of order 2, every point w such that g(w)=p must be con- 


gruent to ¢ or —¢. Therefore, for every point within OABC, 
g(w) is imaginary or complex. 


p(Q\ +1) —@ = 


Example. Shew that 
(1) Qq) — 0 BQ, + 7p) =2y/{ (&y — &y)(€1 — es) $5 
(ii) '($D,) = — 2a/{ (ey — &2)(@ — es) HEM — 2) Fa (e1 — €s) 
78. Geometric Application.* Consider the curve given by 
c=(w), y=e(w), 
or y= 403 — 9.07 — 95. 


* Cf. Appell et Lacour, Fonctions Elliptiques, §§ 58-63. 
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To each value of x correspond two non-congruent values +w 
of the argument. But e(—w)= —¢(w); hence to each point 
(x, y) on the curve there corresponds only one non-congruent 
value of w, and the curve is symmetrical about the x-axis. 

Condition that three points should be collinear. Let M,, M3; 
M,, be the three points in which the line y—ma—c=0 cuts the 
curve. The corresponding values w,, w,, ws, of w are zeros of 


(w)— me(w)—e. 
Now:the only pole of this function is at the origin,.and is 


of order 3; thus W, + Wy + Wy = 2rAw, + 2n0., 


where \ and yu are integers. 

This relation is necessary, and it is also sufficient. For, if 
W,+W,+W,=2Aw,+2uw,, let the line M,M, cut the curve 
again in the point M’ of argument w’; then 

W,+wy tu’ =2Nw, +2 oy. 

Hence w, and w’ are congruent, so that M’ coincides with M,. 

Tangents. If the tangent at ‘w,’ meets the curve again at 
“Ww, w+ 2w,=2r0,+2u0,. 

Thus W, = —W/2+dAw, + Mes: 

Accordingly, from any point ‘w’ four tangents can be drawn 
to meet the curve in the four points whose arguments are 

—w/2, —w/2+o,, —w/2+e,, —w/2+,+o,. 

Points of Inflection. At a point of inflection 

3W = 2d, + 2ua, 5 
so that pa 
Thus there are nine points of inflection with arguments 
20, 20, 4w 4o, 20, + 20, 40,+20, 20,+40, 4a, + 4a. . 
OT: tea ee: ee ain ee. Ea Daas 
and they lie three by three on straight lines. 

Case in which w, is real and w, 1s purely vmaginary. Let 

o, =), @,=10,; then 
y?=4(@ — €,)(@ — ey) (#— es), 


0, 


where ¢,, 5, €3, are real, and €, > ¢,> 3. 
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As w varies along OA (Fig. 74) from 0 to Q,, the point (a, y) 
passes up the right-hand branch of the curve of Fig. 75 from 


Fie, 75. 


y=—o to A(e,, 0). For values of w between Q, and 0,+70,, 
y is imaginary. As w varies from 0,+7Q, to 7Q,, (@, y) passes 
from B(e,, 0) round BCD to D(e,, 0). For values of w between 
4Q, and 0, y is imaginary. The corresponding negative values 
of w give the other two ares. 

There are only three real points of inflection, 0, 20,/8, and 
— 20/8, the first being at infinity: they are collinear. 


Example 1. Shew that the necessary and sufficient condition that the 
six points whose arguments are w,, W,,... Ws, Should lie on a conic is 


6 
DY UW, =2AW, + 2uws. 
yal 


Example 2. Shew that the necessary and sufficient condition that the 3n 
points w,, Ws, ... W3n, Should lie on a curve of degree x is 


3n 
DY w,=2dw, + 2pwo. 
r=1 


79. The Jacobian Elliptic Functions, Consider the three 
functions : o(u+o,) . 


PO @yo(u)’ 


§§ 78,79] TRANSITION TO JACOBIAN FUNCTIONS 199 
o(W+0,+) . 
o(@, +.) (w)’ 


= e- nu o(u-+er) 
p(w) =, o(w)o (uw) 


p(w) = = e-Mtm)u 


They satisfy the equations: © 
p(W+ 20) = $(u), pi(W+ 2) = — p(w); 
P{WH20,)= —P(U), Pol W+20, +2) = Pw) ; 
p(Ut20,)=—G(U), Py(W+ 20.) = o3(w). 
Again, by formula (A) of § 76, 
e(u)—4=$,(u), e(w)——=(U), (U)—es= ps (U). 

Thus the two values of ,/{@(w)—e,}, /{p(u)—e}, /{@(u) — es}, 
are the uniform functions +¢,(w), +¢,(wv), +¢$,(w), respectively. 
If those values of the three functions are taken which are large 
and positive when w is small and positive, 

J{e(w)—e,} = (u), V{9(w) — 2} = G.(u), V{9(U) — es} = pv). 

Now 9'(w) = 2h, (u) py (u). 

Also, it is easy to shew that 

6'(u) = —24,(u) pau) o(u). (CE. $76, Example 1.) 

Hence $y (U)= — how) psu) 

Similarly $,(w)= — $3() $,(™), bs (U)= — :(v) p(w). 

Next, let w, be purely real and , purely imaginary, and denote 
them by Q, and iQ, respectively ; then, since p(u)=¢, > & > és, 
provided 0<u=Q,, 

$(Q,)=9,  $2(Q)= Je %), $3(Q)=/(e— &s)- 
Similarly 
$2(Q+702,)=0, 3+ 1g) = J (Cg 3), P3(WQy) = 0. 
Accordingly, if 
J(é1= es) e3) e} _ bi(%) iste 
esac a 
these three functions will satisfy the equations: 
S(w+20,)=—-S(u), S(u+2i2)=S(u); 
O(w+20,)=—C(u), C(u+210,)= —C(u); 
D(w+20,)=D(u), Dut 210,) = — D(wu); 


w) 
nay 
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ee Tene W= CDM: Fe,= Je cag l= SD) 
Fema w= ~Z=ZSMCM); 


Je:= 6s) = 
S*(w)+C%(u)=1; ater 1; 

8(0)=0, C(0)=1, D(0)=1; _ 
Sj Oe: D(Q,)=4/(2=%); 


3 
S(,+40,)= f(A), D(O, +i.) =0. 


Also S(w), C(w), D(z), have simple poles at w=7Q,; and S(w) 
is odd, while C(w), D(w), are even. 

Thus S(w), C(w), D(u), are elliptic functions of periods 4Q,, 
200, ; 40,, 20,+270,; 20,, 4¢0,; respectively. 

Now let S(w)=sn(v), C(w)=en(v), D(w)=dn(v), 
where v=uU,/(e,— es) 5 
and let 


K=9,/(4,-4) K'=OJ(q—a) k= a[(2=2), ¥=/(2=2), 
so that k and k’ are positive proper fractions such that k?+k7=1. 
Then sn(v), cn(v), dn(wv), satisfy the equations: 
sn(v+2K)=—snv, sn(v+ 27K’)=sn(v); 
en(v+2K)=—env, en(v+27K’)= —en(v); 
dn (v+ 2K)=dnv, dn (v+ 27K’) = —dn (v); 
sn’(v)=en(v)dn(v); en’ (v)= —sn(v)dn(v); 
dn’(v) = —k2 sn(v) en (v);_ 
sn?(v)+en?(v)=13; k? sn?(v)+dn2(v)=1; 
sn(0)=0, -en(0)=1, dn(0)=1; 
sn(K)=1,' en(K)=0, dn(K)=Kk’; 


sn(K+iK’)=4, dn (K4+%K’)=0. 


Also sn(v), en(v), dn(v), have simple poles at v=iK’; and 
sn (v) is odd, while en(v) and dn (v) are even. 
Again, since ¢,(w) or /(@(w)—e,) decreases continuously from 


+ to ,/(e¢,—es) as w increases from 0 to Q,, sn(v) increases 


§ 79] THE JACOBIAN ELLIPTIC FUNCTIONS 201 


continuously from 0 to 1 as v increases from 0 to K; accordingly, 
if z=sn(v), 


d. 
pz ene dn v= J {(1—2°)(1 29}, 


where the positive value of the radical is taken between z=0 
and z=1. Hence 


v= dz 
» id -A0—R2)} ’ 
and therefore sn (v) is the inverse function of § 66. In particular, 
‘. dz 
KJ) Md = 2)(1—l2?)}’ 
so that K is identical with the K defined there. 
Moreover, since 


ok tt dx 
o,=f) JA e,)(@—e.)(@—65)} | 
2 dx 
-4 V{F(@+e,)(@+eyo+e)} 


Q, can be obtained from Q, by replacing ¢,, €,, €;, by —és, —¢a, 


($77) 


= 


—é,, respectively. Thus 8) is the same function of Rl Ge a1) 


ae 
or & that K is of 4{(2=2 or k; so that K’ is identical with 
the K’ of $66. ame 

These three functions sn(v), en(v), dn(v), are the Jacobian 
Elliptic Functions; their periods are: 4K, 21K’; 4K, 2K+ 21K’; 
2K, 47K’; respectively. 

Since 9(W)— es, = ps"(U), 

€, — &3 


Ps ~ sn2(v, ky)’ 
€, ; hd ; 
where v=,/(e,—¢,).u and k= . Ge = oe This equation gives 


the relation between the Jacobian and the Weierstrassian elliptic 
- functions. 


Example. Invert the function 


u=[° aa Qu) 
Ans. x=cen(K—N3u, V2). 
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Poles of sn(v), cn(v), dn(v). From the equation 


J{e(w) — es} = b3(U) 
it follows that 
o(2,+ 12) 


M4) = Gal) = 6" 0 GO.) 


‘ - : o(Q,+220,) 
and J (6&5) = $3 (Qy + 102) = e- OF ” =O, +i0,)0(i0,) 


Ciu)_ _ go(v) = Dw) __$,(u) 


AZM. Bu) 7 Ae =e) See ee 
‘5. CGQ,+4) _ a o(Q, +70.) 
ga thin’ si Spleen 
== emi — mie — @ ar =-—1, (§75) 
Dad, +w) = ade 2)iNg o(Q, +270.) 
and: Lim stu) a, Ono 


= =,|(2= <3) gn — iz — — 4), 
e,— es 


Accordingly, if I is the residue of sn(v) at 7Q,, the residues of 
en(v) and dn(v) at this point are —7I and —7kI. 

The function sn(v) has poles at 7K’ and 2K +7K’, at which the 
residues are I and —I respectively; it is therefore of order 2. 
Similarly en(v) and dn(v) are both of order 2. 

Note. The two periods K and 7K’ are not, like , and | W» 
in the case of the Weierstrassian functions, independent of each 
other: they are connected by the relations 


k=, oe K =| 7 ae 
aad Bey * ~)o C= a) Fp 
where k?+k?=1., 

Example. Prove 


: rK pK’ 
(i) E= | dn?(u, k)du; (ii) B= | dn?(u, h’)du. 


80. The Addition Theorems. Consider the functions of w, 
sn(w)sn(w+v) and en(u)en(w+v)—en(v): they both have 
periods 2K and 27K’, and simple poles at 7K’ and —v+7K’. 
Hence they are of order 2, with simple zeros at w=0 and 
w=—v; so that 

en(w) en(w+v)—en(v) 
sn(w)sn(w+v) 
where C is a constant. 


=. 
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When w is small, 


ommne +Au?+...){en(v)—w sn(v) dn(v)+...}—en(v) 
es wsn(v)+... 
= —dn(v)+Bu+.... > 


Now let w=0; then C= — dn(v); so that 
cn(w)cn(w+v)+sn(w) dn(v) sn(w+v)—en(v)=0. 

If in this equation w and v are interchanged, it becomes 
en(v) en(w+v)+sn(v) dn(tv) sn(w+v)—en(w)=0. 

Hence, solving these two equations for sn(u+v), and writing 


81, C1, dy, 8, Cy, dy, in place of sn(w), en(w), dn(w), sn(v), en(v), 
dn(v), respectively, we have 


C0, a (8:" — 82°)(8, Cp, +80, d,) 
8,6, d, — 8,6, d, 8, ¢7d = 8,*¢,7d,” 
_ (81? — 85") (81 Cody +890, 4;) 

(8° — 85°)(1 — k?8,?8,") 


sn(w+v)= 


__ 81Co1,+8,C, dy 
1—k?s,?s," 


C1 Cy — 88,0, d, 


Similarly cn(u+v)= ii Petet 
1-2 


In like manner, by considering the functions sn(w)sn(u+v) 
and dn(w)dn(w+v)—dn(v), it can be shewn that 
d, d, — ks, 8,0, Cy 

1—k?s,?s8,7 ~ 


dn(w+v)= 


CoroLiary. If in these formulae —v is written for v, they 
become 8, Cy dy — 826, a, 


sn(w—v)= 1— 8,28, > 
Falter E v) > C1 Co + 818,01 y 
1—k’s,*s,? 
d,d,+k?s,8,¢,¢ 
dn(w—v)=1 2, 13714, 


1—k’s,?s,? 


Example. Prove 
sn(8u)—sn(w) sn(w)cn(2w) dn (2u) 
sn(3u)+sn(w) sn(2w) cn(w) dn(w) 
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Duplication Formulae, In the addition formulae make v=; 


then, if sn(w), en(w), dn(w), be written s, c, d, respectively, 


$= sn(2u) =, 
j c2 — 82? 1 — 2s? + h?s* 
Cs cn(Qu)=7_7 a= Joke” 
d?—k2s2c?_ _1—2k?s? + k’st 
D=dn(2u)= Lote SS li ete 


From these formulae the following can be derived: 
1-C_11-D_1D-—kC— Kk. 
14D. 2140  ID-C 
D+C_k?1—D, 

1+D # D-C’ 


D+C_;,1-—C 
dn*(u)=76= ene 


sn?(u)= 


en?(w) = 


Example. Shew that 
on (> )=V (ze) a(s)= rep. Pig) 8” 


From the addition formulae it follows, since 
sn(K)=1, .cn(K)= e, dn(K}=k’, 


that oe 
sn(u+K)= a0, cai Way dn(u+K)= 35 
Hence, if w tends to 7K’, 
sn(K+iK’)=7, en(K+7K’ =—", dn(K+7K’)=0. 
Now in the addition formulae put v=K+7K’; then 
7 atte eg REL CUE) ea ak’ 
BUT OUR a eacey aot ae sea te Rg 
pei aR? sn(u) 
dn(u+K+7K’)= NOT 


By repeated applications of these formulae the following can 
be derived : 


sn(w+2K)=—sn(w), en(w+2K)=—en(w), 
dn(u+2K)=dn(w): 
sn(w+2K + 27K’)= —sn(w), en(w+2K +4 27K’) =cn(w), 
dn(w+ 2K + 27K’) = —dn(u); 


\ 
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sn(w+27K’)=sn(w), en(w+2iK’)= —en(u), 
dn(w+ 27K’) = —dn(u). 


Example. Prove a sn(w)= 


y/2 SB (u+K) 
du 


dn2(w+K) 


Again, in the addition formulae let v tend to 7K’; then 


“17 1 rt } 
muti) =p oy en(ubiK)= po 
d 4 ry = — 7 en(u) 
n(wu+7K’) a G0) 


Thus the residues of sn(w), en(w), dn(w), at 7K’ are 1/k, —i/k, 
—i, respectively. 


81. Jacobi’s Imaginary Transformation. Let «=sn(iu, %’); 
then a dx 
1wW= | oo 
oJ{(L—2)(1—k?x*)} 
Now put «=7y//(1—y"); then 


ee ie dy , 
Jo {l— yO Hy?) ° 
so that y= +sn(u, k). 
~~ aA... pen(w, kb) 
Thus. sn(vu, k’)= +1 ayers 


To determine the sign let wu tend to zero; then, since 
sn(iu, k’) _ 1 
wo tsn(U, kb) 


the + sign must be taken; so that 


tio e BEL (4,-e) 
sn(iu, k’)=4 NOH DOS 
Again, cen(iu, k’)=,/{1—sn*(tu, )}=+ eaten 
To determine the sign let w=0; thus 
ees Te 
en(iu, k’)= Em 
Uey;, : ~ dn(u,k 
Similarly dn(iu, k anes aa B . 


i! 1 
Example, Shew that . sn2(iu, k)* sn®(e, ee 
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EXAMPLES XI. 


KK  gn3a du 1 oe Vey 
Sees oY - Jo (1+enu)dn?u #2(1+/) Ai* hk? 
w+ 2. Shew that, if sn w=sin 4, 

We in du  _snwdnw 
0 


l+tcnw l1+enw 


+u—E(h, 4). 


3. Prove the following identities, in which D denotes 1 —/?s,"s,? : 
(i) sn(w+v) sn(u—v) =(¢2—e¢,?)/D=(s,? —s,”)/D ;— 
(ii) {l+cen(u+v)}{1+en(u—v)}=(c,4e)7/D ; 
(iii) {1+dn(u+v)}{1+dn(u—v)}=(a,+d,)?/D ; 
(iv) sn(w+v) cen(u+v) =(s,¢,dy + 8ycod,)/D ; 
(v) sn(w+v) dn(u Fv) =(8,d,¢, + soa9¢,)/D ; 
(vi) I+en(u+v) en(u—v)=(c,?+¢,2)/D ; 


# (vii) sn(w+v)en(w—v)+sn(w—v) cn(u+v)=2s,¢,d>/D. 
(f28\4 ee 
4 Pp ges Shae _snwdnv+snvdnw 
corn aT 4 cnw+cnv 
en(—> 


5, Shew that, with the notation of Example 3, 
sn?(u+v) sn(w+v)sn(w—v) sn?(%—v) 
en*(u+v) cn(utv)en(w—v) en?(w—v) 
dn?(u+v) dn(w+v).dn(w—v) dn?(u—v) 
6. Verify the identity 
2 Pk?S —-hPC+D—k?=0, 
where S=sn(uv+v)sn(w—v)sn(w+w)sn(u—w), 
C=cn(u+v)cen(u—v) en(u+w)cn(u—w), 
D=dn(w+v) dn(u—v) dn(w+w) dn(u—~w), 
7. IfS=snusn(w+K), verify that : 
ray Sh at 
(i) da anu — dn? (u+K)} new e 
(ii) {dnwt+dn(u+K)P4+HS=(1+k); 7 
(iii) {dnw—dn(u+K)}+hS2=(1-ky ~ 


Deduce that (1 +#)8=sn{ w(1 +f), a : 


(33 98 
— 88318,7¢ C90 da_ 
3 


8. Shew that the function of u, 


sn wv cn u dn u(sn?v —sn2w)+snv env dn v(sn2w—sn?w) 
+sn wen w dn w(sn?u—sn?v), 
has periods 2K and 27K’; and prove that «=7K’—v—wisa simple zero. 
9. Prove that the function of u, 
snta(sn?v — sn?) +sntv(sn?w—sn?x)+sntw(sn2u—sn2v), 


has periods 2K and 27K’; and shew that it has four simple non-congruent 
zeros, +V, + UW. 
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10. Verify that 
{1-(1+#)snusn(w+K)}{1-(1—#)snu sn(w+ K)}={sn(wu+K)-—sn wv}? 


JH. P 1—dn(2u)_ ,, ae 
ee 1+dn(2w) — car uaa 
12. Prove dn(u, k)=k'sn(K’ —-7K -7u, F). 


13. Let w=sn?(z, &), and let A, B, C, be the points K, K+7K’, 7K’, respec- 
tively, in the zplane. Shew that, as z passes round the Pckan gle COAB, 
w passes through all real values trae —o to+a. If COAB Hi a square, 
what is the value of /? Ans. 1)/n/2- 


14. The coordinates of two points are connected by the equation 
cn(v+7y) 
Soe ents fan 
Shew that, as (#, y) describes the boundary of the rectangle COAB of the 


previous example, (X, Y) describes the complete boundary of a quadrant 
of a circle of unit radius. 


1 1 2Qd,dz, 
15. Prove dn(u+v)* dn(w—v) a 


1 1 Die, c, é 
16. Prove anaes) = Gy) ae 
sn?w 2 —snw_1+# 
i 17. Shew that (i) Teeny Gna 1+2 > (ii) Lim “3 a aaa 3 


bea » wanw—snw  1=—2h? 
(iii) Lim 5 = 2 
0 U* sn U 6 


18. Establish the expansions 

snu=u—-—#(1 ae te mcea + ees: 

en u=1—3? + 4(14+4h)u'+ 

dnw=1— Lieut dy oY (Ak? + TA) ut + 
where |w| < K’. 
19. If the tangents from the point P on the cubic r=¢(w), y=('(w), meet 
the curve in A, B, C, D, shew that the pairs of lines: AB, CD; AC, BD; 
AD, BC; intersect at points Q, R, S, on the curve; also shew that the 
tangents at P, Q, R, S, intersect at a point on the curve. 


[CH. XII 


CHAPTER XII. 
LINEAR DIFFERENTIAL EQUATIONS. 


82. Continuation of a Function by Successive Elements. 
Let P(z, a) denote a Taylor Series SJc,(z2—a)” with circle of 
0 


convergence C; then, if z, is any point within C, this function 
can be expanded at z, in a Taylor Series SYen'(z—~%,)", which we 
o 


denote by P,(z, z,). The circle of convergence C, of this series 
will either touch C internally or lie partly outside C: in the 
latter case P,(z, z,) gives the continuation of P(z, a) in the part 
of C, outside C ($55, Th. IT. Cor.). The two expressions P(z, a) 
and P,(z, z,) are called Elements of the function. The radius of 
C, will be the distance from z, to the nearest singularity of the 
function ; so that, if C, touches C internally, the point of contact 
must be a singular point. 

It may happen that no part of the circumference of C can be 
found, however small, which does not contain singularities of the 
function: in this case the function cannot be continued beyond C. 
If, on the other hand, the function can be continued beyond C, 
the process can be repeated with each new domain so attained. 
The aggregate of the elements thus obtained defines an Analytic 
Function. 

Note 1. If the only singularity of the function is at infinity, 
the original element gives the complete function. 

Note 2. If f(z) is holomorphic at infinity, the corresponding 
element is obtained by continuing f(1/) to a domain of centre 
Cee | 

A particular point b can usually be approached by different 
continuations from a; and it is possible that the function may 
thus attain different values at b. If the values are always the 
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same, the function is uniform. The case of multiform functions 
requires more particular investigation. 

Join a and b by a path L: on L take points a, z,, 2, Me sean 
such that each point lies in the domain of the preceding one. 
Then the corresponding elements give a value of the function 
at each point on L. If no singularity lies on L, the points 
Z,, 2, Z3,..., can be chosen so that, after a finite number of steps, 
a domain is reached which contains b, and thus a value of the 
function at b is obtained. 

This value is independent of the set of points z,, 2,, 2, ..-, 
selected. For, let a set of points z,,,, Zingy «++ 2n,, be interpolated 
on that are of L which joins z, and z,.,; then, if the elements 
corresponding to these points are employed in the process of 
continuation, the same value is attained at z,,.,, since the arc lies 
entirely in the domain of z, (§55, Th. II. Cor.). Now, any two 
sets of dividing points, 2,, 2,,°2,.-., and 2,', 2, 2, ..., Can 
be combined, and other points, if necessary, interpolated between 
them, in order that each point of the new set may lie in the 
domain of the preceding one. Hence it follows that each of the 
original sets gives rise to the same functional value at b. Thus, 
if the function varies along a line which does not pass through 
a singularity, the set of values obtained at points on the line 
is always the same. 

Again, since the points 2,, 2, Z3,-.., can be chosen so that each 
‘not only lies in the domain of the preceding point, but also in the 
domain of the succeeding point, it follows that, if the value at b 
be taken as initial value, and if the path L be retraced from b to 
a, the same set of values will be obtained at all points of the line. 

Finally, if any two paths L and I’ are drawn from a to 8, 
such that no singularity lies between them, they will lead to the 
same value at b; for otherwise the closed contour made up of L 
taken from } to a, and of L’ taken from a to b, would enclose at 
least one branch-point of the function, which contradicts our 
hypothesis. 


83. Homogeneous Linear Differential Equations. A linear 
differential equation 


dw 


d®- tw d®-2w 
dg Pi) Gat + Po(2)“gouaa t +++ + PZ), 


M.F. 1) 
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which involves no terms independent of w, is said to be Homo- 
geneous. We shall assume that the coefficients are uniform 
functions with no singularities except poles in the region con- 
sidered. A point which is an ordinary point for all the coefficients 
is called an ordinary ‘point of the differential equation, while a 
point which is a singularity of any one of the coefficients is 
called a singularity of the equation. If ¢ is an ordinary point, 
and if @ is the singularity of the equation nearest to ¢ the 
interior of the circle |z—¢|=|a—¢| is called the domain of €. 
If the equation is of the first order, its solution is 


pr@)dz 
W= on F 


where C is an arbitrary constant. Accordingly, it is only 
necessary to consider equations of order higher than the first. 
We shall, indeed, confine our attention to equations of the second 
order; but the methods employed can be applied, with suitable 
modifications, to equations of higher order. 


THEOREM. In the domain of an ordinary point € the differ- 


ential equation es =p(z ae +q(z)w (A) 


possesses a unique integral w(z), which is a holomorphic function, 
and which, with its first derivative, acquires arbitrarily assigned 
values (the initial values) when z= €. 

Let M, and M, be greater than or equal to the greatest values 
of |p(z)| and | ¢(z)| on the circle |z—¢|=R, where R<|a—€| 
and w is the nearest singularity of the equation to € Then 
($35, Cor. 1) the functions 


M M, 
o2@)=—*, ¥(2)= ae 
ith 3 Oa 
satisfy the inequalities 
ad"p(¢) ={“e@)\ d"g(S) |< fay(2)\ 
ac” Pace dz” = act =| dz” jae (B) 
where n=0, 1, 2,.... The functions ¢(z) and vW(z) are called 
Dominant Functions, and the equation 
d2W dW Z 
OO (c) 


is called the Dominant Equation. 


§ 83] EXISTENCE OF AN INTEGRAL 211 


Now, if a function w(z) is holomorphic in the domain of ¢ it 
can be expressed in that region in the form of a convergent series 


Cote,(2—¢)+e,(z—f)?+..., (I) 
where =a, oe (nae 01 72;-.,.): 


But if this function w(z) is an integral of equation (A), and 
if arbitrary values have been assigned to w(é) and w(€), the 
corresponding value of w’(¢) can be obtained by substituting 
¢ for z in the equation. Likewise, if the equation is differentiated 
repeatedly, and ¢ substituted for z, equations 


WOE) =p Gwe-PO)+ 20 PEE) +. 

+,-20,-2 DP (FC) w(O)+g(C)we- (8) 

+ -20,9'(C) we (CE) + ot n-2Gn-29"-(C)w(E),  (D) 
are obtained for n=3, 4, 5, ...; thus the coefficients cy, ¢,, Cy, -.-, 
can be found. 

Similarly, if W(z) is a solution of equation (c), holomorphic 
within |z—¢|=R, 


W(2) =) te, (2— §) +65(2—- GF)? +... (11) 
where ee Laois ) : 
0, ac 


and 
WC) =PWE-PG) + 4-20 yp QWE MO) + 
F y-2Cn-2 9 (SWC) FY GWEC) 
Fy -2 ry (C)WO (0) + oe non a- CC)W(C). CE) 

Now let | w(€) | and | w(€)| be assigned as initial values to 
W(¢) and W’(é); then, from equations (A), (B), (C), (D), and (E), it 
follows that, for all values of n, W™(€) is real and positive, and 

| w(¢) |S WOE). 

Accordingly, if the series (II) can be proved to be convergent, 
the series (1) will also be convergent, and w(z) will be holo- 
morphic in the domain of ¢. 

Let z—€=RZ; then 

W@)=¢, +¢Z2+e,,2?+..., (111) 
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where c,” = R"c,’; and equation (C) becomes 
d2W dW 
(1—Z) IP RM, qz + MLW, 
qd? +2W d2+1Ww d2ttw d?W 


so that (1—Z) gare” qyari =RM, agar + RM, aga 


In this equation put Z=0; then, since 


(Fe gag 
, —n+RM, RM, ; 


EGDAYO. 01. Caps Care Oma Faye TN oO oe 


Now let M, be chosen so great that RM,>2; then ¢,4.>C¢i4i, 
so that ¢,/¢nai<l. 


foie fin ERM ReMi ee 
7 =. uw 3 
Coat MZ (N+1)(N+2) Cnr 
(oi 
therefore Lim ““=1. 
un Cr44 


Thus series (111) converges if |Z|<(1; hence series (11), and 
consequently series (1), converges if |z—¢|<<R. 

' Now, if z is any point in the domain of ¢ R can be chosen so 

that |z—€|<c R<|a—€|. Accordingly an integral w(z) exists, 

which is holomorphic in the domain of ¢, and is such that 

arbitrary values can be assigned to w(¢) and w'(¢). 


CoroLLaRY 1. The integral is unique. For, if any particular 
values are assigned to w(€) and w’(¢), only one set of values for 
Cy, Cg, Cy,..., can be deduced from equations (A) and (D). 


CoROLLaRY 2. The integral is of the form c¢,w,(z)+¢,w,(2), 
where ¢, ¢,, are arbitrary constants, and w,(z), w,(z), are 
integrals of the equation. For, by means of equations (A) and 
(D), all the constants ¢,, ¢;, ¢,,..., can be expressed linearly in 
terms of ¢, and ¢,. Also, by making ¢, and ¢, zero in turn, we 
see that w,(z) and w,(z) are integrals of the equation. 

Integrals at Infinity. To determine whether infinity is an 
ordinary point of the equation, the transformation z=1/€ is 
employed. The equation then becomes 

dw (1 2) dw 1 
emt p44] wet nw 


* 
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so that it is necessary that p(z)+2/z and q(z) should have zeros 
of orders 2 and 4 respectively at infinity. If this condition is 
fulfilled, holomorphie integrals w(€) or w(1/z) can be found. 
Analytical Continuation of the Integral. Let & be any point 
in the domain of € and let P(z, ¢’) be the element of the integral 
w(z) corresponding to the domain of ¢’. Then, since the function 


FP, ()- pos P(z, &’)—q(2) Pz, €’) 


vanishes at all points common to the domains of ¢ and ¢, it 
vanishes at all points of the domain of ¢’ ($55, Th. III.); thus 
P(z, ¢’) satisfies the differential equation, and has the initial 
values w(¢’) and w‘(¢’) at €. Similarly it can be shewn that 
every element obtained from w(z) by analytical continuation 
satisfies the equation. 


84. Solution by Infinite Series. An integral w(z) can be 
obtained by assigning values to ¢, and ¢, and then finding 
Cy, €3, Cy,-.-, by means of equations (A) and (D) (§83). In 
practice, however, it is usually simpler to proceed as follows: 

(i) if an integral in the domain of z=0 is required, substitute 
the series Cyteztenz?+... 
for w in equation (A), and equate the coefficients of powers of 2; 
a series of equations is thus obtained which enables us to deter- 
mine ¢,, C3, C,,.-., in terms of ¢, and ¢, ; 

(ii) if an integral in the domain of any point a is required, 
apply the transformation z=a+¢ to the equation, and use 
method (i) ; 

(iii) an integral in the domain of infinity can be obtained by 
applying the transformation 7=1/¢ and using method (1); it is, 


however, simpler to substitute the series }‘c,/z" in the equation 


and equate coefficients. 
Note. The theorem proved in the previous section, and the 


method of solution just given, apply also to equations of higher 


order than the second. 
Legendre’s Equation. Consider the equation 
d?w dw 
— 2), — 2z—— 1)w=0. 
(1-—z A 22 ae +n(n+1)w 


Here p(z)=22/(1—2) and q(z)= —n(n+1)/(1-2); thus tira 0) 
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is an ordinary point of the equation, its domain being the 


interior of the circle | z|=1. 
Let W=Co+e,2+C27+.. 
be substituted in the equation; then 


(1—2*) Sv(v—1)e,2”-* — 22S rve,z”"*+-n(n+1)>)¢,2”=0 
v=2 p=1 v=0 
so that 2.1.¢+n(n+1)e,=0, 
3.2.¢c,—2¢e,+n(n+1)e,=9, 
(v+2)(v+1)¢,,,—v(v—1)¢,— 2c, +n(n+1)c,=0, (v=2, 3, 4, ...). 


Hence = — as Une) Gn 


_(m=1(n$2), 
a ra 


(n—v)(n+v+1) + 
2 Cyi9= — G+1)0+2) G- (v=2) 3. sae 
Therefore w=c,w,+c,w,, where 
wot(-2 Eb), won(-Fh E89) 

If ~ is an even positive integer, the first, and if m is an odd 
positive integer, the second of these series contains only a finite 
number of terms; so that, if ” is a positive integer, one integral 
isa polynomial. 
_ Now, if 7 is even, 


F(- nm n+l J Aes) i . 


eae ee ~~ ~3@n—-1)” 
nna 1l)(n—2)\(n— 3) on ‘| 
4. (Qn—-1)\(a—3) 2 4 
an (™) 
=(—1)? ( PA(2)5 (§ 54, Cor.) 


while, if ” is odd, 


P,{2). 


Thus, if n is a ee integer, one integral is the Legendre 
Polynomial P,,(z), which is also known as Legendre’s Function 
of the First Kind. 


n—1 
pes n-1 y keke 2!) 
a ("5 1 aes 3 2) = ae S 
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Example. Find integrals for 


dw 
qa t=. 
Meee “he Ay 
Ans. m=1-a +E F—- 91 O+..., 
1 Th Blea) 2.5.8 
=—7—— 4 —— gf — Ws 
Sie, aa Th oO 


85. Fundamental System of Integrals. 

TuHrorEeM J. The integral w(z) of equation (a), §83, cannot 
have a zero of the second order at any ordinary point of the 
equation, unless it vanishes identically. 

For if it has a zero of the second order at the point z, w(z)=0 
and w(z)=0; hence the equation gives w"(z)=0. Similarly, if 
the equation is differentiated repeatedly, it follows that 

ui (2)=0, -w(z)=0,. ...,- w(z)=9, ..:; 


- : 4 
so that the integral is identically zero. 


THEOREM II. If w,(z), w,(z), w,(z), are integrals of the differ- 
ential equation holomorphic in the domain of ¢ a relation of 
the form CW, (Z) + ¢€,W,(Z) + ¢,W,(Z) = 0 
exists, where ¢,, ¢,, ¢, are constants not all zero. 

For if ¢,, ¢, ¢,, be chosen to satisfy the two equations 

CW (F) +0,9(¢) + egt5(¢) = 0, 
CWy (fC) + CyWe'(F) + ews (¢) = 0, 
the integral w(z)=c¢,w,(2)+¢,w,(z)+¢w,(z) and its first deri- 
vative vanish when z=¢ Hence, by Theorem I., w(z) is 
identically zero; so that 
CW, (2) + Cy_(Z) + €54(Z) = 0. 

DEFINITIONS. Two integrals are said to be lenearly inde- 
pendent if their quotient is not a constant. Two linearly 
independent integrals are said to form a Fundamental System 
of Integrals. Such a system can always be obtained by making 

w(gj=1, w/()=0, w(f)=0, w=. 

From Theorem II. it follows that if the integrals w,(z) and 


w,(z) form a fundamental system, any integral can be expressed 
in the form cw, (z)+¢,w,(2), where c, and c, are constants. 
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Again, if cw,(z)+¢,w,(z)=0, then A(z)=0, where 
wy (z), w(2) 
A(z)=|_*% 
@) we (Z), W(2) |. 


Conversely, if A(z)=0, a relation c,w,(z)+¢,w,(z)=0 exists : 
for, if A(z)=0, 


wy (2) _ Ws (2) 

w,(z)  w,(2)' 
and the integral of this equation gives a relation of the type 
required. 


THeoREM III. If the integrals w,(z) and w,(z) form a funda- 
mental system in the domain of ¢ A(z) cannot vanish in that 
domain. 

For let W,(z), W,(z), be another fundamental system ; then 


Wy (2) = 6 Wy(Z) + Cyp%y(Z),  Wo(Z) = Ca, 4 (Z) + C9 W9(Z) 5 
Wy (2); Wy(2) | 


so that Wy), W,(2) = DA(z), 
where D=|% “& 
Cio» a9 | 


The determinant D cannot vanish, since W,(z) and W,(z) are 
linearly independent. But W,(z) and W,(z) can always be 
chosen so that, at any assigned point z in the region, 

W,(@)=1,. Wy(z)=0, W,(z)=0, W,(z)=1 

Hence A(z) is non-zero at every point of the region. 


THEOREM IV. If two linearly independent functions w,(z) 
and w,(z) are holomorphic in the neighbourhood of € and are 
such that A(¢)+-0, a homogeneous linear differential equation of 
the second order can be constructed, of which they are integrals, 
and of which ¢ is an ordinary point. 


For if the functions p(z) and q(z) are defined by the two 
equations wy") —p@)w/@— 42,2) =0, 
We"(2) — p(z) ws’ (2) —9(z)w,(z) =0, 
then p(Z)=A,(2)/A(z), 9(z) = —A,(z)/A(z), 
wr at Oe 


where A,(2)= W,'(2), W,(Z) ; Pa W,'(Z), Ws, (z) F 


1a anes Lt 
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Now the numerators and denominators of these two fractions 
are holomorphic, and A(é)0; hence p(z) and q(z) are holo- 
morphic near z=¢. Accordingly w,(z) and w,(z) are integrals 
of the equation w" =p(z)w'+q(z)w, 
of which ¢ is an ordinary point. 


Example. Find an equation which is satisfied by 


1. 


gira leee «bao cots Le Oa Daee 
Mies eto OLS al. Gk tas 8 


Ans. w"=—2zw' +. 


EXAMPLES XII. 


Find integrals w,, w,, for w’+a*w=0, such that, when z=0, w,=1, 


w;'=0, w.=0, wy =1. Ans. W,=cosaz, w,=a-!.sin az. 


Find integrals in the domain of z=0 for equations 2-10. 


2. 


(1 -—#2)w" —2u'+20=0. 
Zee Ae 
2.3 35.6 3.68.9 — 


Ans. W,=z2, W,=1 


3. (2—F*)w" +2u' —w=0. Ans. W,=2, Wy=r/(k? — 2”). 
4, (l+2+2)w"+2(14+2z)w'+2w=0. Ans. = TE Fa ba nee 
5. (¢—1)(2—2)w” —(22—3)w' +2w=0. Ans. wW,=2-2, w,=42-32. 
6. (1+2)w" —z'+w=0. Ans. W,=zZ, W=F(-4, —$, 4, —2), 
7. (1—2)w"—zw'+a*w=0. 


10. 


ile 


12. 


] l-a 9 
Ans. w=F (2, -5 s ZY, wy=28 ( awe . 2 #). 


1 l+m., l-m 3 
Ans. =F (Btn, aise Bt) A), wy =28 ( +n, 2 ? 9? i). 


. (1—2)w"” +220’ — 4w=0. 


Ans. Wy =2", W,=F(— 3, —$#, q, 2), W3=2ZF(—3 =A Ges 


o 


wl" — Aw" +2z2w' —2w=0. 
28 228 a 
Ans. wWy=2, Wy=2", wg=1+T Brie aT 91, areas BT Sr. 3°.7. Bt 


Find integrals in the domain of z=1 for 2(2—2)w"+2w=0. 
Ans. w,=2(2—-2), Wy=2(2—1)+2(2—z) log {z/(2—2)}, 

Find integrals in the domain of z= —1 for w” —(1+2)w'—w=0. 
ate? qd +) (+2), (+2) 


Ans, W,=e 2 , Wy= 1.3 eee 


= eit 


218 - FUNCTIONS OF A COMPLEX VARIABLE  [ca. xm 
Find integrals in the domain of infinity for equations 13-15. 
13, Aw” =(1 —22)2w' +2. Ans. w,=e'*, wy=e*, 
14, Aw’ +22%w' + a?w=0. Ans. w,=cos(a/z), w,=sin (a/z). 


15, 22(22—1)w"+22(24+1)w'-2w=0. Ans. w=2((22=-1), wy=2/(2—- 1). 
16. Find an equation which is satisfied by 


oe 7 
ee ae Ok rs ED 
wW=1l+e, W=ZtTs 3515.7 tae 


17. Find an equation which is satisfied by w,=z, w,=e*. 
Ans. (2-1)w"-zw'+w=0. 


18. Shew that, if 2 is a positive integer, the equation 
(2—-1)w"=n(n+1)w 
has integrals P(z) and P(z)log oes +Q(z), where P(z) and Q(z) are 


polynomials of degrees n+1 and x respectively. 
f 


ue i eel 


- *s 
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CHAPTER XIII. 


REGULAR INTEGRALS OF LINEAR DIFFERENTIAL 
EQUATIONS. 


86. Integrals in the Neighbourhood of a. Singularity. 
Consider a homogeneous linear differential equation of the 
second order, of which ¢ is a singularity and of which w,, wy, 
form a fundamental system of integrals at z. Let z describe 
a closed circuit which encloses ¢ but no other singularity of 
the equation, and let w, and w, be the analytical continua- 
tions of w, and w, obtained when the variable has completed the 
circuit. These two integrals w,, w,, form a fundamental system ; 
for, if not, a relation c,w,+c,w,=0 would exist. Consequently 
the function ¢,2v,+¢,w, would vanish at all points to which it 
can be continued (§55, Th. III.); and therefore, retracing the 
circuit, we would obtain the relation cw,+¢c,w,=0, which con- 
tradicts our hypothesis. Accordingly 


Wy =CyWy tH CygQWy, We = Cy Wy + CogWp, 


+0. 


Now let W=)Aw,+pw,, and choose the constants X, u, so that 
W, the value attained by W after the description of the closed 
circuit, satisfies the equation W = pW, where p is a constant; then 


\ NW, + We =A(CqqyW + Cy9Ws) + (Coy Wy + Cog) 


Cy, 4p 


where D= 
| Co Coe 


= p(AW, + py). 
Therefore, since w,, W,, form a fundamental system, 
N(Cy — p) + Men =O, ACya + (Cop — p) = 9; (1) 
Ce Pos at ayy 


so that 


Cy9, Co — Pp 
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This is known as the Fundamental Equation belonging to the 
singularity € If a root of this equation is substituted for p in 
equations (1), values of \ and » are obtained such that W=pW. 

Neither of the p’s can be zero, since D+0. If p=1, the 
corresponding integral W will be uniform in the vicinity of ¢ 

THEOREM. The fundamental equation is independent of the 
original fundamental system selected. 

Let W,, W., be any other fundamental system, and let 

W, =b,,W,+b,We, Ww, = by, W,+b,W,, 
so that the new fundamental equation is 
: bu-p, ba Ae 
Dis, Ye bos — p 
Now, if Wy =G@yW, +4yyW,, Wy = Gy), + Aggy, 2) 


then WH Oy, AA pWy, Wo=Aq:W, + Agee. J 
Hence Byy (yy + Aq) + O19 (Gq t0 + Aap) 
= yy (C11 F CygW) + Ayo (Cy Wy + Cy9We). 
Accordingly Dyy yy + Oy9Goy = By y0y1 + O20 m, 
Byyyq + Oy 9Go9 = 141042 + My2Q0- 
Similarly Boj 41 + Ogg Gey = Moy Cy) + Go9lor> 
Boy Ayg + DooGoy = Oa1Cy + M9929 
Therefore 


Oi ae 


Cy Pp» Can | 
Coys Aye 


Cia Co2— P 
lle (C44 — P) FAy9Cq1,  %yyCyg + M2 (Cop — p) 
(yy (Cy — P) A Ag9loy, — Aa4Cy9 + Ag (Con — p) 


(Dy = p) My + Oyotter, (Oy, = p) Gyo + by 9099 | 
Boy + (Dan — Pp), DayMy2+ (a9 — pr) os 


1, Ay 


Aa, Aaa |+ 


Hence 
bis D bye 


Fundamental System associated with the Fundamental Equation. 
There are two cases to consider: (I.) when the roots of the 
fundamental equation are distinct, and (II.) when they are equal. 


ets a 
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I. Let the roots 1» Pz, be distinct ; then there are two integrals 
W,, W,, such that 


W, far pW, W, =, p2Wg. 


1 eae ; 
Now let etree Log pj, %= ont Log ps. 
Then, if 0,=(2-9)", 0,=(2—-O”, 
0, =,0,, 0, = ps; 


so that W,/6, and W,/6, are uniform functions in the vicinity of ¢ 

Accordingly W,=(2—O'y,(2), W=(e-O™a(2), 
where y,(z) and w,(z) are uniform in the vicinity of € 

The integrals W, and W, are linearly independent. For, if 
not, an equation c,W,+c,W,=0, and consequently an equation 
€,p,W,+¢,p.W,=0 would exist. But these equations can only 
exist simultaneously if p,=,, which contradicts our hypothesis. 

II. Let the roots be equal; then (¢,, — 49)? + 4¢,9C9, = 0. 

We distinguish between the cases: (i) when ¢,, and ¢,, are 
both zero; and (ii) when they are not both zero. 

(i) In the first case p=c,,=¢9, and @,=pw,, W,=pw,. From 
equations (2) it follows that, no matter what system is originally 
selected, these equations hold. Accordingly 


Ww =(2- CW (2),  W=(2-O"Y2(2), 
where v,(z), W,(z), are uniform in the vicinity of ¢, and 
p= ab Log p. 
27 
(ii) In the second case, let W be the integral found to satisfy 
the condition W=pW, and let w be any linearly independent 


integral. Then w=c,W+c,w, and the fundamental equation 


becomes oot) a 


Ce, C—o 
where o is the quantity to be determined. 
Accordingly, since the roots are equal, c,=p; therefore 
w= €, Wi + pw. 
Now replace W by W,, where pW,=c,W, and write W, for w. 
Then W,, W,, form a fundamental system such that 
W, =pW,, W, =p(W,+W,). 
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Hence W,=(-O'VA), 
where y,(z) is uniform near ¢. 
WwW, W, 
i = <r t 1 ’ 
Again, es W, W, 
but, if @=5*-log(z—§), 6=O+1. Therefore 
W, 2 W, 
w,° W, 
| War ot “ 
so that W, ani 98 (z ¢) 


is uniform near ¢ Consequently 


W,= (2-0) Wale) + guj log (2-0. WO}, 
where y,(z) is uniform near ¢. 


87. Regular Integrals. If the highest negative powers of 
(z—¢) in the Laurent Expansions for y,(z) and v,(z) are finite, 
the integrals W, and W, are called Regular Integrals. Now 


the quantities ray Log p are not definite, but have values 


differing by integers. Hence, if the integrals are regular, the 
values of 7, and 7, can be chosen so that 


Va@)= Sale Pul)= Dy bale 


where a) and 6, are non-zero. If a is the nearest singularity to _ 
¢, these expansions are valid for |z—¢|<|a—€|. Thus 
Wi =(2-)"V1@), ‘ | 
W.=-OA@+E-OWAD gz loge-o, | 
where 7, —”, is an integer or zero. 
For the first integral r,, and for the second integral the greater 
of the two quantities 7, and 7, is called the Index at the point €. 
It is only possible to carry out the theory completely when 
the integrals are regular ; and we shall therefore, in what follows, 
confine our attention to equations whose integrals are regular, 
Condition that the Integrals at a Singularity should be 


Regular. If w, is an integral of equation (A) of $83, a linearly 
independent integral can be found as follows. 
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Let w= | dz be substituted in the equation ; then 
dv dw 
Wy, Ae {2 Fe —p(2)w, bv zal re 


so that v= Ae) ae PO} =Aw2e. Jpeae 


The integrals w, and w, are linearly independent. For, if not, 
Cw, +¢,w,=0, and therefore 


e+ ea) dz=0. 


Hence, differentiating, we have c,v=0. But v is not identically 
zero; therefore c,=0, and consequently c,=0. 
Thus w,, w., form a fundamental system. Also 


/ 
wy), w 
1? 2 
= — wy. 


A= 


wv, 0 
Since every other integral can be expressed linearly in terms 
of w, and w,, it is only necessary to tind the condition that w, 


and w, should be regular. 
Now we can always choose w, so that v is free from logarithms. 
For, if w, is free from logarithms, while w, contains them, 


Wy=pU,, We=CW, + pus. 


“We c We. 
Thus wo, =-+ w, F 
~ d Wy\ d Wo Nae ae 
and therefore v= zAe) = An) =U. 


Hence v is uniform in the vicinity of ¢ Consequently 
A(z) or —w,’v is also free from logarithms. 

Again, if w, is replaced by W,, where cw, = pW,, then W,=pW,, 
W,=p(W,+,), and 


so that V is free from logarithms. 
Now write w, and v for W, and V; then 


W, = pW,, Wy= p(w, + Uy). 
Thus w, and w, can be chosen so as to have the forms of 


formulae (A). 
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In order to determine the index of A(z), three cases have to 
be considered. 
I. Let w, and w, be free from logarithms, and let 7,79. 


Then the index of A(z) or —w,2v is 27, +(7.—7, -D =7,+7—-1, 
since Lae /w,) 
eit la aX 


II. Let w, and w, be free from logarithms, and let 7,=7r. 
Then, by subtracting a multiple of w, from w,, we can remove 
the first term of w,, and thus get Case I. 


III. Let w, involve a logarithm. If r,=7,, then 


1 
Wag a, ry es 


where ¢(z) is holomorphic near ¢. Hence the index of A(z) is 
2r7,-l=7,+7r,-1. If r,.<7,, the index of v is r,—7,—1, so 
that the index of A(z) is 7,+7r,-1. Ifr,>7,, then, adding w, — 
to w,, we get the case 7,=7,. x 

Hence in every case the index of A(z) is 7, +7,—1. 

Now p(z)=A,(z)/A(z), ¢(z) = —A,(2)/A(z) (Theorem IV. § 85). 
But a circuit about € multiplies A(z), A,(z), A,(z), by the same 
constant D (§86); hence p(z) and q(z) are uniform in the 
neighbourhood of € 


Again, since A(z) has the index 7, +7r,—1, A, (2) or - A(z) must 
have an index =7,+7r,—2, and A,(z) or w,w,"v—2w,?0 — ww 
an index =7,+7,—3. 

Accordingly, in order that the integrals should be regular in 


the vicinity of the singular point ¢ it is necessary that the 
equation should be of the form 


Pw Piz) dw, Q(z) 
dz ~(2—§) dz "(@-O2"” 
where P(z) and Q(z) are holomorphic for |z—¢€|<|a—€|. In 


the following section we shall prove that these conditions are 
sufficient. 


Corottary. If the integrals at infinity are regular, p(z) 
and q(z) must have zeros at infinity of the first and second 


orders respectively. The proof is left as an exercise to the 
reader. 
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88. The Method of Frobenius. If P(z) and Q(z) are holo- 
morphic for |z—¢|<|a—€|, a fundamental system of integrals 
can be found for the equation 

"v0 P(z)dw, Q(z) 
dz z—€dz Ge st (1) 
such that both integrals are regular in the neighbourhood of ¢ 

If the origin is transferred to ¢ equation (1) becomes 

2w" =2(z)w' +V(z)w, (2) 
where ¢(z) and y(z) are holomorphic in the neighbourhood of 
the origin. 


Let w= 2 Sone; then, if ¢(z)= Sanz” and v/(z)= Soa2", 
) U 0 
ew" —2p(z)w —Y(z)w 
= Senr{(p+-n)(p-+n—1)—$@(o+n)—V)} 


nrn=0 
ao 
. \ 4 
= > yet os 
n=0 


where d,=c,{p(p—1)—a.p—0p}, 
and dyn =Cn{(p+nr)(p+tn—1)—a,(p+n)—b,} 
~0y-1{a,(p-+n—1)-+,} 
—¢,-2{a,(p +n —2)+b,} —...—65(Gnp + bn), 
(tas 1 2 ub), 
Hence, if all the quantities d,, d,, d,, ds, ..., vanish, and 


nan 
if SJc,2" is convergent, w is a solution of (2). 
v0 


The Indicial Equation. ‘The equation in p, 


p(p—-1)—%p—b=0, 
is called the Indicial Equation. From it can be obtained, in 
general, two values of p. If one of these values is substituted 


for p in the equations d,=0, d,=0, d,=0, ..., values for 
C1, Cy, Cg, +--+ are found in the form 
H,.(p) (3) 


on OF (5 + n)\(ptn—1)—a,(p+n)—bo} {((p+n—1)(p+n—2)’ 
= ao(p+n—1)— bo}... {(o+ Dp —ay(e +1) —bo} 
where H,,(p) is a polynomial in p. 
If the roots of the indicial equation do not differ by an integer, 
none of the coefficients c,, ¢,, ¢3, -.-, 18 infinite. If the roots are 


M.F. a 
/ 
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p, and p,+m, where ™ is a positive integer, then when p=p,, 


Cm> Cnt) Cm4g) +++, are usually infinite. To avoid this we put 
Co=C(o—p,), which makes ¢, ¢, --., Cm-1, all zero, and ¢,, Cm4is 
Cn49, +--, finite, when p= py. 

Now assume d,=d,=d,=... =0; then 


22" — 2g (z)w —V(z)w=2e,{p(p—1)—ap — by}, (4) 
Cn-1{4y(p +2 —1)+b,} +6, o{42(p +1 —2) + bo} 

where ¢,= 21 Gy (AapF Ba) (5) 
(PEM) p n=l) alp+n)—by 
for n= 1, 2,.3)..... 

Let ¢(z) and y(z) be holomorphic within and on the circle 
|z|=R. Then, if M, and M, are the maximum values of ¢(z) - 
and y-(z) on this dint 


| @m|=M,/R", |b, |=M,/R”. 


Thus |an(p+r)-+0a|S (My |p +7]+M}/R"; 
so that, if 
+n—1|+M, M, 
m={ Gam | M,|p z | ree -+¢ Cy | Ses. 
x — —~- 
(pt ayp+n—1)—a,(p-+n)—by/ 
then | Cn | = Yn- 


Now Yatil(p+n+1)(pt+n)—a)(p+n+1)—),| 
—Hle+)(p+2—1)—ag(p+n)—by| 
Pg a Wain 
: R 


<,, Mile+n|+M, 
its AE a ae 
Hence 
Ynt1 <|(p+7)(p+n—1)— Neal See es 


Accordingly, if p is finite, and has not any of the Pe pi—l, 


Pi—2, +++» po—1, py—2, ..., where p,, p,, are the roots of the 


indicial equation 
: Linn eee 


rn>n Yn 


Thus >/yn2", and consequently >)c,2", converges if |z|<R. 
a. m 
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But if « is the nearest singularity to the origin, R can always 
be chosen so as to include any panies z, such that |z|<|o|, within 


the circle. Thus the series Sine is convergent for |z|<]a|, 
and w=2° Drew" satisfies eevation (4), if ¢,, ¢, 63, ..., are given 
by ences (5). 

Uniform Convergence of the Series with regard to p. Con- 
sider a region K in the p-plane bounded by the large circle 
|p|=o and small circles whose centres are those of the points 
Boi 3 Pa 1, pp—2, ..., which are interior to this large 
circle. Then, if n=v><c, for all points of K, 

(p+2)(p+n—1)—a,(p+n)— by | / 
=| p+n|?—|(a)+1p-+n)+0,| 
=(n—c)?—{(M,+1)(¢+7)+M,}. 

Now let v be taken so great that the last expression is always 
positive. Also let M denote the maximum value of 


(Cer 


for the region K. Then, if 


M,(¢+n—1)+M, M,(o+v)+M,, M 
Cai R +. +0, Re-v a Te 5 


(n—o— {(M,+1)(¢ +2) + My} 
ar (=v, v+1, v+2, ...). 

As in the case of the y’s, we can obtain 

Stones | 


Lim —2=<_; 
2 >n Cy, R 


Ca = 


= 
we have Yr= 


so that DCR" is convergent if R’<R. Thus the series Du en2” 


n= 


is iin torinly convergent if |z{/=R’ and if p lies in K. It is 
therefore holomorphic with regard to both z and p, provided 
that |z|<|a|, and that p has any finite values except p,—1, 
Py — 2, +> Po—l, po—2, «-. HH, however, p,=p,+m and if 
ae p,), the point p,—™m is not excluded. 
The Fundamental System associated with the Roots of the 
Indicial Equation. There are three cases to consider. ; 
I. Let p, and p, differ by a quantity which is not an integer. 
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Then, if p is equated in turn to p, and p,, equation (4) becomes 
equation (2), and we obtain two independent solutions, 
U2" pS C292", w= ba C,P2". 
n=0 n=0 
II. Let the indicial equation have two equal roots’ p= p, 5 then 
equation (4) becomes 


Zw" —2zgp(z)w —W(z)w= 2? ey p— pr) 
If this equation is differentiated with regard to p, it becomes 


2 E22) rg 8) yoo 
= 2° ¢o(p— p:){2+(p— p,) log 2}. 

If in these two equations p, is substituted for p, it follows 
that w and a both satisfy equation (2). Thus a fundamental 
system wW,, W,, is obtained for equation (2), where 

hea a ‘So = Cie =w, log z+2° Se) 

III. Let p,=p,+m, where m is a positive integer. Then, if-¢, 
is replaced by c(p—p,), equation (4) becomes 

ew" — zp (Zz) w' —y(z)w= 2 e(p— p,)*(p— pa). 


Thus equation (2) is satisfied by the fundamental system 


W,=2 Gq gn 7 > gn-m, 


m 
ay SS LOC 
w= (/ —}) * ay, lorg4-2" ( sy oe. 
* NOp/ p= vie 2 Op p=p1 


Solutions free from Logarithms. If H»(p) contains p—p, as 
a factor, c, can ‘be left unaltered, and both solutions will be free 
from logarithms. In that case w, will be of the form 2"P(z), 
where P(z) is a polynomial of degree =(m—1). 


89. The Gaussian Differential Equation. The equation 
2(1—z)w"+ {y—(a+8+1)z}w' —aBw=0 


is known as Gauss’s Hquation, or the Hypergeometric Equation : 
it has singularities at 0, 1, 00. 
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In the vicinity of z=0 let w= Sot" ; then 
0 
(1—z) Sien(p+n)(p+n—1)2*"™" 
0 


+ {y- (H+B+1)z} Den(p+n)2"™ — 08 Sron2"*” Eine 
0 0 
Thus the indicial equation is 


p(p—1)+yp=p(p—1+y)=0. 
Also, for n=0, 1, 2,3, ..., 
Crti(ptn+1)(p+n)—en(ptn)(p+n—1)+ye,4,(p+n+1) 
—(42+8+1)(p+n)c,—axBe,=0; 
so that 
Cn+i(ptn+1)(ptn+y)=Cn(p+n+a)(p+n+ 8). 
There are four cases to consider. 
I. Let 1—y be not an integer. Then, assigning to p the 
values 0 and 1—y in turn, we obtain the fundamental system, 
w,=F (a, By, 2), w.=2-YF(a—-y+1, B-—yt+l1, 2-y, 2). 
II. Let 1—y=0. Then the indicial equation has two equal 
roots p=0. Hence one solution is w,=¢,F (a, B, y, 2). 
Again, 
(p+atn—1)(pt+atn—2)...(p+a) } 
a x (p+ B+n—1)(p+B+n—2)...(p+B), . 
“(p+ ny(prn—l)...(ptl\(prn\(ptn—1)...(p+l) 
so that 


OCR ={ 1 ei ae 
Bp" 24lptatr’ ptAtr ptr+i 
Thus the second solution is 


Wy = oof F(a B, y, 2logz+ Ske} 


t (n=1) 2) 3, ae: 


where 
a(a+1)...(a+n—1)8(6+1)...(B+n—1) 
kn = “a 
(1!) 
n—-1 1 1 n 2) 
m Dn ete eo ry 
III. Let 1—y=—m, where m is a positive integer. One 


solution is w,=¢,F(a«, B, y, 2). Again, putting cy=c(p+m), 
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we have 
(p+atn—1)(p+a+n—2)...(pta)(pt+h+n—1) 
ais : x(p+B+M=8) (BH) 4 mye 
“(ptn)(p+n-1 +1)(p+m+n 
(ptn)(p+n—1).. Se aa ‘Sone 
Hence the second solution is 
(a—m)(a—m-+1)...(a—1) 
W,=(—1)™-1 x(8—m)(B—m+1)... B-Day B, y 2) log z 


(m—1)!m! 
(a—m)(a—m-+1)...(a—-m+n—1) 
ae ae x (B—m)(B—m-+1)...(8B—-m+n—-]) , 


+cz al 1)" ni(m—n)(m—n+1)...(m—1) 


(a—m)(a—m+1)...(a—1)(B—m) 
x (B—m+1)... (8-1) 


a Ge OR 


(m—1)!m! 
OS .(2+n—1)B(B+1)...(8+n—1) 
a aiy(y+1)...(y+n—1) 
mena I 1 1 \ <A ee 
x{ p> (— at Ter anes et ESS Yr -> 5} 
If either « or 8 is one of the numbers 1, 2, 3,..., m, the terms 


involving log z disappear, and the second integral becomes 
c2-YF(a—y+1, B-—yt+1, 2—y, 2), 

in hich the hypergeometric factor is a polynomial. Since p+m 

is a factor of H,,(p), this integral could also be obtained by 


putting p=1—y in SJc,2°*". 


Let neither « sor 8 have any of the values 1, 2, 3, ..., m; 
then, if w, is divided by the coefficient of log z, and a multiple of 
w, subtracted from it, the fundamental system can be taken to be 

w, =F, 8, y, 2), w,=w,logz+F(a, B, y, 2), 
where 

F(a, 2. 7,2) 
eee eee (y—1)!(y—n—2)! 
(122 Daa iya—2)... (a= ytn+ B= 

x (B—2)...(B-y+n+1) 
Si peeks or Pe ce (8+0—-1) 
+, mlyy+1)-..(y-+n—1) 


xfs 1 ms) 1 n 1 n-1 il 
ant 2 peo ee 
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IV. Let 1—¥ be a positive integer. This case can be reduced 

to Case TIL. ; for the substitution w=z!-YW gives 

2(1—z)W"+ {y’—(a’+ B’+1)z} W’—-o'BW=0, 
where a =a—y+1, B’=B—y4l, y =2-y; so that l—y’=y—-1 
1S a negative integer. . 

Thus, if either « or 8 has any of the values 0, —1, —2,..., y; 

the two integrals are 
F(a, By, 2), 2-YF(a-y+1, B—y+l1, 2-y, 2), 

where vanishing factors in the numerators and denominators of 
the coefficients of F(m, 8, y, 2) are cancelled; while if neither 
a nor @ has any of these values, the fundamental system can 
be taken to be : 

w,=2'-YF(a—yt+1, B—y+l1, 2-y, 2), 

w,=w, log z+2-YF,(a—y+1, B-—y+1, 2—y, 2). 

Solutions Regular near z=1. The substitution z=1—¢ gives 
6-0) Fes + (@4B 41-7) (+840) Ge a8 =0. 

Hence solutions regular near z=1 are obtained by replacing 
a, By, 2 by a, B,a+8+1—y, 1—z, respectively in the integrals 
already obtained. 

For example, when y—— is not an integer, the solutions are 

F(a, B, x+8+1—y, 1—2), . 
(l—z)r-*-"F(y—B, y—a, y—a—B+1, 1-2). 
Solutions Regular at Infinity. If we put z=1/¢, w=¢*W, 
2 
ee cao Se +a 0-B)—(2a+2= yO} Ge 
—a(a+1l—y)W=0. 

Hence solutions regular at infinity are obtained from the 
solutions regular near z=0 by replacing «, 6, y,2, by a, 1+a—y, 
1+a—£, 1/2, and multiplying by 27% When «— 8 is not an 
integer, the two solutions are 

w,=2-*F(a, 1+a—y, 1+a—-8, 1/2), 
w,=2-"F(B, 1+B-y, 1+ 8-4 1/2). 

The Differential Equation of the Quarter Periods of the Jacobian 
Elliptic Functions. If «=@=1/2, y=1, Gauss's Equation becomes 

2(1—z)w" +(1—22)w’—fw=0. ($70, Cor.) 
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It is left as an exercise to the reader to prove that solutions 
regular near 0, 1, ©, are: 


# >) boii vohaees Saale oe 


n=l 


a, 1—2) log (1—2) 
+45) Cn)" (S a-ans 
oe, ht) et 51 5) be; 


3S (2nt? (Sh 1) 1 
+ 42 oo) see aye 


+1 % 


wo) 
Noire 


For other worked examples on differential equations, see 
Chapter XIV. §§ 90, 91. 


EXAMPLES XIII. 
Find regular integrals in the domain of z=0 for equations 1-16: 
1. 22w"+2w’ -(1+2)w=0. 
Be 2p 7 


Ans. yet 7+5-57, 11+ 3. ae. ip to 


“(1 Z za z 
ae oe es 


2. 2(1—z)w’+(2-32)w'—w=0. Ans. w= a eee log ee YP 

Te iam 1l-z 
3. 2(1—z)w"—(1+2)u’+w=0. Ans. w,=1/(1—2z), w.=1+4+2. 
4, zw"+w' —w=0. Ans. w,= p> (ad? . 


) a—— 1) ps 1 1 
W2= wy, log z—2 a ra(1+3 oe +2). 


5. 2(1+2)w" —2w=0. Ans. W,=2+2, W,=w, log (Zi. tat 
3 i 
6. zw’ +(z-1)w'+w=0. 
Ans. wy=2e, w,=w,logz—1-z+ 2-23 (-1 eae: +h 
2 LNG Seen 
gntl 


ae 
1. 2 =w=0. Ans. o,=> ————— 
to Mn+ 1)! 


Ea Oe a 
t= mloge+1—2— 74 (742) — 315 glats+3)~ 


8, 422w"+42w'—(22+1)w=0. Ans. w,=2-?sinh(2/2), we=2-!? cosh (2/2). 
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9 


10. 


ll. 
12. 
13. 
14. 
15. 
16. 
17. 


18 
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Pw" +2(1 —z)w’ —(14+22)w=0. 
Ans. 0, =26", w= wlog 2-14 l-z $201 See as ). 


2 n 
, . Ce) "4 mgr 
Zo +w+mzw=0. Ans. m= (-1) (nye 
. 1 1 
W,=w, log z— (- 1) ie dng 1+5 t+) 
2w" +42’ +2w=0. Ans, y= Viz Wo lize 
2 ” , z 1 
2(1 —z)w" +2(1 — 32)’ —w=0. Ans. M=7_—) ore Al =e), 
21 —z)w"+2(1—2)w’-w=0. Ans. w,=(1—-2)/2, w=w,log(1—z)+1. 


2(1—z)w" +2(1 —32)w’ —(1+2)w=0. 
Ans. w,=1/2, wg=w,log(1—z)+1/(1 —2). 


92?" — 15zw' + (3624 +7)w=0. Ans. w,=2"% cos 27, w.=2"* sin 27. 

1+iv3 1—tv3 
2w" +w=0. AS i — 20 12 
Find regular integrals at infinity for 2w’+ ce + ae w +w=0. 


2) —n 1 1 
Ans. w= her, Wy =U; re (1+5 EPOse aN 1) 


Find regular integrals at infinity for 2’ + a 3 a +42w=0. 


mae 1 1 
Ans. w= 50, Wo = 2W, loge 4-4 a2 ay = (1454.42) 


[cH. XIV 


CHAPTER XIV. 


LEGENDRE’'S AND BESSEL’S EQUATIONS: EOS OF 
FUCHSIAN TYPE. 


90. Legendre Functions. If the substitution z=1/¢ is made 
in Legendre’s Equation (§ 84), it becomes 


dw 
C(C— Gee 26 ge Hunt Twa 0, 
Let w= Syoger: then 
0 


eo{p(p—1)—n(m+1)} =0, 
e{(pt+l)p—n(n+1)} =0, 
cy42{(pty+2)(ptv+1)—n(n+1)} 
=¢,{(ptyv)(ptv—1)+2(p+y)}, (~=0, 1, 2, ...). 
The indicial equation has roots pp=—”, pp=n+1; and the | 
second equation gives c,=0. Also : 
Ss ie —2)(p+yv+2+n)=¢,(p+v)(p+yv+1), 
G=0, 1, 2, aoe 
In the first place assume that o,—p, or 2n+1 is not an integer ; 
then, if p= —n, 


w= ege-"{1 nea ma he e+. 


2(1—2n)> © 2.4(1—2n)(3—In) 
=c,2"F (— 5° — san a 


while, if p=n+1, 


em Co aes 

W,=C)¢ tae € 

(n+1)(0+2)(7+3)(2+4) 
2.4(2n+38)(2n+5) 

as ae n+l 3 a 


= pati 9 d 9 "9 aT5 2 . 


ae 
¢ Bett 
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Thus, if 
__ JIT (n) i n+2 n+1 aw! 
WO ste I) FAE (a “E> B+H a) 
2°*17T (2 +1/2) 


Ws = Cy 


2 Jil (n) Qn(Z). 

Again, let 2n +1 bean integer; then n must either be an integer 
or half an odd integer. 

If 7 is an integer or zero, all the coefficients are finite. Hence 
both integrals are free from logarithms. In particular, if n is 
zero or a positive integer, 

2"(1!)" 5 

(2n)! 

_ If is half an odd positive integer, w, is the integral which does 
not involve log z, so that Q,(z) is an integral. If nis half an odd 
negative integer, w, is the integral not involving logz. But, in 
this case, since 1/I\(7+3/2) is zero when 7+3/2 is zero or a nega- 
tive integer, the first —n—4 terms of Q,(z) vanish, and therefore 

rl(—n eel — 1 1 TNS EL Ce oe 
o@=F Fay 22) F ( oe Sores 3) Tq Gy 
so that Q,,(z) is again an integral. 

Accordingly, Q,(z)-is an integral for all values of n. It is 
known as Legendre’s Function of the Second Kind. P,(z) is the 
more important of the Legendre functions when |z|< 1, and 
Qn(z) when |z| > 1. 

Note. Thus far P,,(z) has only been defined for positive integral 
or zero values of n, while Q,,(z) has been defined for all values of 7, 

Relation between Legendre’s eet and Gauss’s Equation. 
If in Legendre’s Equation we pe z=1—2¢, we obtain 

é(1 -)Fatd- 2é) et mnt Lw=0, 
which is Gauss’s Equation with na=n+1,8=—%, y=1. Hence, 
in the vicinity of z=1, the two aps a are 


F(—n,2+1,1,*5*), F(—m, n+l, 1, pea ilevieee) 
ee ia on ate 


pe (vy!) 


( tas =) ve 4 (57). 


Wi, == 6) 


P,(2). ($54, Cor.) 
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Definition of Pn(z) for all Values of n. When n is a positive 
integer, 


ee. dat Cae d” {, e 1—2z\" 
Pal) = aac ane ame dae ue 2 )"} 


=F(-n, net, 1 ae 


Now it has just been shewn that this function satisfies 
Legendre’s Equation for all values of ». Accordingly, for all — 
values of n we define P,,(z) by the equation 

1—z 
P,(2)=F (=n, n+1,1, 3 ey. 
CoROLLARY. P,(z)=P_;,_,(2). 


Example 1. If x is zero or a positive integer, shew that 


Qn (2) = | ze dG, 


where the path of integration is taken so as not to pass through the point z, 
[Expand 1/(z—¢) in descending powers of z for |z| > 1, and evaluate the © 
coefficients by partial integration. The theorem holds if |z| <1, since the 
functions on both sides of the equation are holomorphic. ] 
Example 2. Use the series for Q,(z) to prove, for all values of n, the 
formulae : 


(i) (@2+1)Qn+i(2) — (22 +1)2Q, (2) +2Qn—-(2)=0, 
(ii) nQ,(2)=2Q (2) — Q _1 (2). 
Example 3. Use the expression P,(z)=F ( —n, n+1, 1, = ) to prove, 
for all values of n, the formulae : 
(i) (2 +1) Payi(z) — (2n4+1)zP,(2) + 2P,-1(z)=0, 
(ii) nP,.(z)=2P,(2) — Pr_s(z). 
Example 4. Shew that, for all values of », 
(i) (@+1){ Pre) Qn(2) — Qnii() Pal} 
=7{ Pn(Z)Qn-a(2) — Qn(2)Pna(2)}, 
(ii) (X+1)t{Pr+i1@)Qnria(z)— Qnoi(2) Pra (z)} 
= (2n == 1)2{P,(2)Qr4 (2) = Q,,(2) Pra (2) i 
~[Use Ex. 2, (i), and Ex. 3, (i).] 
91. Bessel Functions. The equation 
2?" +2w' +(22—n?)w=0 
is known as Bessel’s Equation, and its integrals are called 
Cylindrical Harmonics or Bessel Functions. 
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The only singularities of Bessel’s Equation are z=0 and z=00. 


To solve in the vicinity of z=0, put w=2S)¢,2”; then 
0 


Dl(e+r-)(pty—D+(pt+yv)—n2}e,2°t” + Sro,zet/+2 = 0, 
v=0 5=0 


Hence C(p?—n)=0; ¢,{(p+1)?—n?}=0; 

. PAO rey — T= —é,2a, (v= 2.3, 4,....). 

The indicial equation is p?—7?=0: its roots are p,=”, p,= —2. 
If ¢;—p. is an integer, n must either be an integer or half 
an odd integer. The second equation gives c,=0; so that 
C,=C;=Cc,=...=0. Also 

= v & 
=e 1) (p—1n+2)(p—n+4)...(p—n+2v)\(p+n+2)’ 
X(ptn+4)...(o+n+ 2v) 


where yp=1, 2, 3,.... 
There are four cases to consider. 
I. Let 1 be neither an integer nor half an odd integer. Then 
there are two independent solutions J,(z) and J_,(z), where 
gt 3 gt 
Jn(2)= omtT Gm) seman teaear ne 
Lt, ao ( ea 1y aig 
= 2G) Minty) rata 
J,(z) is holomorphic for all finite values of z, except possibly 
z=0: it is known as Bessel’s Function of the First Kind of 
order 7. 
If n is a positive integer, J,(z) is an integral. J-,(2), 


however, is not a linearly independent integral. For, since 
1/II(—n+yv)=0, where »=0, 1, 2,...,n—1, 


0 oe 1 ee 
J-n@)= 2 (-)) T(n+yv) IE (v) 9 
=(—1)"Jn(z). 

II. Let 7 be half an odd integer; then, since the coefficients in 
Jn(z) and J_,(z) are all finite, these two functions are linearly 
independent integrals in this case also. 

TII. Let »=0, so that the roots of the indicial equation are 
equal; then 


i) ‘—1)2z 
iO) SEES Ve (p+2v) 
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Hence 


Ow _ = (—1)"2 S$ 1 
Thus the two integrals are 


ye ao (— Ly z Qv 
a Soe)= aap) 
aa = 1 
Y¥o(2)=Jo(2) log z+ i — oe “(1+ sta ry ~e(1+5+3)- 
Y,(z) is called Bessel’s eohaion of the Second Kind of order — 


zero. 
IV. Let 1 be a positive non-zero integer ; een if cp =c(p+), 
as (etn) 
w= of >) aE D(pan +4) .- (9p —N+2v)(p+n+2) 
X(ptn+4)... (o+n+2r) 


Hence 
ow 
Bae Oe aye 
7 (—1)r2” , } 
= p 
Gone PAM EB (P= MERI PEMD). (pM) 
(- 12" eee, 
Wik See gee an ane (p++ 2v) 
ge ten 
—(-—1)"c : : 
(p—N+2)...(ptn—2)(p+n+42) ... (p+3n) 


x> (—1)2 
4(pt+-n+2)... (p+n+2r)(p+38n+2) ...(p+3n-+ 2r) 
n=l 1 n 1 a 1 » iL 
a (Sconce ae 2 ae ne 


rR Hf 


Accordingly, if p= —, 
gn 


in Se GD RE < 2.4, Be 


AD 60-53 2 sh 
(2 eal 2.4(2n+2)(2n+4) 


ow ze 
ae loo eee 
ce w ogz-fez Sp 


I gn 
D8 -b. One, 4. ones 


-) (—1)’2" {3 1 v 1 
x 219-4... dnt DINED. (22+ 2y) Pia Sarah 
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If these two integrals are multiplied by —2”-'(n—1)i/c, ia 
become J,(z), and 


Jn(z) logz— >) a ae 
“aaron ) yat Saat 


Subtracting AG +5+-. ee Zoe a n(z) from the latter integral, 


we obtain the integral, 


z 1%=1(n—y—1)! g\72+2v 
qe) Ielz)log 245 >) y! (3) 


\ 


te pa) O)+e+y) 


where g(r)=z+5+--- $2, (r=1, 2, 3, ...), and. 6(0)=0. 
Y,,(z) is called Bessel’s Function of the Second Kind of order n. 


Recurrence Formulae. We leave as an exercise to the reader 
the verifieation of the following formulae: 
@) 2J,, (2) “ae Jn-1(2) ae Jn41(2) 3 
(ii) Jy (z)=—J,(2); 
Qn 


Git) [J,.@)=J,-1@)+Tn@): 


Jn(z) asa Function of n. Let |z|=R, |n|=N; then, if m is 
an integer such that m—N>-—1, and if 


T,(z) ~ yin-+m-+ 1I)\(n-+m+2)...(n+v) 


(3) 


»~ yi(m—N+1)(m—N+2)...9—N) 
(v=m+1, m+2, ...), 


then |T,(z)|=M,. But 2 M, is convergent; consequently, by 


Weierstrass’s M Test, S T,(z) is uniformly convergent if 
m+1 


|2z|=R, |n|=N. 
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Now § and N can be chosen so large that these regions enclose 
any assigned finite points z and n. Accordingly, for all finite 


a at 


values of z, except possibly z=0, J,,(z) is a holomorphic function — 


of 7. 
The Bessel Function G,(z).* It is sometimes found convenient, 


a wi 


instead of J_,(z) or Y,(z), to take as the second solution of — 


Bessel’s Equation the function 


Gi(z) = 5 nor. {J -n(z)—e7 "Jn (Z)}, 
where the limiting value of the expression on the right-hand 
side is taken for G,,(z) when n is an integer. 
Now 


© ae 1 n+2v 
5 Ju(2) =Tul2)log (5) eee ATGGED (5) vinty) 
Also 


dinale) =>, ee (2a Boag) sca ali 


+> mv! Teas ) oi 


so that 
<I -n(2)= —F_n (2) log (5) 
oe iy A pie Clara keane 7 COs(2—y) 4 


7 .v! 


2) (-—1) 2 —n+2v 
pe ear oesn Gt W(—1+>). 


If 7 is a positive integer, let p=n; then 


J-n(z)=—J* (2) log (5 )+(- py Soe é ae 


Ly n+2Qv 
Lyn ( 
+(- oe neem OG) 
Accordingly, if n is a positive integer, 
) ‘ 
5nd -n(2)—e- ™™ In(2)} 

2 cos n7r 


=— Yate) =F Jn(2) {log 2— ot 3 


*Cf. J. Dougall, Proc. Hdin. Math. Soc., Vol. XVIIL p. 36. 


G,(z)= 


D7 thi 1 ure 


> ire 
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The verification of the following formulae is left as an exercise 
_ to the reader : 

G) G_n(z)=e""G,(z); 

(ii) 2G,)'(z) rz Gav (2) ee Gia (z) 3 


Gil) = G,@=G6,_,2)+ Gn 


ToeorEmM. If P(z) and Q(z) are any solutions of Bessel’s Equation, they 
satisfy a relation of the form 
' / C 
PE)QYO-POR@=", 
where C is a constant. 
For, if the substitution «=z? W is made in Bessel’s Equation, it becomes 


ad7W n?—1/4 
de +(1-"4) we =0, 


Consequently 
(vzP)} S12 Q@}- {V2Q@)} 5 tweP()}=0. 
Hence, integrating, we have 
(NzP(@)} 5 1N2Q@)}— {EQ} 4 WEP} =C; 
so that PQ) Q)-P@Q@=E. 


For example, 
Lim 2{J,(2z) J_n(2)—Jn(2) J_n(} 
z—>0 


a 1 1 7 i! oe My sin am 
. ~ Da4+l) (-n) P(-24+1) Tr) 
and therefore In(2) I n(2)—In(2)I-n(2 = —2 es um 


The reader can easily deduce that : 
- ¥ f , 1 
(i) Gn(z) In’ (@)— Gn’ 2) In) =F 3 


TO Op ee OF EES ED ee By Pek =n ne aad 


(i 'Geasl6)In(2) Jan @)G.)—= 


The Zeros of J,,(z). If nis real and greater than —1, all the zeros of J,,(z) 
are real and ees except rane) z=0; this can be shewn as follows. 


Wehave # Saas (az) +z ep ¢ J,(a2) + (0222 —n?) J,(az)=0, 


and ~ ooo (Ba) +25 = In( Bz) + (Be? — n*) In( Bz) = 0. 


Thus, eel the first ne by J,,(8z), and the second by J,,(az), 
and subtracting, we have 


(a? — B2)23,(a2)In( B= Sel (az) Jn (Bz) — Jn (Be) $I (xz)}. 


M.F. Q 


’ 
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Hence, if R()>-—1, 2 


(op) eIn(as)Tu(Bayde= 2 { T(as)% Tn(Be)—In(Be)FTa(a)} = 5 


Therefore, if =o and 6=f are distinct zeros of J,(6c), ; 
is ° Jn (a2) In( Bz) de=0. 4 
‘ > 
Again, let B=o.+e; then 7 
: C \ R 
Sorece stp aos 
(— 2a 2 2T(oe2)4 To) + ea In(az) +... dz ; 
=23, (az) $2 <P 1 7 
=ZJn(az) (qe) t o qep Inlaz) tor 3 
d z a “ 
~2 4 5,(a2){Tn(o2) +2 S Ty(az) +--+} 3 
If this equation is divided by ¢, and «€ is then made to tend to zero, the — 
equation becomes . 
a ig eae @& fe ee Leal q 
2a. [ 4T,(a2)Pde= ~=| (az) Sy Iu(o2)— 4 5 Tala) } ] 


Hence, if 6=« is any zero of J, (6c), except 6=0, “= 
‘c 2 ‘ 
[ e5n(a2) Pde S40! (a0). 3 
TueorEM I. If n is real and greater than —1, J,,(z) cannot have any 
purely imaginary zeros. . 


For In (wy) 1 \ 


= Ki eee } 
(uy) -sTa@rDpU te tse pet) , 


and the latter expression cannot vanish if y is real. 


TueoreM II. If m is real and greater than —1, J,(z) cannot have a 
complex zero. 

For if z=p+zq is a zero, where p and q are real, z=p—zg must also — 
be a zero ; hence 


A 
[ eInk(w+29)0} Sul (p tg) }der=0. 
But if x and w are real, the integrand is positive; and therefore the 


integral cannot be zero. Thus the theorem must hold. 


Accordingly, if » is real and greater than —1, it follows that every 
zero of J,,(z) must be real. 


TuEoreM III. If m is real and greater than —1, J,(z) has no repeated 
zeros except possibly z=0. 
For if z=o is a zero, 


it 
[ r{ITn(x)Pdx=h{ Tn’ (a) }? ; 
so that J,/(x)#0. Thus J,,(z) has no repeated zeros. 
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Tuxorem IV, If x is real and greater than —1, J,,(z2) and Jnsi(z) have 
no common zeros except possibly z=0. 
This follows from the formula 


rave - In(2)= —Insalz)s 


92. Equations of Fuchsian Type. Equations whose coetticients 
are meromorphic in the entire plane, and which have their 
integrals regular in the vicinity of all their singularities, are 
called Equations of Fuchsian Type. 

If the singularities are G1, Ug, Mg, +--+, Gm, and infinity, the 
equation is of the form 


dw Lee 1(2) dw Pon-o(2) 


dz” (z— Gy) (Z— Gg)... (Z—An) dz” (2—,)?(2@—,)*...(Z—An)? 


where P,,_,(z) and P,, _,(z) are polynomials of degrees »—1 and 
2n —2 respectively (§ 87). 
If infinity is not a singularity, the equation is of the form 


as naa) dw | eer) 
de eee it -(2—@n) dz  (2—a,)?(z—a,)*... (2— aie 


where the coefficient of the highest term in P,,_,(z) is —2 
(§ 83, p. 212). 


THEOREM. The sum of the indices associated with the 
singularities a,, dg, ..., Gn, ©, of the equation of Fuchsian Type 
is n—1. 

Let Po (2j=ne 2 Be. 
and let yr (2) =(Z2— a) (%— Ay)... (2— An). 


Then the indicial es for the singularity a, is 


p(p—l)=p sae Fat ©) 4 terms independent of p. 


Accordingly, if the roots of the indicial equation are p, and p, 


es P,,-1(4r) 
pi +p2=1+ Wan) 


Now, by the theory of partial fractions, 


P,-1(2)_ Sy__ Py-1(@r) 
VW (2) 4 (@— Gy) "(Gr) 
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Hence, integrating round a large circle which encloses 4,, 
An, +++, Gn, We have 


< P,,-1(Gr) _ 1 -1(2) 
>; =5.,\"4 aaa 


=1 W'(ar) W(2) 
since fue z = C = be 
Thus the sum of the indices at a, dy, ..., dn, 18 N+A. 


Again, put z=1/€; then the equation becomes 
aw 1 at , \ 1 ” " 
=e =z) -2- BE+... p+ wW(A"+B'G4 ...). 
d@-¢€ de 2A BE + prew( +B+...) 
Thus the indicial equation is 
p(p—1)=p(—2—-A)+A"; 
so that pitpo=—1—A. 
Hence the sum of the indices is n—1. 
Corotiary. If infinity is not a singularity, A= —2, and 
therefore the sum of the indices is n —2. 


93. Riemann’s P-function. We shall now investigate the 
conditions that the ees 


d’w_ P,,_,(z) dw 4 Pon (2), 
a. A(z) 2 (Wz)? 
should be completely determined if the +1 singularities 
1, Ag, +++» Mn, 00, and the corresponding indices, are assigned. 
There are 3n—1 constants to be determined in the equation. 
The assigning of the singularities a,, a,, ... Gn, 0, simply deter- 


mines y/(z) and the degrees of P,_,(z) and P,,,_,(z). The assign- 
ing of the 2n+2 indices determines only 27+1 constants, since 
the indices must satisfy the condition that their sum is n—1. 

Thus »—2 constants remain to be determined; so that, if 
n= 2, the equation is completely determined. 

Similarly, when infinity is not a singularity of the equation, 
there are 7 —3 constants to be determined ; so that the equation 
is completely determined if n=3. 

Consequently, in both cases, if there are three singularities, and 
if the indices are given, the equation is completely determined. 

By means of the transformation 

z—h_c—b €-a 
z—k e—aC—0 
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the equation with singularities h, i, 0, can be transformed into 
an equation with singularities a,b,c. The equation can therefore 
always be put in the form 

dw { i 


x h \dw 
dz” 


z—cf dz 


g 
is ae 


L Ww 
+ {ots | GSE —c)’ 
where f+g+h=—2. 

Let the indices at a, b, c, be X and 2X, wm and w’, » and Vv; 
respectively, where (+) +ut+yu’+v+.'=1. Then, since the 
indicial equation at a is 

p(p— lat dau re DGaay 
14+f=A4X, l=—dAA(a—b)(a—-c); 
so that J=AtN—1. 

Similarly g=u+tp’—-1, m=—ypyu(b-—c)(b—a), 

h=yv+y'—1, n= —vv(e—a)(c—D). 

Hence the equation can be written 
at —A-—N  l-w—w’ sre 


dz Z—-a ria —b a Z—C dz 
pria=bume), pu(b—c)(b—a) ae? 
* Z—a ZO 


iG = ee (z—a)(z—b)(z—c) Cc) 
Now for simplicity assume that X—2’, uw—w’, v—v’, are not 
integers; then, if P,, Py, P., P.’, PL, Py, are integrals corresponding 
to the indices X, X’, u, uw’, v, v’, any branch of any integral of the 
uption can be expressed in any of the forms 
C.PyrtevPy, CuPutewPw, ¢P,+e,Py. 
Riemann denotes such a function by 


[ ia. = C, } 
Pees S16 2 Uy SZ PS 
| nN; Mh; Vv; | 

and it is called Riemunn’s P-function. If either > and XQ’, 
pw and y’, or y and 1, are interchanged, the differential equation 
remains unaltered. Likewise the three columns can be inter- 
changed without altering the equation. Again, if the function 

multiplied by (z—a)(z—c¢)e(z—b) ~*~, the indices at a, b, and 


246 FUNCTIONS OF A COMPLEX VARIABLE [cz x1v 


c, become A+o and X’+o0, 4—-c—p and w’—o—p,v+p and v'+p, 
while the branches of the function remain holomorphic at all 
other points, including infinity. Also the sum of the indices is — 

still unity. Consequently 


b, ] > b, C, 
(e—ay(z—cy nf” ° 
“en bye Pe ep Aes ee ee 


bs iy , NV +o, uw —o—p, +p, 
Again, the transformation 
= z—ac—b 
- 2-—be-a 


changes a, b,c, into 0, «,1. When the latter three points are . 
the singularities of the equation, the function is denoted by 
P{ A, b, V, 2 hi 
Nv; TG Ne J 
ee ae—ey 


where K isa nee See 


(1—2yP { ie es a? pea pene fee 2 
NX, Ms Vs; Fo, =o py ae 


The differential equation determined by P{ Xs ey } is ob- 
> Me »V, 


tained by putting a=0, c=1, and making 6 tend to infinity; 
it can, by means of the equation \+)’+uty’+v+r=1, be 
put in the form 

Mw, (1-A—N)—(l+ut+y)z dw 


‘ 


dz? 2(1—2z) dz 
AN = (AN + we’ = ve 2+ p’Z? + 
“ #1 —2P w=. 


In particular, the function P( Sgt : 

the hypergeometric equation wer AN rhea, I 
2(1—z)w"+ {y—(a+B+1)z}w’ —aBw=0. 
Note. Since 
Saat N57 EE ‘% 0, a, 0, 
bboeey P( Ay ae * )=P( 1l—y, B, y—-a— 8, zi 

where a=A+u+y, B=A+u'+yv, y=1—N+A, it follows that 
the P-function can always be expressed in terms of the integrals 
of the hypergeometric equation. 


z) satisfies 
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The Twenty-four Integrals of the Hypergeometric Equation. 
The solutions corresponding to the indices 0, 1—y, at z=0 are 
(§ 89), 

F(a, 8, y, 2), 2-YF(a—y+1, B-y+1, 2-y, z): 
we denote them by W,” and W,” respectively. 

Alternative forms for W,® and W, are obtained as follows. 
We have 

: On Te, 0, 
eo 7P( l-y, B, y-a-8, :) 
=P( Te fost Lt ciel ) , 
1-— YY ya 0, 
Thus 
(1—z)r-*-F(y—a, y—8, y, z2)=C,W,°+C,W,. 
But, since the function on the left-hand side is uniform at 
z=0, C,=0; hence 
(L—z)r-*-#B(y—a, y—B, y, 2)=C,W,”. 
In this equation let z=0; then 1=C,. Therefore 
Wd 2) iy —o, + — 8, y, 2) 
It follows that 
WO =2!-1(1—z)r-*-8 F(1—a@, 1-8, 2—y, 2). 

In like manner alternative forms can be found for the regular 
integrals at infinity and z=1. 

Again, the six transformations, 

a=6, 2=1-§ 2= 1/6 2=(G—-1/h 2=C/(E-D), z=1/(1-¢), 
when applied any number of times in any order, change the 
points 0, «©, 1, into the same three points in different orders. 
By means of these transformations new forms can therefore be 
obtained for the integrals. For example, 

OF, 0%, 0, z) 

1—y, B, y—-a-B, 
z 


0, 0, Q, = 
=-PG eee ig. é), where (aor 


=(1 e246 ae oe ers ‘) 


=O(1—2) “F(a, y-B y Saif} 


W,0=F(a, 8, y, 2)=P/( 
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In this equation let z2=0; then C=1. Hence 


W,O=(1 —2)"*F (a, y-3B. % a 


=(1-2)PF(8, pies a ap 


These two expressions for W, are valid if R(z)<1/2. 

We have thus obtained four different forms for W,. Similarly 
four different forms can be found for W., W,®, W,, W,@?, 
W,. These twenty-four forms for the integrals of the hyper- 
geometric equation are: 


L W, =F(a, 8, y, 2) 


ie =(L—z)'"* "F(y—a, se y, 2) 
WE. = =(1-2)-*F(a, y-B, y, -*4) 
— — -B — rah Jo : 
IV. =(1-2)*F(8, y—a, », 2), 
V. WO =2F(a—y+1, B—y+1, 2—y, 2) 
ae =z'-41—z)"* *F(1—o, 1~B, 2—-y, 2) 
VIL. a2 (Laan Ray t 1,1—£, 2—y, 7) 
-VIIL. =2 (1-2) PT F(B—y +1, 1-0, 2, 2); 
Ix. W,® =F(a, B,a+8—y+1, 1—2z) 
p€ =2 'F(a—y-+1, B-y+1, a+6—y+1, 1-2) 
XI. =2“F(a, a-—y+l1,a+6—y+], =) 
-B z—1 
XII. xe E(B, B-yt+1, «+ B-y4+1, ==); 
XIII. W.) =(1—2z)""*"F(y—a, y—8, Ree 1—z) 
XIV. =z "(1-2)" ° "Pi —e, 1—8, y-a—8+1, 1-2) 
XV. =e (1-2) PFI a, y-a, y-a-B+1, —) 
XVI Be y-a-B z-1 
#1 —a)*FF(1- 8, y-B, y-a-B+1, 2); 


XVIL W,@=27 "F(a, a—y+1,a-8+1, +) 
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XVIII. =2-"(z-1)"**F(1—B, y-B, 0-8 +1, 5) 
XIX. =(2—-1) “F(a, y-B,a-B+1, 2) 
XX. =2-(e-1y F(a yt], ee tere eal 
XXL W,0=2-?F(8, B—y+1, B—a+1, 3 
XXIL =2%(2-1)*F(1—a, ya, B-at], 3) 
XXIII. =(z-1)-*F (8, y—%, B-a+l1, =] 
XXIV. Tr At aD la ‘E(B - + ie ated atl, 7-4): 


Relations of the form 
W,©=C,W,O+C,W,%, 
where Palen gest), Toco >, t=0, 1, 20 5 
hold between the six functions W,, W,©, W,®, W,©, W,@, 
W,@. One of these relations is given in Example 4 of § 63, and 
the others can be found by similar methods. 


Example. Shew that, if y—o— is not an integer, the analytical con- 
tinuation of F(a, £, y, 2) in the vicinity of z=1 is 
T(y-e¢-B)(y) wy, us ie 
T(y—«)I'(y—8) F(a, B, at+pB Gal 1 2) 


+ Ea —2j'-*-PR(y-a, y— B, y-a— B+1, 1-2). 


[Apply Ex. 4, § 63, to form III. of W,".] 


94. Spherical Harmonics. The eee 


Zap 
aaa e+ | 


is called Legendre’s ee Equation. oa integrals of this 
‘equation are called Spherical Harmonies of degree n and rank m. 
The most important cases are when n and m are positive integers, 
such that m=v. 

If m=0, the Harmonic is a Legendre Function or Zonal 
Harmonie. 

If m=1, 2, 3, ..., w—1, the Harmonic is a Tesseral Harmonie. 

If m=n, the Harmonic is a Sectorial Harmonic. 
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Let the substitution w=(22—1)*"W be made in Legendre’s 
Associated Equation; then 
dW 
dz 2 
Again, differentiating eae Equation m times, where m 
is a eae ae we obtain 


—2(m-+1)2—™ en —m)(n+m+1)W= 


eae) 


ee #_9(m-+1)25 re m)(n--m-+1) ow =0. 


i. m+ 2 


Accordingly, if m is a positive integer, two independent solu- 
tions of Legendre’s Associated Equation are 


= O™P(z 7am), (2 
Pim@)= (2-1)? 72, Que) = 2-1)? PRO, 
These functions P,’"(z) and Q,”(z) are known as Legendre’s 
Associated Functions of the First and Second Kinds respectively. 
To make them uniform a cross-cut is taken along the real axis 


ne 


from —o to +1, and that branch of (22—1)? is chosen which is 
real and positive when z is real and greater than 1. 
If m and n are positive integers, and m=n, 


n+m 
P."(@) =a (2 z—1)m SO" (t= 1), ($54, p. 120) 


a 


1 1m am @— Ori 


~ in! 


(n+m)! F “ 1-3 
=~ 9m mie —1) F(-n+m, n+m+l1, m+1, 5 ) 


(n+m)! (2@—1)m(- £2) "P(n41, —N, m+1,~5) 


iy: 27m! (n—my)! 
(§ 93, Form II. of W,) 
(n+m)! eee 1\3 


~ am! (n—m)! Fi) F(nth a ame ce. 


Ti m>n, P,™(z)=0, 
Similarly, if m is a positive integer, then for all values of 1, 
Q oF a HA 1m Tin+m+1)T) 1 
n Qn+i (a + 3/2) gntm+Hi 
F ni? ema Ly 3 us 
* ( 2 Zz is 2 = 


= 


* ste. 


5, As 
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Again, let the equation 


o a2 W dW 
(1—2?) 720 2(1 —m)2—+ (n+m)(n—m+1)W =0, 
obtained from Legendre’s Associated Equation by means of the 
substitution w=(2—1)-W, 


be differentiated m times; then 
gdm+2W adm+lw dW 
(1-2) _.} ae —2z Sais +n(n+1)—=— as =(0} 


Hence, if m and 7 are positive integers, and if m=n, two 
independent solutions of Legendre’s Associated Equation are 


Pam@=@-1) |) |... [R@caem, 


eid QZ) =(2— yf fe ¢ exccon 


Since the four functions P,”(z), P7”(z), Q,"(z), Qr™(z), satisfy 
the same equation, they cannot all be independent. The relations 
connecting them are found as follows: 


_m m nr— m 
= = 7 ii a n 
(z)= Cy a {2 — 1? dz-™ m (2? 1) 


m 


aes) lm n+1,m-+1, say 


m!\ze+1 
peti ei ie 


2 LE 1 
Qn" (z)=(- 1 en tn te a 


am-M+2 n—mM+1 3 1 

See ee thar) 
Pa Alma). 1. 1\" 
=(—1) sea (@'—1) * Tae) smi (1 5) 


2 ee eg’ 2 


($93, Form II. of W,”) 


xR(Ptmtt weer 3 2 


= ier) 
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EXAMPLES XIV. 
1, Shew that, for all values of 7: 
(i) P,(2) 7 Pi,-2(z)=(2n —1)P,u(2); 
(ii) P.(2)— zP,a()=nPr-al(2) ; 
(iii) Q@)— Qn-a(2)= (22-1) Qralz) ; 
(iv) Qn(2)—2Qn1@)=2Qna(2): 
2. Shew that 
(i) Q@=Hlog (243); Gi) Q@)=Flog (44) -1. 
[Use Ex. 1, $90.] 


3. If m is zero or a positive integer, shew that positive circuits about 
z=1 and z=—1 decrease and increase Q,(z) respectively by ziP,,(z). [Use 
Ex. 1, § 90.] 


4, Use the formula of Example 1, § 90, to prove the formulae of Example 2, 
§ 90, for positive integral values of n. 


5. For all values of 2, shew that 
(2 —1){Qn(2) Pn(z)— Pa(2) Qn(2)}=C, 
where C is a constant. [Substitute P,(z) and Q,(z) for w in Legendre’s 
equation, multiply the two equations so obtained by Q,,(z) and P,,(z) respec- 
tively, subtract, and integrate. ] 


6. If n is a positive integer, shew that > 
in iP; @-DiP.OF 
WO=P.0f Grape 


7. If is a positive integer, prove : 
(2) 2{Pr@)Qra®)-Q@Pra®j=1 ; 
(ii) 2(2 +1){ Phar (Z)Qra (2) — Pri (2) Qni(2)}=(22+ 1)z. 
8. Shew that 
(i) 2Ina(z)—2In(z)=25n(2)=2In(Z)— 25 ngr(Z) 3 
(ii) zGna(z)— nGa(z)=2G),(z)=nG,(z) — serie) 
9. Prove that 
(i) 20n(2)=(n? — 2-22) In (2) +23 n4r(2)3 
(ii) 2G,@) =(n? —n —2)Gp(z)+2Gnar(2)- 


10. Shew that: (i) Iya Z sing; (ii) J =“ cose 


Deduce that, when x is half an odd integer, J,(z) can be expressed in 
terms of elementary functions. 


11. Shew that: 
BO rer 7 é. BTA 
(i) Fle Iu@t=2SnaQ@®;s (ii) qe a Oh= — "In sa) 3 


(ii) SC} =26.4; (iv) LG, @}= -*Gaarle) 


iho ks ii 
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12. Shew that 
7 me a™ 
() z az Tnl2)= CoTn—m(2) an CIT n—ms2(2)+ set ( a Dea eae) 


m 


en d’ 
(ii) 2” a G,@)= Co Gn—m(2) = C;Gn—m+2(2) + aoe +( <a Len Gasmlé), 
where ¢, ¢},.-., Cm, are the coefficients in the expansion of (1+.)”. 


13. Establish the expansions : 
(i) 5 In D=2In)— (+2) Tnza(2) + (0+ 4) Tn+4(2)— «5 


(ii) In()=5Ia@) —(2+2)Tnoo(z)+(n+4)Tnga(Z)— 0. 


‘ 1 ape 
14, Shew that J,(z) is the coefficient of ¢” in the expansion of oh s 
in powers of ¢ 


15. Establish the expansions : 
(i) cos(zsin 6)=J(z)+2 cos 20J,(z)+2 cos 40J,4(z)+... ; 
(ii) sin(zsin 6)=2 sin 6J,(z2)+2 sin 36J,(z)+.... 
[In Ex. 14 put (=e+® in turn.] 
16. If x is a positive integer, prove 
J.@)=4 [cos (n8—zsin 0) dé. 
[Multiply expansions (i) and (ii) of Ex. 15 by cosv@ and sin 6, and add.] 
17. Shew that 
{Jo PHA Z@)P+2JoZP+2{I3(2)P+...=1. 
z(¢-2 = au 
[Multiply together the expansions of a G 4 ) ande ” (¢ $ ) , and find the 
term independent of ¢] 
18. If R(x)>—4, shew that 
a [cos (zcos pb) sin” d dp=2”" F (4) (n+4)I,(2). 


[Expand cos(z cos #) in powers of z, and evaluate the coefficients. ] 


19. Solve zw’ +w=0. : 4 
Ans. Wy, =27 5,(2r/2), Wo=2? Gy (2r/z). 
20. Solve Zan" — Iw! +4(z4-1)w=0. 


Ans. wy =2I 3(2), w= ad ~5 (27). 


21. Solve zw’ +(2n+1)w'+zw=0. 
ATS =~ "Ji(2), Wp —=2= Gr (2): 


22. If m, n, k, are positive integers, and £<m, k<n, shew that 


(i) [-PROPO dz=0, m#n; 
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23. If 7 is an integer, shew that 
+a 
Jn(utv= 2 Fin(®)S nem?) 


' a Bee (cee : 
[ equate the coefficients of ¢” in a +0( ads ) e ( $ ).| 
24, If 7m is an integer, shew that 

G,(u+v)= = Gn(H) Jn—m(?). 


25. Deduce Gauss’s Theorem (§ 61) from the Example of § 93. 
26. Shew that, if y—«a—6<0, 
Tain F(a, B, Y z)_T'(a+B- yr ; 
ei (loaye® P(a)P(B) 
while if y-—a—B=0, 
| Be, 8, ¥:2)_ T+ 8) 
en log(i=2) ~~ T@)EBy 
[For the second equation apply Ex. 4, § 63, to Form III. of W,” (§ 98).] 


27. Shew that, in the domain of the origin, every solution of Legendre’s | 
Associated Equation can be put in the form 


a(n (™5”, m+n+1 1 2) patil ynae(™— eth a = 


Te 2 2 


wi Pk otf 


OH. xv. § 95] 


CHAPTER XV. 


SOLUTION OF DIFFERENTIAL EQUATIONS BY DEFINITE 
INTEGRALS. 


95. First Method of Solution.* If Q(z) and L(z) are quadratic 
and linear functions of z respectively, and K is a constant, the 


equation Q(z) w" +L(z)w' +Kw=0 
can be put in the form 
wu / ip r i wu 
Q(z) w’ —rAQ(z)w od (z)w 
—R(z)w’ +(A+1)R(2)w=0, (A) 


where R(z) is linear in z. We shall confine ourselves to the case 
in which the factors of Q(z) are distinct. 


If the function [ee —zy+1dé€ is substituted for w in 

equation (A), then 
; A-1 / (¢-—z)? wt 

| ape {a@+¢-a9@+ 85) TOHaca0 
. +AFI(E-24R@)+(E-2R@} 
sothat [| p((xe—-2 7QO+(C-P RO} de=0.®) 

Accordingly, if @(¢) satisfies the equation 

HORO=F{GOW), ) 

equation (B) becomes 


\, slo OUOG- 2)\de=0. 


* Cf. Jordan, Cours @ Analyse, t. 111, p. 240. 
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Now, goae (C) gives 


FPOLO) BE p 


“FOO WO" Fa FP : 
where p and g are constants, and ¢—a, ¢—), are factors of Q(¢). 


Thus $( OA) =(—a)r(E— by; 
so that g(Q=D(E—ar-E— by, 
where D is a constant. 

Accordingly, 


=| -a?-4¢- Dla (Gar aes 8 


is an integral, provided that either (¢—a)?(€—b)4(¢—z) vanishes 
at both extremities of C, or else C is a closed curve such that 
this function (or the integrand) has equal values at the initial 
and final points. 

_ Let P be any point of the ¢-plane, and let A, B, and Z, 
denote loops drawn positively from P about a, 6, and z. Also 
let A, B, Z, denote the values of the integral 


[G— apr bye —aprdg 
taken round these loops, with M as the initial value, in each 
case, of the integrand at P. Any of the contours ABA-!B-}, 
AZA-1Z-1!, BZB-!Z-1, where, for instance, the first denotes the 
loops A, B, A-1, B-1, described in succession, can be taken as path 
of integration C. For, if ABA-!B~-! be taken, the final value of 
the integrand is equal to its initial value multiplied by 
pad cote ie de LAN ho) ie 

and similarly with the others. 

Let the values of the integral taken round these three contours 
be denoted by [AB], [AZ], [BZ], respectively. The value of 
[AB] can be found as follows. 

The loop A gives the integral A, and brings the integrand 
back to P with the value Me”, Thus the loop B gives the 
integral e’PB and the final value of the integrand is e?@+9M, 
After describing the loop A-1, the final value of the integrand 
is e’™2M, so that the comespandiee integral is —e"7A ; similarly 
the integral due to the loop B-! is —B. Thus 


[AB] =(1 —e2"2) A —(1 —e2r'v)B, 
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Similarly [AZ]=(1—2")A —(1—e*r'”)Z, 

and [BZ] =(1 —e?"®)B— (1 —e2t2)Z, 

Hence (1—e?"4)[AB]+(1—e*”)[BZ]+(1 —e?*2)[ZA]=0; 


so that a linear relation exists between the three integrals, as is 
to be expected. Any two of these integrals, say [AZ] and [BZ], 
can be taken as the fundamental system. 

The Branch Points of the Integral. When z is fixed, the- path 
of integration can be deformed without altering the value of the 
integral, provided that it is not made to pass over any of the 
points a, 6, z. If z varies continuously, the integrals will also 
vary continuously, provided that the path of integration is 


Fic. 76, 


deformed, when necessary, so as to avoid passing through the 
points a, b, z. 

If z describes a contour about a, the loops A and Z (Fig. 76) 
must be deformed into loops A’ and Z’.* 

Now Z’ is equivalent to ZAZA-1Z-! and A’ to ZAZ~' or 
ZAZ-1A-1A. Thus, if Z’ and A’ are the values of the integrals 
taken along Z’ and A’, 


Z=Z+e* AZ], A’=—[AZ]+A. 


*This can be effected as follows: (i) deform Z into Z,, so that z passes round a 
to z,; (ii) deform A into A’; (iii) deform Z, into Z’, so that z moves from % into its 
original position. 

M.F. R 
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Accordingly, [AZ] is transformed into [AZ], where 
[AZ] =(1—e™) A’ —(1—e")Z’ " | 
=(1—c*){ [AZ] + A} —(1 — em) {Z+ *[AZ]} 
= e?ri(p +) AZ]. (D) 
Similarly [BZ] becomes [BZ], where 
[BZ] =[BZ]+ (ec? —1)e?"*[AZ].. 
Thus @ is a branch point of both integrals. Similarly it can 
be shewn that b is a branch point. Infinity is also, in general, a 


branch point; but a circuit about it can always be replaced by 
circuits about a and b. 


96. Gauss’s Equation. If in equation (A), § 95, 
Q(z)=2-2, R(z)=(a—yt+1)-—(a-—B+l])z, A=—-a-—-l, 
then a=0, b=1, p=a—ytl, q=y-B; 
thus the equation becomes Gauss’s Equation, 
2(1—z)w’+{y—(a+B+1)z}w'—a6bw=0, 
and has the integral’ 


[,or1@-Dreg—2-eds, 


where C is so chosen that the initial and final values of the 
integrand are identical. 

A second integral can be obtained by interchanging « and 8, 
and a third by putting 1/¢ for ¢& The latter integral is 


[G2 gr-P 1d -eey-ede 


Employing the notation of § 62, we can write one such integral, 


(1+, 0+, 1—, 0-) 
| (P21 OPH = a6)-8e6, 


where the initial point lies on the real axis between 0 and 1, and 
the initial values of ¢#-! and (1—¢)y-*-! are real and positive. 
If z describes a closed contour enclosing z=0 but not z=], the 
singular point 1/z will describe a closed contour enclosing z=0 
and z=1; and therefore the contour of the integral need not be 
altered. Accordingly, for values of z which lie in a simply- 
connected region enclosing z=0, but not enclosing z=1, the 
integral is a uniform function of z. 
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Now let |z¢|< 1, and choose that value of (1 —z¢)-* which has 
the oe +1 when z=0; then 


1+, 0+, 1— 
} PML O-P- 1 —a6)-edg 


pe ese)s (xa+n—1) 
n! 


alas 1)...(a+n—1) 
mn! 


(1+, 0+, 1-, 0- 
| geen — Cable 


iM: wv 


(1 = ern) {1 = colon baal 
xBB+n, y—B)z", (§ 62) 
=(1— eo?) {1 —e''G-8)} B(B, y— B) F(@, B, y, 2). 
Note. The expression given by this equation for the function 
F(a, 8, y, 2) as a contour integral is valid for all values of z. 


Example. Prove F(a, B, y, z)=(1 -2)-*F(a, y= 8-7, 4): 
[Put (=1-£.] 


Again, consider the integral 
(0+, 2+, 0—, z—) 


ae ah re le Cha 
where the initial point is on the straight line joining ¢=0 to 
€=z, and the amplitudes of ¢/z and (1—¢/z) are taken to be zero 
at this point; while that branch of (1—¢)Y-8-1 is taken which 
has the value 1 when €=0. From formula (D) of § 95 it 
follows that when z describes a closed contour about z=0, the. 
integral is multiplied by e-°". 
Now let €=2Z; then the integral becomes 


ire 1+, 0-, 1) 


gi-y Ze-¥(1 —Z)-*(1—2Z)r-8-1dZ 


= —{1—e?@-Y}(1 —e-***) B(a—y+1, 1-a) 
x2z-yF(B—y+1, w—-y+1, 2-y, 2). 
This equation gives an expression for the function 
2a-yF(a—yt+l1, B-y+tl, 2-y, 2), 
which is valid for all values of z. 
97. Legendre’s Associated Equation.* If in equation (a),§ 95, 
Q(z)=1—-2, R(z)=—-2(n+1)z, A=-—n-—mMm—2, 
then a=—1, b=1, p=q=n-+1; 


*Cf. Hobson, Phil. Trans., Vol. 187. 
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thus the equation becomes 
(1—2?)w” —2(m+ 1)zw’+(n—m)(n+m+1)w=0, 
and has the integral 
|,@- 1)"(€- 2) OG, 


where C is a suitable contour of integration. Hence (§ 94) 


w=(z2—1) Pa Se i Sead eas 


is an integral of Legendre’s Associated Equation. 
The Function P,(z). Consider the function 


(2+, 1+,2-,1-) 
| (€?—1)"(€-—z)-*-™ “1dé, 


where a cross-cut is taken along the real axis in the z-plane from 
1 to — to make the function uniform in z, and the amplitudes 
of z—1 and z+1 lie between —7 and +7. Let A (Fig. 77), a 
point in the ¢-plane on the straight line joining ¢=1 to ¢=z, be 
taken as initial point; and let the initial amplitudes of €—1 and 
¢+1 be ¢ and ¢’, where these are the angles (between +7) 


w=(z2—1) 


za 


Fia, 77. 


which the lines joining ¢=1 and €=—1 to A make with the 
positive g-axis. Also let the initial value of amp(¢—z) be 
—(x— ¢), so that amp (¢—z) is zero for points on the contour 
at which ¢—z is a positive real quantity. Thus if z lies on the 
x-axis to the right of +1, the initial values of amp (¢+1), 
amp (¢—1), and amp (¢—z) are 0, 0, and —z, respectively. 
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Now let ¢-1=(z—1)Z; then the initial value of amp Z is zero. 
Again ¢+1= 2(1+75*z). But when €=1, amp(é+1)=0; 
hence amp (a +22) i is zero when Z=0. Also 
€—z= —(z—1)(1—Z) =e-*(z—1)(1—2), 
where amp (1—Z) is initially zero. Thus 
w= a ate Qngin(nt+m-+1) 
(1+, 0+,1-,0-) es n 
xf Z(1—Z)-»--1(14 2-2 Zaz 


24 miner n= 1)... (n—r+)) 
-(45)" che ee aes 


NT GEE, 0-431 —5,0=) 
x € * | LT Zi) -8-@-10Z, 


2 
= Sat noin(ntm+1) or U(—1)...(n—r+1) 
se Bae? az 


r=0 


x (ZY ae (1 e284} B(n tr $1, —n—m) 


geile gt ere Ete) 2 
Tin+m+1rd—m) 


xF(—n, n+1,1—m, =.) 


cae 


=(- a Qt 2are™ sin NIT 


In particular, if m=0, 
fe <ont “©@ —1)*"(€- se Wald Eas Qt tare sin iT 


sie 
xF(-2, n+1, 1, ee) 
so that (§ 90) 
nin (e+, 1+, 2-,1-) 
asl (G2 1)(E—2)-"-1dé 


Fal2)= Q4er sin 7 
Now, if m is a positive integer, then (§ 94) 
UP a 
P,.”(z) = (22—1)i ad z) 
em Pmtmt) oe _ yin 
 4rsinnar T(n+1) 


xf" 1+,2-, (2 —1yn(E— 2) Ide 
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But this function satisfies the differential equation for all 
values of m. Hence, for all values of m and m, P,’(z) can be 
defined by any one of the equations 


PM@)= Pin) (4) en es 1m) 


yeti IR ers er Wasi 
agers 1) F( m n, n—m-+1, 1—m, ->*) (§ 93) 


CoROLLARY. P™,,_,(2)=P7(z). 

Example 1. Shew that 

fer aya ata sey fy als 
deduce that = Px@)=s af (C19 


The Function Q(z). Again, consider the function 


(-1+, +1-) 
w= 1 [ (G1 Gays, 


where a cross-cut is taken along the real axis in the z-plane 
from 1 to —o to make the function uniform in z. Let the 
origin in the ¢-plane be taken as initial point; and let +1 and 
¢—1 have initial amplitudes —27 and 7z respectively, so that 
they will both have amplitude zero when ¢ is real and greater 
than 1. Also let the initial value of amp (€—z) be ampz—z. 
Then, if |z|>1, 
w= grrr) (ee a 1) m 
2. T(n+m+v+1 1 (eda FES} 
<Uroshtarmepsern) OCI 


= ei(ntm+) (22 ])im97 sin nar 


2r+1 
>> C(n+m+2r+1) Tmt )1( 9 ) 1 
A PQrt+)lia+m+l) T(n¢ ees) PEM EY 
2 (Exs. VIII. 7) 
= eim(n+m+1) 94 gj 2 1\4m 1 Tm+1)() 
ain (ee) eS ee ene 
xR( time n+m+1. 


9 ? n+ 3, =), (§ 62, Ex. 2). 
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Now, if m is a positive integer (§ 94), 
(—1)™(2—-1)”" T(int+m+1)T(4) 1 


Qn Z@= Qn+i T(n+3) gnt+m+1 
n+m+2 n4+m+1 it 
x F( 5 ; 9 , n+3, =). 


But we have just shewn that this function satisfies the 
equation for all values of m and m. Hence, for all values of 
7 and m, Q,’"(z) can be defined by either of the equations 


em? T(nt+m+1)0) @-))™ 


Qn" (2) = ona T(n+8) gn+m+1 
n+tm+2 n+m+1 1 
xF( se eet maces ue af 2) 


e-in(n+1) 1 T(n+m+1) (221) 
Qetl Qisinnzr. T(n+1) 


ait sag tc 1y"(€—2)-™-™1d& 


CoROLLaRY. By applying the formula (§ 93) 
F(a, 8, Se OH=(1 i ¢)r-*-PB(y—a, y—P, Y> ¢), 
wé obtain the relation 
Oa mri On (2) a gun Ce (z) 
T(nt+m+l) Pm—-—m4l) 


A Second Expansion for Qn™(z). Consider the function 
s, (2+, -1+, 2-, —1-) ‘ 
@-1| (€2—1)"(€—z)-"-™ “1d. 


There are two cases to consider, according as I(z) is positive 
or negative. - 

Let A (Fig. 78), the initial point, be on the straight line 
joining ¢=—1 to §=z, and let this line make an angle ¢ 
with the positive ¢axis. Also let the initial values of 
amp(€+1) and amp({—z) be ¢ and —(7—@) respectively. 
Then if €+1=(z+1)Z, the initial value of amp Z is zero. Also 
€—z=(z+1)(Z—1), so that the initial value of amp(Z—1)is —7. 
Again, since (-—1=— a(1 it. am Z), and since, when ¢=-—l1, 
amp(¢€—1) has the value 7 in the first case, and the value —7 
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; ; 
in the second case, ¢—1 has the Ma oes (4 = “- Z) when I(z) 


is positive, and the value 2e- (1+ Tea ae) when I(z) is negative. 


-1 @) 1 i=) 


Fic. 78. 


Hence the given function has the value 
, (2—1\?., s 
estnet( ) Qn ein(nt+m-+1) 
z+1 


{= 0+,1-, 0-) 


x Zn(1—Z)-n-m-a(y 2 £2 7)" AZ, : 
: , Fs T(n+1) g—]\m 
= prmitnni9n / 
€ 2 Ant SILER Tere Le er G5) 
xF(- n, n+1,1—m, mr) (§ 96), 


according as I(z) is positive or negative. 
Now let L, M, N, be the values of [(@-DG-2-r ag 


taken round loops from ¢=0 about —1, 1, z, respectively ; the 


initial value of amp(¢—1) will be 7 or —7z according as I(z) is 
positive or negative. Then (§ 95): 


(2+, 1+, 2-, 1-) , 
| (@-1)"(€-2z ett 
ss N (1 — ern) — M{1 a 67 tet ley . 
(2+, —1+, 2-, -1-) 
| (f2—1)"(F—z)-*-™-1d € 
= N(1 fee e2nm) L{l _ era tur de} : 
eles) 
| (¢?—1)"(C—2z)-*-™ dé =L— 


hae Rees 
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Denote the integral in the last equation by W,; the initial 
value of amp (¢?—1)" in this integral is +n7i, according as I(z) 
is positive or negative. Again, let W, denote the integral 


(-14+, +1-) 
| (Co ar(G2 a)" = de in which’ the initial valdes of 


amp(¢+1) and amp({—1) are —2z and 7 respectively; then 
amp (¢?—1)" is —n7 initially. Hence 
enn W, = ernni Ww, ‘ 


so that We=e-" Fen (L—M), 
according as I(z) is positive or negative. 
But 


: (z+, 1+, z-,1-) 
(L—M){1 —e- 2x(m+nji} =| (C— 1)"(€—2)-"-™-1d€ 


oP AE ay 
=i (G12) ng 
Hence, since 
ni eD 1 (nn +-m+1) 
n™(Z)= 2rtl Qisinnwr T(n+1) 
it follows that 


(22 a em W, . 


trem i| 


Qn™(2)= 2sin(m+n)7 T(1—m) 
nti z+1 a 1 rae 
er (5) F(—n, n+1,1—m, fae) 


if ye 
z—1\im Se 
-(5) F( =n, +1, 1-m,-3" . 


according as I(z) is positive or negative. 
CoroLLARY. From the equation 


Din+tm+l1),_ ‘ 
™ ay At at eects tao dn mer Tad? d m 9 ' 
Q(z) =e Tin—m+l) (z), (cf. p. 263) 
it follows that 

aem™ T(n+m-+1) i 


re) 2sin(n—m)r T(n—m+1) V1+m) 


ni gmk a 1-z 
|e G5) F(=2, n+1, +m, 9 ) 


“| iy r(-neen om 5) 


z—1 
Example 2. Shew that 
P™(z)= 2 (Q(z) sin (m+n) 7 — Q™,-1(2) sin (n —m) x}. 


T COS 27T 
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98, Second Method of Solution. Differential equations of 


the type 
(az+a’)w’ + (bz+b’)w'+(cz+e')w=0 (A) 


can be integrated as follows: 
Substitute w=| 9 e* dé in equation (A); then 
i p (Se {(aPr+bot+ojz+a r+ +e)}de=0.. (8) 
Hence, if ¢(€) satisfies the equation 
WE+KE+e)HO= Ra +U+9O), ©) 
: d 
equation (B) becomes ie ages )df=0, 
where 0(€)=¢(G)e"(ag?+bé+c). Also equation (Cc) gives 


a’G2+b'o+e" 
a ag?-+bg+e ae 


1 
= aerOE te 
Thus | e@eag is a solution of equation (A), provided C is so 
chosen that @(z) regains its initial value at the final point. 


99. Bessel’s Equation. In Bessel’s Equation (§ 91) put w=2"W; 
~ then 
aw dW 
This is an equation of the type considered in the previous 
section. Accordingly, since, in this case, 


fonts 


oO=a pe St a4 


W= | &(@-41p-4dg 


is an integral, provided 6(z) or e*(€?+1)"+# regains its initial 
value at the final point. 
Hence, if ¢ is replaced by 7g, a solution of Bessel’s Equation is 


wan) obs(—1p-dag, 
C 


where C is a suitable contour. 
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Heipression for Jn(2). poe the integral 
iy ges eis (2— Lee dé, 


where the initial point lies on the €-axis between —1 and +1. 
Let the initial amplitudes of €+1 and €—1 be —2z7 and 7 
respectively, so that each of them has zero amplitude at the 
point where ¢ crosses the £-axis to the right of €=1. Then 


ay, (ai it= | 
| city es (G2 1)*-#dé= 34] 6°(G2?—1)"-tdé 
2r+1 
nGe 
—2i eos na P(n-+3) 31(— WT @rt) etre) 


(Exs. VIII. 7) 
ee 2: con nr /aT(n+4)(2)" Jn(2), ($62, Ex. 2) 


QinT (4) /2\" 
att) (5) Jat) 


Hence 

re I'(g—n) (2 A "oe zi 2 n— 
CorRoLuaRy. If ROCIO. 

t 1 2\" ; iz — n— 


-TpTEED G a ecoedsin™” & dd. 


Example. Prove 


Expression for G,(z). There are two cases to be considered. 
CasEI. Let —7/2=¢=7/2, where ¢=ampz. 
Then consider the integral 


| ee@—r tag 


taken along the contour C of Fig. 79 from infinity back to 
infinity. Both extremities of C approach infinity in a direction 
making an angle 7/2—¢ with the positive é-axis; so that 22¢ is 
real and negative, and therefore @(¢) tends to zero at both 
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extremities. The amplitudes of ¢+1 and ¢—1 are chosen so 
that they vanish at the point L, where the curve crosses the. 


positive €-axis. 
If necessary, deform the path so that, at every point on it, 


|€|>1; then . 
iz y ne =, il [(n+3) ize F2n —2Qv - 1 
[eee D ate SD Tere tsa Oe 


Fic. 79. 


Now put \ =e! zé, so that the initial and final values of amp A 
are 0 and 27 respectively; then if 


w= ae es (C pay Ly -4dé 
gv 


=—g-"] —8nmi Si Ree eee SN) Shea or = | 
w=z2-"T(n+ $)e SreEDr@rical AQ2n- 2-1) , 


where the integral is taken along the contour of Fig. 60 (§61). 
Hence 
w=2-"l(n+4)e- a" 
2 e2r(@-vi 27 gin 2(0—v) 7 


SCN ee ee 
a4 Tot+1)P(n+43-y) 


v= 


T(2n — 2v)2” 


= fA 
(4-1) cos n7 
eS : 2 D2n-2v—-1 T(w—v)T(n1—v +4) 
“Prot Je P@=vth) 
(§ 62, Ex. 2) 


=e e-'™ 94 sin 2n7 


We 
ume y 


=2 ie aye ~nl@). 


US ( 2) = 


enn T(4-n) 2\% a 2 
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Next, let R(n+4)>0, and —7/2<¢=7/2; then, deforming 
the path C into a contour (Fig. 80) consisting of a line through 


Fic. 80. 


¢=1, which makes an angle 7/2—¢ with the positive ¢-axis, 
described from x to 1, the €-axis from 1 to —1, and this path 
reversed, we have 


J _4(Z)= { —_ e~ 3-3) 4 g-ita-Dr} 
enn (4-7) Zz af Pe oo 
oe pee de 


+{—1+et@-D7*} 

es [TG—2) 2 cle i26( F271 \n-4 

ont 1G) (5) ns id See ae 
where in the latter integral ¢—1 and +1 have the amplitudes 
corresponding to the first description of the line from « to 1. 
Hence 


x Dee hess T(4-7n) 
J-n(zy=emIn(Z) +e sin 27 Td) 


x (5) Jeera: 


so that ra ‘5 
— panni a ae ad & f 226 ( 62 1 \n-4 
Gi(Z) =e" cos NT (4) () \ € (¢ 1) dé 
ee Jr @ el. 126 ( 2 n-4 
— ponnt ee 4 — 
See (5) ea 1h. 


3 ° 
Now let ¢—1 UN so that ) is real and positive; then 
since, when (=1, amp(¢+1)= — 27, 
€+1=e-7"(2+4e-*A). 
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Thus E 
pace Tv b. (n+) St - nmit2i 
Glge \ 2T(n+4) 


= ; ; _\ hn 
x | e-re*(y g-ib)n ne + 50H) d(re-**). 
0O- 


Case II. Let 7/2=¢ =37/2. 
Consider the integral 


| es (€2—1)"-*dé, 
c 


where C is the contour of Fig. 81, and the amplitudes of ¢—-1 
and €+1 are chosen to be zero at L. If|€|>1, 


| es (C27 — 1)"-4dé 
‘ T(n+3) 


= S =v 4 2n-2v—1 ; 
ea D rote eale ¢ ¢ 


Fic. 81. 


so that, applying the transformation )=e-!"z¢ to this integral, 
we obtain in the same way as before, 
ae I'G—n) e ‘| 126 ( F2 n—¥ 
lea (i (5) e ea ae: 

Next, let R(n+4) > 0, and 7/2=¢ < 87/2; then, deforming CO 
into a contour (Fig. 82) consisting of a line through €=1, which 
makes an angle 7/2—q@ with the positive €-axis, described from 
co to 1, the €-axis from 1 to —1, and this path reversed, we have 

' sy — 827i T(4—-n) 
= { —gir(n-) 4 psin(n- 9} & 2 
ee ete Ngacd’ STUD) 


p (5) ea ~ £2)-4dé 
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e~ Seri T(4— 7) 
m T() 
«(9 Pereira 


where in the latter integral €—1 and €+1 have the amplitudes 
corresponding to the first eae of the line. Hence 


['(g—n) 


+{-—1l+ete- oH eee 


J n(Z)=¢- aiJa(2) += —e-*™ sin In7 — 


Bx) 
x G) Je prtaes. 


—p-nm Jt z\" ‘a iz n- 
so that  G,(z)=e racaG ) [es(@—1) ide 


Fia. 82. 


Now let ¢—1 Adie so that is real and positive; then 


1=2+7e-*y, 
Thus c+ ak 


L (N44) nt —nmitei 
Ga == V5 ———— 2 
No Tmt 
iS Pine -i\n=3( 12 a -ib peas ats 
x2" (ne-#)"-A(L SNe yd ne). 
Accordingly, if R(n++4)>0, this formula holds for all values 
of z such that —7/2<¢< 37/2. 


100. Asymptotic Expansions of the Bessel Functions. In 
the formula obtained at the end of the previous section, let 
zre~**=€, so that € is real and eye then 


1 =a = n-$ 
C.0= V5 TaTD’ ‘ ok etea(143h)’ dg 
provided R(n+4)>0, —7/2<¢< 37/2. Hence 
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where the integral is taken along a line making an angle y with 
the positive real axis such that —7/2<y<7/2. Thus 


G.(z)= Ve or te+9) 
( > TOF DTGFIHe) [pee saeR} 


wa we (47) (S T(n+4 +y) a \. 
=a5e 124 To+1)l(m+4-y) e taste 
Now let €=we”, so that w is real and positive; also let 
F(u)=wW(u)+ix(u), where (wu) and x(w) are real functions and 


F(u)=(1 “e 


Then 
Vea) = (0) +00) ++ oe =a OT “y")(8u), 


x(u)= x(0)+ wx(0)+.. Api Sy Xe 0)+5 -x(6), 
where 0<0<1,0<@<1. Therefore 


F(w)=F(0)+uF(0)+.. eee 


Hence 


ay BOS Y(Ou) +x" Ee)}. 


] 
BTR EHTETD |g oe tx} a 


Again, FO oe a (n+4 2 eS ( cs 4en a -}- = 


(n+4 22 
ew 
But oe =a [1— Ein y— g)+4 if) where 2= pe® 
=4)| cos%- o)-+{sin y— 3} | 
=|cos(y—¢)|. 
Now let amp 14S" )=7; 


then, if cos(,—¢)+0, as w increases from 0 to 0, —7r<r<7. 
Hence, if n=a+2@, and if s>a—l, 


(+s e7 |B\ 
z | cos (y— p) [S-at# 
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Thus POW) |S 57 
T(n+3) em 18 | 
her been! Cae 
am Mm lr e | lew DPF 
Therefore 
(Ow) +x (Ow) |= J (Ow) }2+ {x(6'x)}?] 
2M. 
Thee 
It follows that 
(= 1 ve -|¢|cos la=kve 
B= Tarp Ter) |\Oe'\8 Pi | d| ¢| 
ee 1 J/2Me-*"T'(a+3+8) 


~[P@+H)l@+l) [22% osnya 
But » can always be chosen so that M is finite; therefore, by 
sufficiently increasing |z|, |R,| can be made arbitrarily small. 
Hence the series is asymptotic. 
Note 1. The expansion can be written 


G,,@)= Neat ) one ti(e+t ) 


[,_(4n®—1)(4n*—3#) | (4n?—1*)(4n?—3*) (45%) (4? 7) =) 


\ 2!(8z)2 41(82)4 
.((4n?—- 12) (4n?—1°)(4n? — 8?) (402-5?) 
ee | 


Note 2. Since G_,(z)=e”7G,(z), the expansion also holds 
when R(n+4) + 0. 

Asymptotic expansion of J,(z). Again, since J,(ze") = er sale) 
we can write rid,(2)=G,(z)— eG, (ze”). 

Thus, if —7/2<¢<7/2, the asymptotic expansion for J,(z) 
is given by 


2 (4n?—12)(4n?— 32) 
3@)=4| a5 (1- - 21 (82) 
4 An? = 12)(4n? — 8°) (dn? 5°) (42-72) | ( 7 ns) 


41(82)! 4 2 
(An? 12) | (4n®— 12) (dn? ~ 8%) (4? 5%) | 
ates ee 1182 “BI(82) 


in( za 
x sin ori oe 


M.F. 8 
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Also, since J,(z)=e"J,(ze~‘”), it follows that, when 
T/2<p<37/2, 


the expansion is : 


Tn(e)=ierna/- 211 -Oeaee + ...}e0s (247 +5) 


gin A zs (a eee ee 4 \ 
~ ON Gra) U TB 2 3! (82) ig: 


A TUT 
x sin (24% +"), 
CorROLLARY. The difference between two consecutive zeros of 
Jn(z) tends to the limit 7 as z tends to infinity. 


Example. Prove 
ep Jo(mr) _ 
rae at TT, (may? 
where / is positive, and the quantities m, are the zeros of the function J,(ma) 
regarded as a function of m. 


ie ie Jo(rx) xe da, 


Since Go(ma) Jy (ma) — Jo(ma)G, (ma) = —, (cf. p. 241) 
1 
Go(ma)= malo (ma) mad ,(may 
Now Golga) Toler) ze dz=2rtd Co (erea) To(mesr?) Mage Oe. 
o Sola) =—Iy(m 
Om, ° @) 
We Soe 


Fic. 83, 


where C (Fig. 83) denotes a closed curve which crosses the z-axis at the 
origin and at an infinitely distant point between two zeros of J (2a), and the 
summation extends to all positive values of m,. Therefore, since J o(2@) is an 
even function of z, 
Go(za)Jo(zr) ae Ll Jo(mr 
Ng RE Io ent Sn ONY. | Den 
o IoGa) RM DT mae 
But Lim Go(za) =O), if I(@)>0, 
a >a \Jo(za)) =i, if I(z)<0, 


ie Pi Jo (mur) i 
Hi ae ONE king? __ = 
ence Lim Sep tmaype =|, Tolerae mde 
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: EXAMPLES XV. 
1. If R(B)>0, R(y—f)>0, shew that 
ff ag #0 -0)-*dl= BUG, y—A)F(a, By 7,2. 
Use this formula to prove Gauss’s Theorem. 


2. If m is a positive integer, shew that 


z— 1) a 
PaM@)= Serr TF (m—n, m+r+1, m+1, += *) ; 
deduce that re "O= Tn Pr (2). 


3. If m is a positive integer, shew that 


Pee a ee cress 2 Ns Dis 1)"((-21de 


[Use Ex. 1, §97.] 
4. Use Ex. 1, § 97, to prove that, if m and » are integers such that 
n=0, mZ—n, 


P= 55 Tee ef C-I(-ard 


where C is a closed curve enclosing (=z. 
5. Establish the formulae : 
(i) Pra@=2Pr(2)t+(2-Ii(nt+m) P72 (2); 
(ii) Pra(z)=2Pa(2)—(-1)A(n —m+1) Pr") ; 
(iii) (2 —m+1) Pria(z) —(2n+1)2zP2 (2) + (2 +m) Pra(2)=0. 
[Apply the method of partial integration to the definite integral form 
for P,,™(z).] 
6. Shew that the formulae of the previous example also hold for Q,”(2). 
7. If|z|<1, shew that 
r een ey 
E(m+n+1) 7 eMm™ A 2 2 
Qn” (z) =e 2 2 r =) 
2 
x(2—- pink (Steet, LAE be 2) 


2, 2 
n+m+2 (2) 
Oe eae 


Tt 
eu tye emnign 


Tay 
L 2 

; — th +n+2 3 
aCe hy (ee ao 2? #), 


according as I(z)=0. 
[Use Exs. VIII. 20, and Ex. 2, § 62.] 


8. Prove that —P,(z)=+ tannm {Qu(2)—Q-nal®)} 
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9. Prove that 


—mn7i a 
P="(2)= e F(a-—m+1) 


a COS NIT T(n+m+ 1) sin (n 7 m)m {Qn (2) —Q™,-1(2)}- 
[Use the second expression given in § 97 for Q”"(z).] 
10. Prove that 
a ee Pa ae SN fe Ls \ 
E hierar: 1) hg (2) a S10 ir Q (z) 
[Use Exs. 9, 2, § 97.] - 
11. Shew that 
(i) Pym(—2)=eF™P,™(c) -= sin (n-+m)re-™™'Q,,"(z), 
(ii) Qn"(—z)= —e=""'Qn™(Z), 
according as I(z)=0. 
12. Shew that, if |z|>1, 
P Mt ae (nt+m)r D(n+m+1) 
nA oT cosnr T(n+3)1G) 


(2-1)",(n+m+2 n+m+1 sil 
gomet Bg 9 BD 


atin Li) 


mn—mp( m—-nN+1 m—n 1 1 
x (22 —1)i™2 F( St eee 4} 


[Use Ex. 2, § 97.]. 


13, Shew that, Spee ree 
Py(2)=eFma™ cos ( 5 7) 
Ee) Pte) 


2 2 
x (2 1yeR (S424) m—n 1 ) 
2 


b 2 Zor a 
r(#tet2) 
perma” sin (22 r) a 
r amet r(3 
Swe 


xe yeae( BENES eaeene #), 


according as I(z)= 0. 
14. Shew that 
PON? 1 ig \iF ae tate 
Jal) =3 Te coanal (44) (2) i (¢?—1)"-4 cos (zo) dé. 
15, If R(n+3)>0, shew that 
: 1 AA fe 
n n= a —i2é = n— . 
() INO=payF ap (§) [eta ena 


n 


Gi) In PEF GED (§)" [eos os $) sin dg. 


MISCELLANEOUS EXAMPLES. 


1. Shew that 
d | 24 +22 |?+| 2 — 29 |?=2{| 2, |? +] 29/7, 
and give a geometrical interpretation of this equation. 


2. If x is a positive integer, prove that 
(i) 2"-a*"=(2 — a?) (2 — 2az cos Se at). {at — 2az cos = at, 
\ 
(ii) 7" —2a"z" cos 0+a"= (2 — 2az cos as at) 


x (2-2a2008 O+2r 5 a2)...{2—2az008 eis Wn ent): 


_3. Prove that, if the points 2, 2, 23, are the vertices of an equilateral 
triangle, 22 ag? + 2g? = 2125 + Zolq + 29%}. 

4, If %, %, 23, are the vertices of an isosceles triangle, right-angled 

at the vertex z,, prove that 
247 + 229? + 242 = 220 (2, + 23). 

5. If (41 — 22) (21' — 29’) = (2 — 25) (29! — 231) = (25 — %1) (25 — 21’), 
shew that the triangles whose vertices are 2,, 2, 23, and 4’, 2, 2, are equi- 
lateral. 

6. Similar triangles QRL, RPM, PQN, are described on the sides of the 
triangle PQR. Shew that the centroids of triangles PQR and LMN are 
coincident. 

7. If a,, dy, a3, and 6,, by, b;, are the vertices of two triangles which are 
directly similar, shew that any three points which divide the line joining 
the pairs of points a,, 5,; a, b,; a3, 63; in the same ratio, form a third 
similar triangle. 

8. If the lines joining z and 2s, z, and 2, 2, and 2, are divided in the 
same ratio 7 at 2,', Zs, z, respectively, and if the triangles whose vertices are 
245 2) 23, and 2’, 29’, 23, are similar, shew that either v= 1 or else both triangles 
are equilateral. 

9. Let ABCD be a parallelogram of which AC is a diagonal, and let 
ABX, DCY, ACZ, be similar triangles. Prove that triangle XYZ is similar 
to each of them. 

10. OCAD, OEBF, are circles, where O, A, B, C, D, E, F, are the points 
COne 0), (2,0), (6,0), (1, 1), (1, -—1), (83, 3), (3, —3), respectively. If 
w=/{(1—2)(4—2}, and if w=2 when z=0, find the values of w at A when 
z moves from O to A (i) along OCA, (ii) along ODA ; find also the values of 


w at B when z moves from O to B (i) along OEB, (ii) along OFB. 
Ans. —1/2, t/2, —r/(10), —»/(10). 
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11. Shew that the equation w=4(z+z), where z=ré,, determines a 
transformation which carries over circles, r=constant, and straight lines, 
6=constant, into confocal ellipses and hyperbolas respectively. Sketch the 
system of confocals. If P is any point within the circle |z|=1, shew that 
there is a point Q outside that circle which is carried over into the same 
point of the w-plane as P is transformed into. 


12. If w=a(z—c)(z+c), where a and ¢ are real and positive, shew that 
the interior of the circle |z|=c in the z-plane corresponds to that half of the 
w-plane which lies to the left of the imaginary axis. 


13. If w=1/z, and if the point z describes that part of the line 4y=3(x—2) 
which lies in the first quadrant, find the path described by the point w. 
Shew on the same diagram the path described by w when z describes that 
part of the line 4y+3(«—2)=0 which lies in the fourth quadrant. Indicate 
in each case the direction of motion. 

Ans. Those parts of the circles 6u?+6v?=3u + 4v which lie in the fourth 

and first quadrants respectively. 


14. Shew that the transformation w=4/(z+1)? transforms the circle 
|z|=1 into the parabola v?=4(1-—w), and that the interior of the circle 
corresponds to the exterior of the parabola. 


15. Shew that all the roots of +22+2+3=0 are in absolute value less 
than 1°6. 


[Cf. the proof of the Theorem of § 10.] 


16. If a and 6 are real and positive, shew that the equation #?+az+6=0 
has 2p roots to thé right, and 2p to the left, of the imaginary axis. If } is 
negative, shew that 29+1 roots lie to the right, and 2p—1 to the left, of 
the imaginary axis. 


17. If a and 0 are real, shew that the equation 2?-'+az+b=0 has 2p or 
2p —1 roots to the right of the y-axis, according as b is positive or negative. 


18. Prove that : (i) Lim (sec z— tan z)=0 ; 
2—>7/2 
cos (ee x s) sin ee a =) 
li Lim = = 1 : iil i =e 
(ii) a sin 72 33 (iii) an sing7z 2 


19, Shew that ” 
Ca ee 


sin 27 —7sinh 2y 
cosh 2y+ cos 2x ’ 


Cy corte rey cosh 2y — cos 2a 
20. If z tends to infinity along a straight line through the origin, shew 
that Lim tan z= +7, according as the line lies above or below the real axis. 
>on 
We 21, If w=coshz, shew that the whole w-plane corresponds to any strip of 
the z-plane of breadth 7 bounded by lines parallel to the x-axis. Also shew 
that, to the lines »=constant, y=constant, correspond the confocal ellipses 


and hyperbolas 
yp D We a2 uz ge 


—| += = 1 —,- - = = 1. 
cosh*z sinh?x ~? cos?y  sin?y 
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22. If w=log{(z—«a)/(z—b)}, shew that the lines «=constant correspond 
to a coaxal system of circles whose limiting points are a and 8, while the 
lines y= constant correspond to the orthogonal system. 


23. If z=ctanh(7w), shew that the lines w=~) correspond to the coaxal 
circles {«—c coth(27u)}?+y?=c? cosech?(27wp), 
and the lines v=v, to the orthogonal system of coaxal circles. 
24. If the sequence 2,, 2, 23, ..., is convergent, shew that the sequence 
fay et ies IL : 
converges to the same limit. 


ony 


25. If the sequences 2, 2, 23,..., and 2’, 2 23... converge to the limits 
zand z respectively, shew that the sequence w,, w,, #3,..., where 


Wr = (2j2n 1252), bh eee t 2nk')/2, 
converges to the limit zz’. 


26. Integrate e“/(1+e*), where 0<a<1, round the rectangle whose sides 
are c= +R, y=0, y=2z7, and shew that 


i e* dx ria 
Sa . 
-» l+e* sinar 


27. Prove that - 


= 1-rcos20 f 1+rcos20 
' T= 27 cos 20-472 108 008 O46— 0 iercenst ee Oe 


1 : 
2 log a if -l<r<l, 
aE ere Tima Wor tt 


Deduce that [vog(cos 6)do= | log(sin 6)d0=5 log 4. 


2(1+7r)+(1—7) log(1—7z) 


[Integrate Aa+r¥+(ore 1¢2 


round the contour of Fig. 33, and 
put z=tan 0@.] 
28. If —2<a<2, prove that 


= rsin 20 raid | rsin 20 - 
b Ta Br con ab pri OP AO= |, Ter cos adr Or Ae 


eG (a2) | it ey Wl ed 


4sin lar ~\l+r 


T 24, if 
Stee Sy (a r<—lorr>l1. 
4sin dar Ul ( et ae 


Deduce that, if -2<a<2, 


[sin 26(tan 6)°a0= [sin 26(cot o"a0= 


Ta 
BE 
2 sin 4am 


2re #— round the contour of Fig. 37.] 


[Integrate PO sre +7 1+2 
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log (1 +7s/z) a log (1 +7s/z) 
P—t viz? 


29. By integrating 


and positive, prove that 
8*\ rdx a ) xd 
th log (145) 3 =r log(1+ ) = af tan ao 


r -$ 
5 and log(1+¢) a 


30. By integrating log( 1 +8) Zz is, where 7 and s 


are real and positive, prove that 


2 
(i) Pi. log (1+ z) a —xtan1(£), 


ej ( ). 
@) 2 tan (é jae z los 1+5 
31. If a,c, and m are real quantities such that m=0, c>0, shew that 


Oe: = a) da 7 


P+ CLE 


—me 
(ii) P AG: cos nio- a) - w= cs cee <3) (a cos ma+e sin ma). 


Crete . 
{1 ~ Pes cos ma —a sin ma) ; 


32. Shew that, if a and b are real, and m=n=0, 
iby sin m(a—a@) sin n(x—b) Ree. sin n(a— 


L-a xz—b ae 
cos . 1 1 

33. Prove that [ 1 = oq7 Tah e 

3. Prove tha . ayy 2a 4sinhia 


34, If O=r<1, shew that 


I dé TG 
Jo 1—2rcos@+72 1-7? 


35, Shew that [, >“ 7——a= 27 or 0, according as |a|<1 or|a|>1. 


36. Shew that, if |@,|=1 for all values of n, the equation 
O=1l+ayz+age2+ 


cannot have a root whose modulus is less than 3 Also shew that the only 
case in which it can have a root z=1Je® is when eee =—6-o", (wel, Bio ee 


37, Shew that, if R(z)<4 i, 


al é ( @ 2 l-z 
Re ere 2) ee + 


l-z 1-22 
38. If|z|<1, shew that 
1 ns cs I ntl 2(n+2)r 
d+2+22— 3 {35 ae AGT) } 


39. Shew that 


(i) Lim (1+cos7z)/tan2rz}=1; (ii) Lim 1—cos(1—cosz) _4 
z—>1 = 2->0 gt 8° 


where 7 and s are real | 


MISCELLANEOUS EXAMPLES 281 


40. Shew that, if |z|<1 or|z|>1, the series 
2 ge go 
has the sum z/{(z—1)(24+1)}. 
41, Prove that (i) | cosz|cosh |<], (ii) | sin z| =aihh|s |. 
[Use the Taylor’s Series for cos z and sin z.] 
42. If |z|> 1, shew that 
i 2 4 
z+1 +241! Aq1+ 
43. Shew that the series 


eer 
Opthos ara 
a pee Site 


is convergent if R(z)> 0, divergent if a <0. 
44, Shew that the series 


S {ya bee(1 +=) 


is convergent for all values of z except 0, —1, —2, —3,... 


45. Shew that, for points interior to the circle 3x?+3y?+2x7-—1=0, 
1 Sole eee Bt is. 
46. Prove that, if |z| <1, and the principal value of tan—‘z is are 
log(1+2). tan-Iz= 2{4(14+4)2-4(114+34+44) 2+... 
47. If|z| <1, shew that 
Z ee 32 fx 2 


ES an aoe =a *q—29t G2 


48. If ~ is neither zero nor a multiple of 27, shew that 


Hac 


cosh z—cos a _ Ae 
1—cosa =I trae tay +a)? 
49, Shew that 


SIN Z 4m 22) ( a ec ayt ~$sin?S) 
: =(1-$ sin 1 3 sin 32 1 3 sin 33) 


50. Shew that 


+,  COSZ 4 = r+Qz 
@) Trane Fier eo 2 (+22) 
11 5 1 9 a fy (r+227\/? 
(Hi) Ltsins= gr +22 "ante J 


51. Shew that the series 
1 i 1 1 1 
: Ties aa s S4e 
represents a meromorphic function with simple poles at the points —1, —2, 


=f Ne 
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52. If a is positive, shew that 


(PCOS O27) mace 7 
| (ee aa ig (V+ 3a+3). 


53. Shew that 
(1—2)\(1+#)(1-3#2)(1+}2)- ... =cos (Jz) — sin (3772). 


54. Prove that (i) peud awe 2% =! i (1- g Ve 


sin 7e pas wee 
Gp 1-See ait gaa 
55. Shew that I {1 -7 am eee 
56. Shew that ie e789 cos(z sin 0) ag=5— | = sin # ht 


ax sinh(rx,/2)+sin (72/2) 
m+ at : a 2 ,/2 cosh (72/2) — cos(ararn/2) 
5 1 eer sinh (27) 
Saal 2 ih +2 +y? y cosh(ry)—cosQrx) 
59. Calculate the residues of the function (1+2)-"-1, and shew that, 
d¢ ~ _ 4.326....@0=—1) 
-o(1+a%y*  2.4.6....(2n) 


57. Shew that = 


58. Prove that 


60. Shew that ° tide 7. 
o (l+xz7)8 32 


61. Shew that, if m =0, a>0, 
= me ss a 2 
0 v(a®@ta2P ~~ 2at 4a3 m+). 
62. If —1<R(z)<3, shew that 
‘ iF wine w(1 = Zz) 
o (1+.2*)? Aa cos(4zz) 
63. If is a positive integer, shew that 


Ae e°°88 cos(2O — sin éag==". 


64. If|7|<1, shew that 


he } ome doamiiarery: 
o 1-2 Reet < T=> 


iF Tt 

° GEIST : LR ia 

where C denotes the circumference of the circle 22+y?—2x2—2y=0 described 
positively. 


65. Shew that 


66. If n is a positive integer, prove nee 


2n)! 
P,, (cos = aia {cos nO Fea a Sy cos(n—2) 0 


+3 LATOR cos(n—4)0+...h, 


1,2 (2n—1)(2n—-3) 
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[Expand both sides of the equation 
(1—2¢cos 04+. @)-2 =(1 — Ge”) F(1 — wy 
in powers of ¢, and equate the coefficients of ¢".) 


67. If n is zero or a positive integer, shew that 
G) Panen(0)=0, (il) Pas(O)—=(— 1)" RD. 
68. Shew that 
P,(—4)=Po(—3). Pon(3)+P,(—4). Pana(h) +--. + Pon(—}). Py(})- 
[Expand both sides of the equation 
aoe dam Sou Sl tra oR 


and equate the coefficients of ¢°".] 


69. OB is one diagonal of a square OABC which has the side OA on the 
x-axis and the side OC on the y-axis ; through D(2qa, 2a), the mid-point of 
OB, lines are drawn parallel to OA and OC so as to divide OABC into four 
equal squares with sides of ae 2a. If wis given by the series 
165 (2m —1)rx oe (2n —1)ry 


ae 2, G@mai ip Merwe 2a 


o= 


prove that 
(i) w=0 along each side of the four squares; 
(ii) w=1 within each of the two squares about the diagonal ODB ; 
(iii) w= —1 within each of the squares about the diagonal ADC. 


70. Integrate (1 —e-*)/z round the contour consisting of the positive 7 and 
y-axes and a quadrant of an infinite circle, and shew that 


Ad iis nae ff l—cone , 
@ [ a-ey Bu [Lee ae; 
aoe willie bene 7 

(ii) I, = da=5- 


71. If 6 and 7 are positive, and @ is real, prove that 


2) 
(i) i et cost agg (a sin bx) oe ene 


(ii) iy e%cosb sin (a sin bx) ae ate =): 


72. Shew that, ifa>0, m>0, -l<r<l, 


(i ) sin 2a0 nae T 
0 aie 1— 27 cos 2ax0-+7? 2(e4™ — 7) =F) ’ 


(ii) sin #7 ihe meom 

1a aaa 1—2r cos 200-47? 2(1+r)(ea"—r) 
eiaz 4 

[ Integrate (i) ——,; oa sa We ce wa. ——--, (ii) =; mane oe oper | 
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73. Shew that the root of the equation z=¢(+we* which has the value ¢ 


when w=0 is given by 5 aii 
z= (+ 33, nies, 
1 . 


provided |w|<|e-$-1|. 
74, If z=¢+esinz, shew that, for small values of e, 
: Cee ode ee thew ot 
(i) a= (+s ain (+55 a (Ptay qe (sin OP +..., 
e d 
21 d¢ 


75. If z=(+w2™*1, where (#0, and if that root of the equation is taken 
which has the value ¢ when w=0, shew that 
— 2. w" (mn+n—1)! 2, 
log z= leg (+2 nm! (mn)! he 


provided | #|<|m™(m+1)-™—1¢-™ |. 


(ii) sine=sit C455 sin (cos (+ (sin?(cos ()+.... 


76. If is a positive integer, shew that 
(i) Pr’ (@)=(2n —1) Pr_a(z)+(2n —5)P,,_-3(z) + (22 — 9) Pr_s(z) +... , 
(ii) P,”(z) = (22 —3)(2n —1. 1) Pp_o(z) + (2n —7)(4n—2.3)Pp_4(2) 


+(2n—11)(6n—3.5)Py_¢(z) +... ; 


77. If n is a positive integer, shew that the m zeros of P,,(z) are all real 
and lie between +1. 
[Apply Rolle’s Theorem to (#?—1)" and its derivatives.] 


78. Shew that, if 2 is zero or a positive integer, and if R(¢)>0, 
i i (cosh 2¢—2)"#P,(z)dz=./2—2 


e—(2n+1)¢, 
2n+1 
79. If|r|<1, shew that 


2 33 

(i) 7 cos 9- A os ~ go Sy logtleneds +7), 
i ? sin 20 sin 30 rsin@ \ 

li) rsin @—72 7 = ee } 
(ai) g " 3 ton 1+rcos 6/” 


where the principal value of the inverse tangent is taken. 


80. Prove that, if0<@<z, 
cos 6+4-cos 30+1 cos 50+...= log(cot 46). 
81, Prove that 
(i) cos 0 cos 1 +4 cos 26 cos 2+ 4. cos 30 cos 3a+... 
= —}log{4(cos 6—-cos «)?}, 
(ii) cos 6 cos x —} cos 26 cos 2a +4 cos 36 cos 3x —... 
=} log {4(cos 0+cos «)*}, 


unless one of the quantities 0Q-« and 6+ is an even multiple of 7 in case 
(i) or an odd multiple of z in case (ii). 


. fae oe 
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82. Shew that, if0 =@=2z, 
(i) cos 6-+ 35 cos 20+ Jy 008 30+... yy (36°— 620+ 22, 
(ii) sin +4, sin 20+ asin 30+... = (@®— 376-4272), 


83. If O=0=7, shew that . 


cos S 4.008 66 cos8&4@ T : 
(i) —— +33 to 4g t 00s 26-(— 4) sin 26 
z +sin?@ log (4 sin2@ 
é) sin4@ sin6@. sin8@ : g( ‘ 
= So aed +...=sin 26 —(7 —26)sin20 
—sin 0 cos 6 log(4 sin?9). 


84. If x is a positive integer, and if |z|<1, shew that 
p 3 


Taet 2(n+2) *3int3)* 

2 3 gn 
=a [A Mlog(h—2)+(245+5+...+2)}- 
Deduce that 


ICES CES EE Cae mt (145 +h+..+2): 
85. If O=6=7, shew that 
ey) ea 
86. If —7/2=0=7/2, shew that 
Beyer te ae 
87. If —7/2=0=7/2, shew that 
S637 _ COS OT | CORTE... = 7 cost —} 008 0. 
88. Shew that the series os “Be 


represents a continuous function in the part of the zplane for which 
I(z)=0, and that the function is holomorphic at all points below the real 
axis. 


ihe cos2re  cos3rx 
89. Prove that y=3 ta (cosme~ q yeaa 7 ) 


represents a series of equal and similar parabolic arcs standing in contact 
along the #-axis. 


90. Prove that a3 3, CATLIN a a cath aa coth 7b. 


91. If —1<R(«)<1, shew that 


* sinhow dv _ {2 Z } 
I cosh « pe eek ma e) 
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Deduce that, if 2 is real, 
[ Ee eee tan-1 (tanh ze). 
0 


cosh 4 & 


1 


92. Prove that Lim(1+5+5 Fret aa sq plogn) =l0g2+4y. 


93. Shew that 
(@) 3 aT 2_]) 
94, Shew that 
od op (he Be ee 
+1 2 " 2! : 4! s 6! 
[Use the identity (e&—1)!— 2(e*—1)4+=(@+1)+] 


Ain uae eee wa 
=2log2-1, (ii) Lim 2 pap 082 


2 2n—1 2 
95. Prove that bs # da _2 1B a, 


sinh z Qn 
—1 Tv 


Ord a Cc sin TZ 


contour of Fig. 58, and use é Ex, 94.] 


e-* dz, where C is the 


ZA 8 
vA Bagir > 
a Be 2 B 2 
l { = eal Sa 
W108 anil cS ite ait 6 eit 


ee 1\ 4 m—l\ 2 
97. Prove that ( -1) |= y-1 (oe = 
Ov! at (i) ae 1 . e as Gh) as Sat iaa 


96. Shew that (i) = 5 cot =1-B 


o = 


2 


” 98, If R(n)>0, shew that 
[ 5 (cos 6)"— cos (a tan 6) cos (n+1)6d6 
= A (cos #)"" sin (a tan @) sin (x +1)0d0 


Ta Co 


~ I) BP 
[Use Exs. VIII. 6.] 
1 1 
99. Shew that s : 
ort ¥()-¥0I=3 (chez) 
100. Shew that, if m is a positive ainees 


v(m) =>, {¥(e-= 1) +(e"). -+()} +1og m. 
101. Shew that 
® ¥@O= = ¢ aa Gi) ¥O=— Gi) ¥(-)=5 


102, Prove, by using the equation 


songn2{¢ e7% — e-3% 4. p-bt _ wet(= 1 e~2n—Nx 4 ( rh ea =} 


Ite 
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that, if R(c)> —1, 
nes 1 e—1 —3 
| See} (v() -v(°3")}. 
103. Shew that, if R(z)>-—1 and R(n)>1, 
1 1 1 o ate gnl 
(e+ ly * G@4ay' Gray aa =r h aio 

104. If R(a)>0, shew that 


T@T(@)_1,l-@ 1 | (l1-a)2-a) 1 
I@+a) 2° T! a 2! z+2 


105. Shew that, if R(z)>—1, 


is po 1 fi dt 
WOty= (1a- adel F 


SP Opar 


106. Shew that, if R(n)>1, 
iid cos (tp) (cos )" dp =") oe et cos (kp) (cos )"? dd. 


n- 


If 7 is zero or a positive integer, prove, by considering the cases 7 even 
and 7 odd separately, that 


(—1)"2! sin| (n+2)5 | 


ie cos(k) (cos $)" do= 


Deduce that, if 7 is zero or a positive integer, 


ror [ Gai Ebi oom Rd “TCE nye) 
2 2 


Tt 5rét 
107. Evaluate [ ; ¥/zdz, where z,=ae?, (=ae 4, and the path of integra- 
tion is a semi-circle of centre the origin and radius a described positively. 
Also find the values of the integrals which have z as initial point, and 
whose paths are: (i) a complete circumference of the circle ; (ii) two cir- 
cumferences ; (iii) three circumferences. What is the shortest non-zero 
path from z along the circumference which makes the integral zero ? 


Tt Ori Tt 
Ans. —33iat; (i) —3at(1+e2), (ii) —gat(es +62), (ili) 0; three- 
fourths of a circumference. 


a dx eae 

108, Prove that | AA+AI+E}= Sat (4, z). 

109. Shew that all elliptic integrals i; R(a, /X)dx, where R(x, y) is 
rational in w and y, and X is a cubic in x with no repeated factors, can be 
expressed in terms of integrals of the three types 

| dy ydy ay 
NEP g29-93) SEP Gey-95) Y- DN 49-29 — 95) 
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110. Establish the identity 


[1 Q(z) @'(z).-- 9" (Zo) 
1 9%) 9%)... E"-(4) 


POO e ewe eee rose eeeeesseeaseeesses® 


1D O(n) @ (ar) a0 ew a) 
mint) 1191 .,, m1 oA ++ + endE TO (Za = 2), 
=(-1) 1!2!.. o"t1(z5) 3 bar (Gs) 
where the product is taken for all integral values of A and p from 0 to n, 
with the restriction A\<p. 
111. Shew that 
ou) "(u)... (uw) 


eu) 9"u)... G™N(u) n+) 
Seapneepsnsq rete teaser ads sadeketenehs =(-1)"(1! 21... mip ae. 


Pee e eee eet eee wer eesseeesneetereeeeasece 


gorr(u) oma)... @On-)(u) 


112, Shew that 2¢(2u) — at(uy=& met 
113, Shew that (w= parc OF On ot 


where @(v)= (Fago)’s (w)= — (FH go)? 
114. Prove that 


du tog cere) \ 
boo Qu¢(v) ¢ +C. 
laxt® @(w) — Q(v) ne So(u— ((v) . 
115, The function @(w) has a real period 2w, - an imaginary period 2a., 
where w= “log ( ap a and 6 being real and positive, and such that a <b. 
T 


Shew that, if z=o(% log £ Sh the annulus in the ¢-plane bounded by the 


circles |¢|=a and |¢|/=6 and a barrier along the positive real axis, corre-- 
sponds to the entire z-plane. Shew also that only one point of the annulus 
corresponds to each point of the z-plane. 


116. Prove that 


bs i. ilo 1+hs,s a), 
sn (w+v)—sn (wu yes i 5, 1° g (+ a 
117, Shew that Lim 1=enG enw) 1 
u—>0 ut 8 


118. If six of the nine points in which the cubic y?=4a3—9g,2—g, is cut 


by a second cubic lie on a conic, shew that the other three points lie on a 
straight line. 


119. Ifa conic passes ee four fixed points on the cubic 


= 423 — 9.0 —9, 


shew that the straight line na the two variable points of intersection 
passes through a fixed point on the cubic. 


— 
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120. Solve the equation w’+az2w=0. 


Ans. wal st e..., wy=s 7b 4 
121. Solve the equation w” +2zw'+w=0. Sn ~, 
Ans. maiz a+ Ge SE ey, ; 
maa get ape at, 


122. If » is a positive integer, shew that all the zeros of P,(z) are 


_ simple zeros. 


[By differentiating ile nats Equation it can be shewn that if P,,(z) has 
a zero of the second order, Se (z)=0 for all positive integral values of £.] 
123, Find that integral of the equation 
22w" + 38w’ —2w=0 
which has the value unity when z=0. Ans. Ue 


= sin (2in/2). 


Find regular integrals in the neighbourhood of z=0 for cae equations of 
Examples 124-128. 


124, 42?" + 42w' —(2+1)w=0. 
Ans. w= (145°, — ee ee) 


x it hs : Ae Fe) t 2 Ds : 
ag wylog 2t-4e “)\ —s5—59-G\5 +7) 98. 8.6\2 46) J 


125. 22" —(2+42)w'+4w=0. 


wo gnt+4 (7 1 
Ans. wj=2, w,=, log z4+22-274+2— 2 mt (Gt+gt ase *). 


126. 2(z2+1)w" —2w'+4(824+1)w=0. Ans. w=2, ,=2 log 2+! 
¢ 1 1 
127, 222(2—z)w" —2(4—2)w'+(8—z)w=0. Ans. W,=22, Wy=(2—$2")?. 
128. 2(1—2)w’+2(5z—-4)w'+(6-92z)w=0. Ans. m=2, w,=w, logz+2. 


129. If n is zero or a positive integer, shew that 


a Qe(Z)_ _ (— 2) @+1) 


dgt} ip. (2- [yee 


130. Shew that, for all values of n, 
(i) mPa ()+@+)P,_,@=An+1)2P, 2) 
(ii) Qi ()+(n+ 1)Q,_, (2) =(2n + 1)2Q, (2). 


M.F. T 
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131. Shew that, for all values of x, 
(i) (1 —2)Pi(2)=2Pr-a(z) —2zPn(2), 
(ii) (1-2) PY _, (2) + 2P,, (2) — nzP,a(2)=0, 
(iii) (1 — 27) Q, 2) =2Qna @) — N2Qn (2); 
(iv) (1-2) Qi, (2) +2Qn(2) - NZQn-a (2) = 0. 


132. If x is zero or a positive integer, shew that 
Qn()=$Pn(@)log (241) — Wa), 


where W,,-:(2) is a polynomial of degree x —1. 


[ Ex. 1, § 90, write Qn)=5 EY d¢- sf. Pa es Py oO ae | 
133. With the notation of Example 132, shew that 


W,4@)= Baa n—1(Z)+ =. ) P,-3(z)+.. 


[Substitute the expression obtained for Q,(z) in Ex. 132 in Legendre’s 
Equation, put W,,-1(¢)=4@,Pn_-i(z)+-@3Pn_s(z)+..., and use Example 76.] 


134, Shew that 


[Pa Pa(eydem MEAP na (2)—MPn(e)Pra(@)=(m=—n) Pal) Pal), 
b 5 (m—n)(m+n+1) 


deduce that, if m and are positive integers, both odd or both even, 
[ {Paes Golden. 
while if m is an even and 7 an odd integer, 
it * Pia(2)Pn(z)de=(— 1)ilmtnt) a 
c . 2™+"—l (m—n)(m+n+1) 
[Cf. proof of Exs, XIV. 5, and use Ex, 131.] 


135, If m and m are integers such that n=0, mn, shew that 


=. _ (#—1)-™ qz-m 
EA) oe ale ee 


136. Prove that, if R(n) > R(m)> —-1, 


dine) = scm lg) : m+1 2 
OL (amy \ 2 i wmen(L = mT my (2tt) cle, 
and deduce the results : 


é 2 z 1 
(i) Jn(2)= Jr BT (n4+9) [ (1—w*)"-4cos zw du, where R(x +4)>0; 
(ii) 84 [ *Jo(zsin @) sin 6d. 


[Expand J,,(zw) in powers of w, and integrate. | 
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137. Solve the equation zw’+(n+1)w'—w=0. , 
Ans. wy =2 2 5,(20Y2), Wy=2 2 Cy (2¢,/2). 


138. Shew that, if n is an odd Seni integer, 


£tIn()+(-1)? PHOS x(- 1) (rn — Wr +1) TnLorar(2)- 


[Use the formula =e aGayes PGT ie. ] 


139. If x is an integer, shew that 


J.(2)= im th e008 cos ng dd. 
[In Exs. XIV., 14, put ae and 6=¢-7/2.] 
140. Prove that =2> S (ny? Jon (2). 
[Differentiate the equation e110) — EIA with regard to ¢ multiply 


by ¢ differentiate again, and put (=1.] 


141, Prove that (i) cosv=J,(x)—2J3,(x)+2J,4(x)—...; 
(ii) sin 7=2J, (x) —23,(”)+23,(x) — 
_ [in Exs, XIV., 14, put (=7.] 


142, Shew that (i) I,Q=[(2){™ 


TZ 


(ii) Iy)=4/(2.) {sin (2. 4) 

9 340=-y(2) (28 4ne) 

(iv) J_s Zz) (2) {cose(3 ==! ) +2 sine}. 
143. Shew that 


(i) G i@)= v(z ACE : (ii) G Onin (Ze 


144, Shew that, if p is a positive integer, 
dP | 
(i) oJ n+p(2)=( ae 2)” dz?) {ext Jn(z)} 3 


(i) 27 ng =2? gras ORO} 
(ii) *-PG eg) =(—2) gare MM 


; (iv) 2°-?Gy—p(2)=2? rae Gn(2)}- 
[Use Exs. XIV., 11.] 


M.F. T2 
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145. If m is a positive integer, shew that 


(i) 2° Way (2)=(- 2)" (2) aay (=) 


(i) "Gra (=(-2)" ie aa (=) 
(iii) -°T,(2)=(—2)" 1 Ife). 


146. Prove that 


z jas Cole 23, T(m+n+2v) (2 peek 
Jn(z)In(2) = (mtv) (n+ v) I(y)I(m+n (5) 


2 \m+n+2 As 
[Shew that the coefficient of @) "in the product is 


i 
PEA tertiary | oO Oe 
and apply Gauss’s Theorem. | 


147, Shew that, if 2 is zero or a positive integer, 


2 fs J,(2z cos f) cos (kp) db=In +k (2) J nok (2). 


T JO 
[Expand J,,(2z cos d) in powers of cos @, and use Examples 106 and 146.] 


148. If «and w are real, prove that 
I J, (wu)de =. 


Uw 


[Use the relation oS =-—uJ, (ru). ] 


149, If « is real, and R(z)>4, prove that 


Fala). ae 1 
I gn dt= FAT) 


[Use Exs. XIV., 11.] 
150. If a and } are positive constants, prove that 


z tas, 
; az | 2 ae 
| sin (a2) J 9(b2) ae 


[sin-a(2), if a=; 


l hal 
[Put To(ber)=— | cos (bx cos ) df (Exs. XIV., 18), and change the order 


0 
of integration. ] 


151. If R(6+72a)>0, shew that 
l e-* J (ax) de= ——— 


aia: 
[Put Jy (aw) =— l cos (av cos b) dq, and change the order of integration ; 


or, expand J,(az) in powers of w, and inte 


grate term by term (cf. Bromwich 
Infinite Series, § 176, B).] ; : : 
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152. Shew that, if R(2n+1)>0, and R(b+ ia)>0, 
ra Ae . T(n+4) — (2a)" 
— ba pn 2 . 
(i) [ Jn(an) ea" dae= Um Eby 
res oi 20 (n+3) b(2a)" 
—b4 antl Jy A 2 . 
(ii) i UA CRA Cee eK Ja tbr 
[For (i) use the substitution given in Exs. XIV., 18, for J,(az), and change 
the order of integration ; after the first integration expand (b+7a cos pb)" 
in powers of cos ¢, and integrate again; or, expand J,,(az) in powers of 2, 
and integrate term by term. For (ii), differentiate (i) with regard to 0.] 


153. Prove that 1 [exons cos (y sin 6) db=Jof (a? +y")}. 


TT JO 
[Expand cos(ysin @) in powers of sind, and apply § 99, Cor., Example 
145, (iii), and Taylor’s Theorem. ] 
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Branch of function, 13. 
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of an integral, 257. 


Cauchy’s integral theorem, 51, 54. 
residue theorem, 57. ; 

Circular functions, 33, 83, 90. 

Coefficients, undetermined, 96. 


Collinearity of points on cubic, 197. 
Complex numbers, 1. 
geometrical representation of, 1. 
operations with, 1-5. 
Complex variable, 7. 
function of a, 7. 
path of variation of a, 7. 
Conformal representation, 37. 
Congruent points, 179, 180. 
Conjugate numbers, 1, 2. 
Connected region, 30. 
Continuation, analytical, 122, 208. 
of hypergeometric function, 153, 156, 
249. , 
of integral of diff. equation, 213. 
theorems on, 123, 124. 
Continuity, 23, 24. 
Abel’s theorem on, 125. 
of series, 92. 
uniform, 24-26. 
Convergence of infinite product, 107,108. 
unconditional, 107. 
Convergence of sequence, 42. 
uniform, 42. 
Convergence of series, 76. 
absolute, 76, 78. 
circle of, 80. 
of a double series, 78. 
of power series, 80, 82, 95. 
radius of, 80. 
ratio tests for, 77. 
uniform, 92. 
Coordinates, polar, 2, 29. 
rectangular, 2. 
Cross-cut, 30. 


Derivative, 26, 28. 
of function of a function, 30. 
of holomorphic function, 28, 70. 
of inverse function, 30. 
partial, 31, 70. 


INDEX 295 


The numbers refer to the pages. 


Determinant of fundamental system, 
216, 223. 

index of, 224. 

Differential equation, 
linear, 209. 

coefficients of, 210. 

construction of, 216. 

domain of ordinary pcint of, 210. 

dominant equation, 210. 

Frobenius’ method of solution, 225. 

fundamental equation, 220. 

fundamental system, 215, 257. 

indicial equation, 225. 

integrals of, 210. 

of the first order, 210. 

of the second order, 210. 

ordinary point of, 210. 

singularity of, 210. 

solutions of, 210. 

Differentiation, 26, 28, 29. 

of series, 93. 

under integral sign, 44, 69, 138. 

Discontinuity, removable, 23. 

Division of complex numbers, 1, 4. 

Domain of a point, 38, 210. 


homogeneous 


Elements of a function, 208. 
Elliptic function, 180. 

order of, 181, 182. 

poles of, 180 to 183. 

zeros of, 182. 


Fuchsian type, equations of, 243. 


sum of indices a constant, 243, 244. 


Function, analytic, 29, 208. 


conjugate, 31. 

continuous, 23. 

dominant, 210. 

doubly-periodic, 179. 

elements of a, 208. 

even, 33, 97. 

geometrical representation of a, 7, 10. 

holomorphic, 29, 52, 93. 

initial value of, 10. 

integral, 88. 

integrals of, 48. 

inverse, 30. 

limit of, 22. 

meromorphic, 39, 40, 89, 160. 

multiform or multiple-valued, 7, 161, 
209. 

odd, 33, 97. 

of a complex variable, 7. 

of a function, 24, 30, 49. 

of two complex variables, 69, 137. 

of two real variables, 26. 

periodic, 32, 86. 

periodic, of the second kind, 187. 

periodic, of the third kind, 189. 

rational, 89. 

rational integral, 88. 

region of existence of, 7. 

regular, 29. 


(See under Jacobian and Weier- 
strassian functions. ) 
Elliptic integrals, 169. 
reduction of, 170-173. 
transformation of, 170-174. 
(See also Legendre’s and Weier- | Fundamental equation, 220. 
strass’s elliptic integrals.) Fundamental system of integrals, 215, 
Equations, roots of, 16, 69. 257. 
Euler’s constant, 135. associated with fundamental equa- 


simply-periodic, 86. 
single-valued, 7, 209. 
transcendental integral, 88. 
uniform, 7, 209. 

uniform, classification of, 88. 


asymptotic expansion of, 134. tion, 220. 
Euler’s definition of gamma function, in neighbourhood of singularity, 219. 
141. Fundamental theorem of algebra, 68, 69. 


Expansion, Lagrange’s, 119. 

Expansion of functions in series of 
fractions, 103, 105. 

Exponential function, 32, 90. 


Gamma function, 109, 139, 141. 
asymptotic expansion of, 146. 
duplication formula for, 145. 
Euler’s definition of, 141. 
expression as a contour integral, 143, 
Gauss’s definition of, 141. 
the derived function W(z), 141. 

Gauss’s differential equation, 228, 258, 
function II(z), 141. 
sum, 117. 
theorem, 144. 


Fourier series, 86. 
Frobenius’ method of solving linear 
diff. equations, 225. 
indicial equation, 225. 
solutions free from logarithms, 228. 
uniform convergence of series with 
regard to index, 227. 


296 FUNCTIONS OF A COMPLEX VARIABLE 


The numbers refer to the pages. 


Geometrical representation. (See under 
Complex numbers, Functions and 
Transformations. ) 

Green’s theorem, 45. 

Gregory’s series, 84. 


Harmonic functions, 31. 
Harmonics, cylindrical, 236. 
spherical, etc., 249. 
Hyperbolic functions, 33, 90. 
Hypergeometric equation, 228, 258 
relations between integrals of, 249. 
the twenty-four integrals of, 247. 
Hypergeometric function, 77, 151, 229, 
246, 247. 
analytical continuation of, 153, 156, 
249. 
as a contour integral, 259. 
Hypergeometric series, 77, 78, 144. 
convergence of, 77. 


Identities, 83. 
Image of point, 9. 
Indented contour, 65. 
Indicial equation, 225. 
fundamental system, 227. 
Infinity, point at, 9. 
continuity at, 23. 
integral at, 51, 137, 139. 
integrals of diff. equ. at, 212, 213, 224. 
loop about, 162, 168. 
residue at, 58, 96. 
singularity at, 38, 39. 
Integrals, contour, 59, 97, 113. 
convergent, 136. 
curvilinear, 42. 
definite, 48. 
double, 69, 138. 
elliptic, 169. 
evaluation of definite, 59, 97, 113. 
finite moduli of definite, 50. 
Fresnel, 62. 
indefinite, 53. 
independent of paths, 52. 
limiting values of definite, 60, 63, 
113, 15. 
of holomorphic functions, 50-52. 
of meromorphic functions, 160. 
of multiform functions, 161. 
principal values of, 65. 
uniformly convergent, 137. 
with infinite paths, 51, 137, 139. 
Integrals of differential equation, 210. 
analytical continuation of, 213. 
at: infinity, 212, 213. 


Integrals of differential equation, 

existence of, 210. 

fundamental system of, 215. 

in form of infinite series, 213. 

initial values of, 210. _ 

linearly independent, 215. 
Integrals of diff. equ. in form of be 

integrals, 255, 266. 

branch points of, 257. 

fundamental system of, 257. 
Integrals of diff. equ. near a singularity, 

219. 

at infinity, 224. 

fundamental system of, 219. 

index of, 222. 

regular, 222. 
Integrand, infinite, 136, 139. 
Integration, change of order of, 69, 138. 

of series, 93. 

partial, 53. 

under integral sign, 69, 138. 
Invariants (see under Weierstrass). 
Inverse points, 9. 
Inverse sine function, 163. 
Inverse tangent function, 34, 84, 86. 
I(p) notation, 1. 


Jacobian elliptic functions, 167,182,198. 
addition theorems for, 202. 
complementary modulus of, 166, 167, 

200. 
derivatives of, 200. 
ys equ. of quarter periods of, 176, 
Ble 
duplication formulae for, 204. 
Legendre’s relation for, 175. 
moduli of, 167, 200. 
orders of, 182, 202. 
periods of, 167, 201, 202. 
poles of, 200, 202. 
relations between, 200. 
relations between periods of, 202. 
relation to Weierstrassian functions, 
201. 
residues at poles of, 202, 205. 
transition from Weierstrassian func- 
tion to, 198. 
zeros of, 200. 
Jacobi’s imaginary transformation, 205. 


Lagrange’s expansion, 119, 125. 
Landen’s transformation, 174. 
Laplace’s equation, 31. 
Laurent’s series, 84, 95. 
absolute convergence of, 85. 
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Legendre functions, 249. 
of the first kind, 214, 235, 236. 
of the second kind, 235, 236. 
recurrence formulae for, 236, 252, 

289, 290. 

Legendre polynomials, 99, 214, 235. 
expression in series, 102, 103, 121. 
in definite integral forms, 100-102. 
integrals involving, 122. 
recurrence formulae for, 102, 124, 

129. 
Rodrigues’ formula for, 120. 

Legendre’s associated equation, 249, 

259. 

Legendre’s associated functions, 250. 
as definite integrals, 260-263. 
relations between, 251, 262-265, 275, 

276. 
Legendre’s complete elliptic integrals of 
the first and second kinds, 174. 

Legendre’s equation, 213, 234. 
relation to Gauss’s equation, 235. 

Legendre’s first normal elliptic integral, 

163, 173. 
inversion of, 166, 201. 

Legendre’s normal integrals, 173. 

Legendre’s relation, 175, 188. 

Limit, 22. 
at infinity, 22. 
infinite, 23. 
of a sequence, 42. 
of function, geometrical illustration, 

22 


of ratio of two functions, 30, 83. 
uniform convergency to a, 23. 
- Liouville’s theorem, 68. 
Logarithmic function, 34-36, 83, 16]. 
Logarithmic transformation, 35. 
Loops, 145, 162, 164, 168. 
about point at infinity, 162, 168. 
notation for negative, 162. 


Mittag-Leffler’s theorem, 105. 
Modulus, of complex number, 2, 3, 4. 
(See under Jacobian elliptic func- 
tions.) 
Multiplication of complex numbers, 1, 
4, 


Naperian logarithms, 34. 
Numbers, complex, imaginary, real, 
I, 2. 
geometrical representation of, 1-6. 


Orthogonal systems, 32, 


Path of variation, 7, 10, 22. 
Period, of a function, 86, 179. 
parallelogram, 179. 
primitive, 86, 179. 
P-function, Riemann’s, 244. 
Point at infinity, 9, 38, 39, 
Points, congruent, 179; 180. 
Points, critical, 38. 
Points of inflection on cubic, 197. 
Points, ordinary, 38, 210. 
Points, singular, 38. 
Pole, 38, 39, 67, 118. 
an isolated singularity, 39. 
at infinity, 38, 88. 
of order n, 38, 86. 
principal part at a, 86. 
simple, 38. 
Polynomials, 88. 
Power, the generalised, 36. 
Product, infinite, 107, 108. 
expression of function as, 108, 109. 


Quantities €, 7, positive, 23. 


Region, closed, 92. 
connected, 30. 
function holomorphic in, 53. 
multiply-connected, 30, 47, 58. 
of existence of function, 7. 
of uniform convergence, 92, 96. 
simply-connected, 30. 

Residue at a pole, 57, 58, 67, 96. 
at infinity, 58, 96. 

Riemann’s P-function, 244, 
indices of, 245. 
in terms of hypergeometric functions, 

246. 

Rodrigues’ formula, 120. 

Root extraction, 1, 5, 36. 

Roots of equations, 4, 5, 16, 69. 
theorems on, 118, 119. 

R(p) notation, 1. 


Sequence, 42. 

Series, convergent, 76, 
multiplication of, 77, 82. 
power, 80, 82, 95, 125. 
uniformly convergent, 92. 

Sigma functions, 109. 
duplication formula for, 190. 
elliptic functions in terms of, 190. 
properties of, 189. 

Similar figures, 8, 37. 

Singularities, 38. 
at infinity, 38, 39, 88, 89, 106, 181. 
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Singularities, 
essential, 39, 86, 89, 90, 106, 181. 
isolated, 38, 39. 
line of, 101. 
non-essential, 39. 
of a diff. equ., 210. 
Stirling’s formula, 150. 
Sturm’s theorem, 16. 
Subtraction of complex numbers, 1, 3) 
Summation of series by residues, 
116. 
Summation of trigonometrical series, 
126, 127. 


Tangent to a cubic, 197. 
Taylor’s series, 82, 95. 

absolute convergence of, 83. 
Transformations, 7. 

bilinear, 8, 9. 

geometrical representation of, 8. 

linear, 7, 8. 

rational, 8. 

(See under Landen, Logarithmic.) 
Trigonometrical series, summation of, 

126. 


Uniformly convergent series, 92, 127. 
continuity of, 92. 
differentiation of, 93. 
integration of, 93. 
power series, 95. 
Weierstrass’s M test for, 94. 


Variable, complex, 7. 
independent, 7. 
Vectors, 2. 


Weierstrassian elliptic function, 106, 
169, 180. 
addition of semi-period to argument, 
187. 
addition theorem, 185. 
diff. equation satisfied by, 183. 
duplication formula for, 186. 
elliptic functions in terms of, 191. 
geometric application of, 196. 
in terms of sigma functions, 190. 
invariants of, 184, 194. 
Legendre’s relation for, 188. 
order of, 182. : 
periods of, 169, 180, 195, 196. 
poles of, 181, 182. 
relation to Jacobian functions, 201. 
residue at pole of, 181. 
transition to Jacobian functions, 198. 
values when one period real and one 
purely imaginary, 194. 
zeros of first derivative of, 182, 184. 
Weierstrassian elliptic integral, 167, 
185, 195, 196. ~. 
inversion of, 169, 185. 
Weierstrass’s theorem, 108. 
Weierstrass. (See under Sigma and 
Zeta functions and Uniformly con- 
vergent series. ) 
w-plane, 10. 


Zeros, 1, 39, 67, 118, 119. 
of order n, 39, 83. 
simple, 39. 

Zeta functions, Weierstrass’s, 106. 
elliptic functions in terms of, 188. 
properties of, 187. 

z-plane, 2, 10. 
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